
ASTR622 Cosmology (Spring 2016)

Homework 3

Due date; Tuesday 29th March 2016

1. Entropy density and the temperature of the neutrino background : In class, we have discussed the
energy-density of the early radiation-pressure dominated Universe and how it is dominated by the relativistic
species. Although we have not stressed it, another important quantity is the entropy density s(T ) which is
given by

s(T ) =
ρ(T ) + p(T )

T
, (1)

where ρ is mass density, p is pressure, T is temperature and we are working in natural units. During these
radiation-dominated early epochs, the entropy density is dominated by the relativistic species and is given
by
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where g∗,s is the composite effective degeneracy factor given by
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We will use the entropy to calculate the temperature of the neutrino background.

(a) Show that d(sa3)/da = 0, i.e., that the “co-moving entropy density” is a conserved quantity. [Hint :
first use the Fluid Equation to prove that dρ/da+3(ρ+ p)/a = 0. You will then need to use this result
plus the thermodynamic identity dp/dT = (ρ+ p)/T in order to prove the desired result.]

(b) At about t ∼ 4 s after the big bang, the temperature falls below the threshold for producing elec-
trons/positron pairs. Just prior to this time, the energy/entropy density of the Universe was dominated
by relativistic photons, electrons, positrons, three flavors of neutrinos, and their (three) respective anti-
neutrinos. Just after this time, the remaining electrons are non-relativistic and the neutrinos, while
relativistic, are decoupled from the photons. The energy liberated by the annihilation of the elec-
tron/positron pairs is dumped into the photon field — so, assuming that this event is quite abrupt, we
have Tν,before = Tγ,before = Tν,after < Tγ,after (where subscripts ν and γ refer to neutrino and photon
temperatures respectively). Explaining your logic/steps, show that

Tν,after =

(

4

11

)1/3

Tγ,after. (4)

[Hint: This problem is done explicitly in MBW, page 131! Feel free to look at MBW, but I still want
you to walk through it in your own words.]

(c) Explain why the ratio of the neutrino to photon temperatures, Tν/Tγ, remains fixed from that time
through to the present day (you can assume that all species of neutrino remain relativistic to the
present day). Given that Tγ,0 = 2.73K, what is the temperature of the neutrino background today?

(d) Suppose that there were actually four species of neutrinos (and that the fourth species also remains
relativistic through to the present day). What would be the temperature of the neutrino background
in that case?
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2. Primordial nucleosynthesis: In class, we discussed the importance of the neutron-to-proton ratio for
primordial nucleosynthesis. Let fn ≡ nn/np be the neutron-to-proton once these two species drop out of
thermal equilibrium with each other.

(a) Suppose that there is no further change in this ratio (i.e. ignore neutron decay), and that nuclear
reactions then lock up every neutron into a helium-4 nucleus. Explain why the mass fraction of
helium-4 (i.e. the mass of helium compared with the mass of all baryons) is

Y ≡

2fn
1 + fn

. (5)

(b) Let ∆m ≈ 1.3MeV/c2 be the neutron-to-proton mass difference and kBTf ≈ 0.8MeV the temperature
at which the neutrons and protons drop out of thermal equilibrium. Write down an expression for fn
in terms of ∆m and Tf . Ignoring neutron decay, calculate the resulting helium mass fraction Y .

(c) Now let’s consider neutron decay. The neutron half-life is τn ≈ 880 s, and primordial nucleosynthesis
peaks at about 300 s after the big bang. Calculate a revised (and more accurate) value for the resulting
helium-4 mass fraction, again assuming that all neutrons are locked-up into helium-4 nuclei.

(d) If the neutron half life were τ = 100 s but physics was otherwise unaltered, what would be the helium
mass fraction?

(e) Suppose that neutrons and protons had completely decoupled from all other species including each
other at kBTf = 10GeV (i.e., approx. Tf10

14K). How would the Universe be different? [Hint :
consider the threshold temperature for a neutron.]
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