
ASTR622 Cosmology (Spring 2016)

Homework 4

Due date; Thursday 28th April 2016

1. Evolution of baryonic Jean’s Mass and the Horizon Mass : Throughout this question, we will define
the baryonic Jean’s Mass to be MJ = 4π

3
λ3
jρB, where the symbols have the same meaning as on page 99 of

the class notes. You may also approximate the expansion history of the Universe as being a ∝ t1/2 during
the radiation-dominated epoch (a < aeq) switching to instantaneously to a ∝ t2/3 at the epoch of equality
(a ≥ aeq).

(a) Explain why aeq = Ωr,0/Ωm,0 where Ωr,0 and Ωm,0 are today’s values for the density parameters of
radiation and matter.

(b) Let fb ≡ Ωb,0/Ωm,0 be the fraction of matter that is baryonic (with the rest being dark matter). Derive
an expression for the baryonic Jean’s mass at the epoch of equality a = aeq in terms of dimensionless
Hubble constant h, the various Ω’s, fb and fundamental constants. Evaluate in units of solar masses
assuming Ωm,0 = 0.3,Ωr,0 = 9.1×10−5, fb = 0.1, h = 0.68. [Hint : See page 99 of the notes for a sketch
of some of the steps]

(c) Derive an expression for the mass of baryons contained within one horizon volume during the radiation-
dominated evolution as a function of scale factor a and the other parameters discussed above. Evaluate
at the epoch of equality and comment on the result.

(d) Derive an approximate expression for the baryonic mass contained within the horizon after the epoch
of equality (a > aeq). At what redshift does the baryonic Jean’s mass become smaller than the mass
contained within the horizon? Physically interpret this result. [Hint : the baryonic Jean’s mass has a
particularly simple form after the epoch of equality and before decoupling].

2. Baryonic oscillations : As we’ve discussed in class, prior to recombination/decoupling the coupled baryon-
photon oscillates. Here we examine some aspects of these oscillations during the radiation-dominated epoch,
a ∝ t1/2.

(a) Let τ be conformal time, defined such that dτ = dt/a. Starting with the Friedman equation and
assuming flatness, show that a ∝ τ and t ∝ τ2.

(b) Assume that the Jean’s Mass is large enough that self-gravity of the baryons can be ignore. Starting
from the basic equation describing the evolution of perturbation modes (equation F on page 94 of the
notes), show that the density perturbations in the baryons will evolve according to
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δk = 0. (1)

(c) Identify the drag term in this equation.

(d) Suppose that a mode k crosses the horizon at conformal time τin. Relate k to τin. Ignoring the drag
term, write down the general solution of this differential equation in terms of sin’s and cos’s.

(e) For the same mode, how does the velocity evolve? What is the phase offset between the density and
velocity perturbations. [Hint : start with equation A′′′ on page 93 of the notes.]

(f) In the light of your answer to part-(e), comment on the figure on page 119 of the notes (the decompo-
sition of the CMB anisotropies into different effects).

(g) Explore the effects of the drag term using numerical integrations of (1).

1


