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Class 22 : Linear theory of structure 
formation in an expanding Universe 

n  This class 
l  Discussion of growth of linear structure in the 

dark matter component of an expanding 
Universe 

l  The importance of matter-radiation equality 
l  Comparison with observations 

O : Recap 

n  Transition from homogeneous to structure 
Universe occurs through action of gravitational 
instability 

n  Analysis of simplest case (baryonic gas in 
static Universe) shows reveals some 
characteristics of gravitational instability: 

§  On small enough length scales, pressure forces 
counteract gravity and prevent collapse 

§  But, on sufficiently large scales, gravity always 
wins (Jeans Instability) 
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I : Gravitational instability in 
an Expanding Universe 
n  Firstly, let’s address the effects of expansion on 

gravitational instability. 
n  One can repeat the analysis that we did on the board 

last class, but now account for homogeneous and 
isotropic expansion by… 
l  Rewriting the equations of hydrodynamics in terms of 

comoving coordinates and peculiar velocity 

l  Perturb around a background that is itself changing 

n  Result : Pick up extra terms in the equations of 
hydrodynamics to give modified evolution equation for 
the perturbations 

l  Qualitative difference is the second term… this acts like a 
drag term.  It is closely related to the phenomenon known 
as “Hubble drag” (see board) 

l  Because of this, gravitationally unstable perturbations 
have power-law rather than exponential growth.   

l  E.g., for matter-dominated flat Universe we find that 
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II : Gravitational instability in 
cold dark matter 
n  Most of the matter in the Universe is non-

baryonic dark matter! 
l  Dynamics is “collisionless” and so not described by 

the equations of hydrodynamics (instead, use 
collisionless Boltzmann equation) 

l  Large-scales (small k)… behavior quite similar to 
zero-temperature gas 

l  Small-scales (large k)… free streaming of DM 
particles out of perturbations damps perturbations. 

III : Evolution of a perturbation* 
* advanced material – not for examination! 

n  Let’s now chart the evolution of a perturbation 
that has some a co-moving wavelength λ 

n  At early times, λ>RH (size of particle horizon) 
l  Called “super-horizon perturbation” 
l  Lack of causal contact… gravitational potential frozen. 

Can be shown that density perturbations obey 

l  So, density perturbations do grow even when they are 
larger than the horizon 
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n  Eventually, λ<RH  
l  Perturbation “enters the horizon” 
l  Need to analyze evolution of perturbation using 

collisionless Boltzmann equation in a GR background 
l  Result: 

l  So, perturbations freeze if they enter the horizon 
during the radiation-dominated era (Meszaros effect) 

l  Perturbations then start growing again once the 
Universe goes through matter-radiation equality 

n  Let’s sketch some graphs (on board) 
that tell the story… 
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IV : The linear power-spectrum* 
* advanced material – not for examination! 

n  So, we have a theory that describes the 
evolution of perturbations δk.  How do we 
connect theory with data? 

n  Answer: we form a power-spectrum 
 
 

l  Linear theory tells us how the “initial” power-
spectrum (imprinted at inflation) should look today. 

l  Can then compare with data. 
l  Find that, in agreement with theory, the power-

spectrum peaks at the scale of the horizon at 
matter-radiation equality 
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