ASTRA498E High Energy Astrophysics (Spring 2006)
Homework 1

Duedate; 16th February 2006

1. Degeneracy pressurefrom acold electron gas: In this question, you will derive the full formula
guoted in class for the degeneracy pressure from a coldretegis. A couple of important
concepts will be introduced along the way.

(@)

(b)

(©)

(d)

Consider electrons in a cubical box with side lengthWith the aid of an appropriate
diagram, briefly explain why the three components of all & ¢#hectrons’ momenta must
satisfy:
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Thus, explain why the number of electron quantum statesemibmentum rangeyx —
Px+Opx, Py — Py+Opy, Pz — P2+ Op;, the so-called “density of states”, is given by
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If p=|p| is the magnitude of electron momenta, show that the numbeuaftum states
with momentum in the range — p+ op per unit volume of the cube is given by
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[Hint: in addition to using the density of states resultsvr¢a), you will have to consider
the momentum-space volume of the regn> p+ 6p].

Suppose that the total number of electrons per unit velisn.. Furthermore, suppose that
these electrons are “cold” so that the fill the available quianstates in order of increasing
energy (i.e., theyfill the states “from the bottom up”). et maximum electron momentum
(the so-called Fermi momentum) be denotegpy Write down an integral relatinge, n(p)
andpg. By evaluating this integral, show that the Fermi momentsigiven by
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A general formula linking the pressure exerted by ant(ggnc) gas to the number of parti-
cles that have momenta in the range> p+ dp, ne(p) is
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wherev is the velocity of a particle with momentum (this formula is ready derived by
considering the motion of particles bouncing off the waltlé box). Using this integral,
derive the relationship between pressBrand total electron number densityfor the case

of non-relativistic electrongg(= mv) and highly relativistic electrony & c).

(e) Noting that the actual density of the matter in the boxiglg by p = pmpne (Samep as
discussed in class), express your answers from part (djnmstef the actual mass density.
This should agree with the expressions quoted in class.

() White dwarf stars are spheres, not cubical boxes. Onétmgrry that the spherical nature
of the star would affect the forms of the wave-functions amel $pacing of the quantum
states. Qualitatively explain why this does not matter ia émalysis.

2. Cold boson stars: Electrons ardermions i.e., particles with a half-integer spin which cannot
share a quantum state with an identical fermion due to thé&iRaualusion principle. The other
type of fundamental particle aB®osonsthese have integer values of spin (in unithoénd do
not obey the exclusion principle. In fact, there is an enbdrmrobability of finding two bosons
in the same quantum state. In this question we will exploeepttoperties of a star consisting of
cold, fully-degenerate hypothetical bosons of mass

(a) Giventhe assumptions listed in the last sentence abgpkgin why the momentum of every
particle in the star will be approximatefy~ h/R, whereRis the radius of the star.

(b) Using the usual expression relating the pressure to thimentum distribution given in
guestion 1-(d), derive approximate expressions for thequme as a function of densipy
R, andm for both the non-relativistic and relativistic cases.

(c) By approximating the equation of hydrostatic equilitoni to its simplified algebraic form,
use the expression for the non-relativistic pressure atmsbow that
h2
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whereM is the total mass of the boson star.
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(d) To avoid total collapse to a black hole, any object of msaust have a radius larger than
GM/CZ. Use this fact to show that the maximum possible nMggy of a boson star made
of bosons with massis

arerg,

Mmax ~ m ) (8)

wheremp = /hc/2nG is known as thd’lanck Mass Show that the bosons are becoming
relativistic at about this same mass.

(e) Evaluate this maximum mass in the case of extremely tligegenerate bosons which
have a massn = 1W2°mp (wherem, is the mass of a proton). Evaluate your answer in
solar masses.



