Sour ces of Gravitational Radiation

As direct detection of gravitational radiation draws neaitas useful to consider what such
detections will teach us about the universe. The first sutdctien, of course, will be of immediate
significance because it will be a direct confirmation of a caicprediction of general relativity:
to paraphrase John Wheeler, that spacetime tells soureesohmove, and moving sources tell
spacetime how to ripple.

Beyond this first detection, gravitational wave detectiailspass into the realm of astron-
omy, allowing new windows onto some of the most dynamic phegta in the universe. These
include merging neutron stars and black holes, superngvi@srns, and possibly echoes from
the very early history of the universe as a whole. They ame atdicipated to provide the cleanest
tests of predictions of general relativity in the realm @bsg gravity.

However, there are important differences from standamasimy. In electromagnetic obser-
vations, in every waveband there are sources so stronghgzatan be detected without knowing
anything about the source. You don’t need to understanceaudlision in order to see the Sun!
In contrast, as we will see, most of the expected sourcesadfitgtional radiation are so weak
that sophisticated statistical techniques are requirel@étect them at all. These techniques involve
matching templates of expected waveforms against the wddata stream. Maximum sensitivity
therefore requires a certain understanding of what thecesuook like, hence of the characteris-
tics of those sources. In addition, when detections octwrillibe important to put them into an
astrophysical context so that the implications of the discies are evident.

It is useful to remember that historically the most interegsources discovered with a new
telescope or satellite have often been unexpected, anis thiso possible with gravitational radi-
ation. However, you can't sell a large project by appealingrely to the unknown, so we should
at least describe what veanimagine at this point!

Before discussing types of sources, though, we need to loave general perspective on how
gravitational radiation is generated and how strong it is.WMill begin by discussing radiation in a
general context.

By definition, a radiation field must be able to carry energyntiinity. If the amplitude
of the field a distance from the source in the directiof®, @) is A(r,6, @), the flux through a
spherical surface atis F(r,8, @) O A%(r,8,). If for simplicity we assume that the radiation is
spherically symmetricA(r,0, @) = A(r), this means that the luminosity at a distamds L(r) O
A2(r)4mr2. Note, though, that when one expands the static field of acsolar moments, the
slowest-decreasing moment (the monopole) decrease(likel 1/r?, implying thatlL(r) 0 1/r2
and hence no energy is carried to infinity. This tells us twiagh, regardless of the nature of
the radiation (e.g., electromagnetic or gravitationaljst-radiation requires time variation of the
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source. Second, the amplitude must scale/adar from the source.

We can now explore what types of variation will produce rtidrm We’'ll start with electro-
magnetic radiation, and expand in moments. For a chargetggnér ), the monopole moment is
[ pe(r)dr. This is simply the total charg®, which cannot vary, hence there is no electromagnetic
monopolar radiation. The next static moment is the dipoleneat, [ pe(r )rd3r. There is no appli-
cable conservation law, so electric dipole radiation issgme. One can also look at the variation
of currents. The lowest order such variation (the “magngifiole”) is [ pe(r)r x v(r)d3r. Once
again this can vary, so magnetic dipole radiation is possibhe lower order moments will typi-
cally dominate the field unless their variation is reducedloninated by some special symmetry.

Now consider gravitational radiation. Let the mass-enetgysity bep(r). The monopole
moment is [ p(r)d3, which is simply the total mass-energy. This is constantthgpe cannot
be monopolar gravitational radiation. The static dipolemmeat is [ p(r)rd3r. This, however, is
just the center of mass-energy of the system. In the centmast frame, therefore, this moment
does not change, so there cannot be electric dipolar radiati this frame (or any other, since
the existence of radiation is frame-independent). Thevadgmt of the magnetic dipolar moment
is [p(r)r x v(r)d3. This, however, is simply the total angular momentum of titgtem, so
its conservation means that there is no magnetic dipolasitgtepnal radiation either. The next
static moment is quadrupolakj = [ p(r)rirjd®r. This is not conserved, therefore there can be
guadrupolar gravitational radiation.

This allows us to draw general conclusions about the typeatfan that can generate gravi-
tational radiation. A spherically symmetric variation ilypmonopolar, hence it does not produce
radiation. No matter how violent an explosion or a collapse( into a black hole!), no gravita-
tional radiation is emitted if spherical symmetry is main&al. In addition, a rotation that preserves
axisymmetry (without contraction or expansion) does noiegate gravitational radiation because
the quadrupolar and higher moments are unaltered. Therdtorexample, a neutron star can ro-
tate arbitrarily rapidly without emitting gravitationadiation as long as it maintains axisymmetry.

This immediately allows us to focus on the most promisinget/pf sources for gravitational
wave emission. The general categories are: binaries,muamnis wave sources (e.g., rotating stars
with nonaxisymmetric lumps), bursts (e.g., asymmetritagdes), and stochastic sources (the most
interesting of which would be a background of gravitatiowales from the early universe). We
will focus on binaries, which are the only observed sourckeekwvwill definitely give amplitudes
in the detectable range.

We start out with some order of magnitude estimates. Whatasapproximate expression
for the dimensionless amplitudeof a gravitational wave, a distancefrom a source? That is,
we would like to know the fractional amount by which a detedscstretched or squeezed when a



gravitational wave passes by.

We argued that the lowest order radiation had to be quadaupahd hence depend on the
quadrupole momerit This moment id; = [ prirjd3x, so it has dimensionsIR?, whereM is
some mass and is a characteristic dimension. We also argued that the &mglis proportional
to 1/r, so we have

h~MR2/r . 1)

We know thatis dimensionless, so how do we determine what else goesef? heiGR we usually
setG = ¢ = 1, which means that mass, distance, and time all have the s@ctive “units”, but
we can't, for example, turn a distance squared into a dista@ar current expression has effective
units of distance squared (or mass squared, or time squahd&hote that time derivatives have
to be involved, since a static system can’t emit anythingo Twe derivatives will cancel out the

current units, so we now have 2 MR2
10°(MR?)
e 2
r o ot2 @
Now what? To get back to physical units we have to restorefaaf G andc. It is useful to
remember certain conversions: for exampleMifis a massGM/c? has units of distance, and
GM/c® has units of time. Playing with this for a while gives finally

G 10*(MR?)

h~ Gt 3)

SinceG is small anctis large, the prefactor igny! That tells us that unledd andR are large, the
system is changing fast, amnds small, the metric perturbation is minuscule.

hN

Let's make a very rough estimate for a circular binary. Sgetbe total mass M = nmy +n,
the reduced mass js= mm, /M, the semimajor axis ig, and the orbital frequend is therefore
given byQ?a3 = M. Without worrying about precise factors, we say #&tot> ~ Q2 andMR? ~
He?, so

h~ (G/c*)(1/r)(uM/a) . (4)
This can also be written in terms of orbital periods, and il correct factors put in we get, for
example, for an equal mass system

he1022( M %3 10.01 sec\ % /100 Mpc )
2.8Mg P r ’

which is scaled to a double neutron star system. This isyre@ally, small: it corresponds to
less than the radius of an atomic nucleus over a baselinezbh@fsthe Earth. That's why it is so
challenging to detect these systems!

Remarkably, though, the flux of energyristtiny. To see this, let's calculate the flux given
some dimensionless amplitutie The flux has to be proportional to the square of the amplitude
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and also the square of the frequerfcyF ~ h?f2. This currently has units of time squared, but the
physical units of flux are energy per time per area. Replaf@otprs ofG andc, we find that the
flux is

F ~ (c3/G)h?f2. (6)

Now the prefactor inormous For the double neutron star system above, with 10~22 and

f ~ 100 Hz, this gives a flux of a few hundredths of an ergéra 1. For comparison, the flux
from Sirius, the brightest star in the night sky, is about4@rg cnt2 s~1I That means that if
you could somehow absorb gravitational radiation peryegtith your eyes, you would find untold
numbers of sources brighter than every star except the Shat iNis really implies, of course, is
that gravitational radiation interactery weakly with matter, which again means that it is mighty
challenging to detect.

We now consider binary systems more specifically. Theseooisly have a large and varying
guadrupole moment, and have the additional advantage thaictually know that gravitational
radiation is emitted from them in the expected quantitieséol on observations of double neutron
star binaries). The characteristics of the gravitatioreales from binaries, and what we could learn
from them, depend on the nature of the objects in those lesavi/e will therefore start with some
general concepts and then discuss individual types of iesar

First, let's get an idea of the frequency range availableafgiven type of binary. There is
obviously no practical lower frequency limit (just increathe semimajor axis as much as you
want), but there is a strict upper limit. The two objects ia Hinary clearly won't produce a signal
higher than the frequency at which they touch. If we consaaenbject of massl and radius, the
orbital frequency at its surface s ./GM/R3. Noting thatVl /R® ~ p, the density, we can say that
the maximum frequency involving an object of dengitig fmax~ (Gp)Y/2. This is actually more
general than just orbital frequencies. For example, a tatiwnally bound object can’t rotate faster
than that, because it would fly apart. In addition, you carvocae yourself that the frequency of a
sound wave through the object can’t be greater the(ﬁsp)l/z. Therefore, this is a general upper
bound on dynamical frequencies.

This tells us, therefore, that binaries involving main same stars can't have frequencies
greater thanv 10-3 — 1078 Hz, depending on mass, that binaries involving white dwasis't
have frequencies greater than0.1 — 10 Hz, also depending on mass, that for neutron stars the
upper limit is~ 1000— 2000 Hz, and that for black holes the limit depends inversalynass (and
also spin and orientation of the binary). In particular, bteick holes the maximum imaginable
frequency is on the order of M., /M) Hz at the event horizon, but in reality the orbit becomes
unstable at lower frequencies.

Do we have evidence that these formulae actually work? Yedumé has been kind enough
to provide us with the perfect test sources: binary neuttarss Several such systems are known,



—5—

all of which have binary separations orders of magnitudatgrethan the size of a neutron star,
so the lowest order formulae should work. Indeed, predistiabout the rate of change of the
semimajor axes of double neutron star binaries have beéfedeto better than 0.1% in a few
cases. Thde/dt predictions will be much tougher to verify, though. The w@afor the difference

is thatde/dt has to be measured by determining the eccentricity orbirbif,avhereasia/dt has

a manifestation in the total phase of the binary, so it acdates quadratically with time. These
systems provide really spectacular verification of genelattivity in weak gravity. In particular,
in late 2003 a double pulsar system was detected, that iti@altias the shortest expected time to
merger of any known system (only about 80 million years). iHge¥wo pulsars means that extra
guantities can be measured (such as the relative motiochwgives us the mass ratio), and in fact
the system is now dramatically overconstrained (more thingasured than there are parameters
in the theory). The tests of GR by observations of binary moeustar systems deservedly resulted
in the 1993 Nobel Prize in physics going to Hulse and Tayltg wiscovered the first such binary.

One interesting effect that emerges from the higher-ortiaties of binary inspirals is that
gravitational radiation carries away net linear momenthemce the center of mass of the system
moves in an ever-widening spiral. We can understand thislasws (following an idea of Alan
Wiseman). In an unequal-mass binary, the lower-mass ofyjeces faster. As the speed in orbit
becomes relativistic, the gravitational radiation fronasleabject becomes beamed, with the lower-
mass object producing more beaming because it moves faktmefore, at any given instant, there
is a net kick against the direction of motion of the lower-sabject. If the binary were forced
to move in a perfect circle, the center of mass of the systemdw&@mply go in a circle as well.
However, because in reality the orbit is a tight and dimimgtspiral, the recoil becomes stronger
with time and the center of mass moves in an expanding splcé that by symmetry, equal-mass
nonspinning black holes can never produce a linear momekicknand that if the mass ratio is
gigantic the fractional energy release is small and theeeso is the kick. For nonspinning holes,
the optimal ratio for a kick is about 2.6.

This process is potentially important astrophysicallyadwese if the final merged remnant of
a black hole inspiral is moving very rapidly, it could be kitkout of its host stellar system, with
possibly interesting implications for supermassive blaokes and hierarchical merging. There
have therefore been a number of calculations of the expé&atkdIt has turned out that these are
very challenging. The primary reason is that most of theoacis near the end, when the black
holes are close to each other and simple approximationsetorttit are inaccurate. Fortunately,
reliable and fully numerical calculations are just now baoty available; see astro-ph/0603204
for the first such calculation, with non-spinning black fwilea 1.5:1 mass ratio.



