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[. INTRODUCTION

Jupiter and Saturn consist predominantly of hydrogen and helium acquired from the
primordia solar nebula during the planet building epoch. Theformation of such gas giants
is believed to commence with the collisional accretion of aseveral earth mass corefrom solid
ice + rock planetesimals followed by the accretion of the gaseous component once the core
reachesacritical size (e.g., Pollack et al. 1976; Wuchterl et al. 2000 and reference therein).
Seemingly at odds with this picture, however, are the very dissimilar obliquities, 0 , of these
planets to their orbit planes, viz., 26.7° for Saturn vs. only 3.1° for Jupiter.

The obliquities of the other planetsin the solar system arelikely due tothe stochastic
nature of their accumulation from solid planetesimals (Lissauer and Safronov 1991, Dones
and Tremaine 1993; Chambers 1998; Agnor et al. 1999), and therock/ice cores of Jupiter and
Saturn probably had non-zero obliquities as well. However, their massive gas component
derived from the nebula disk would have added angular momentum nearly perpendicular to
their orbit planes, overwhelming that of the cores, and ultimately resultingin small obliquities
for both planets. With 95 earth masses and a 10.7 hr rotation period, Saturn has considerable
spinangular momentum, making it problematic that an impact could havesufficiently changed
its pole direction after its formation. Why then is Saturn’s obliquity so large?

We suggest the answer lies in solar system events following the formation of the
planetsthat caused aninitially upright Saturn to suffer atilt. We are not the first to seek such
amechanism. It has been proposed that the obliquities of the outer planets may reult from
a ‘twist’ of the total angular momentum of the solar system during the collapse of the
molecular cloud corethat led toitsformation (Tremane1991). It ispossibleto chooseatime
scale for this event that would affect the planetary obliquities from Saturn on out, but have
only aminor influence on Jupiter. Although thiscannot be ruled out, this paper presentswhat
we believe is a more compelling mechanism for generating Saturn’s obliquity predicated on
a similarity between Saturn’s spin axis precession period and the regression period of
Neptune’ s orbit plane (Harris and Ward, 1982), which seems too close to be a coincidence.
We proposethat this period match and the obliquity of Saturn are cause and effect through the

operation of a secular spin-orbit resonance between thesebodies. Thistype of interaction is



already known to cause large-scale osdllations of the obliquity of Mars (Ward 1973, 1974,
1979; Lascar and Robutel 1993; Toumaand Wisdom 1993). Here and in acompanion paper
(Hamilton and Ward 2004; hereafter paper I1l) we detail how this mechanism ocould also
account for the spin axis orientation of Saturn, aswell as provide a sengtive constraint onits

moment of inertia

[1. PRECESSIONAL MOTIONS
a. Spin Axis
The equation of motion for aplanet’sunitspin axisvector, s, iS ds/dt = o.(s'n)(s xn)

where n is the unit vector normd to the planet’s orbit plane. The precessional constant
depends on the strength of the torque exerted on the planet and its spin angular momentum.
For Saturn, most of the solar torqueisexerted onits satellitesinstead of directly onthe planet,
Titan (M, = 1.34x10% g) being by far the dominant one (Ward 1975). Saturn’s oblate
figure gravitationallylocks the satellites to its equator plane so that the system precessesasa
unit (Goldreich 1965). The precessiona constant can be written (Ward 1975; French et al.
1993)

) (1)

where w isthe spinfrequency of Saturn, n isitsheliocentric mean motion, J,=1.6297 x 10
is the coefficient of the quadrupole moment of its gravity field, A isthe moment of inertia,
l, of Saturn normalized to MR, with M, and R being the mass and radius of the planet. The
quantity

g = (12)Z (m/M,)(a/R)’*sin(0 -i )/sin® 2)

is effective quarupol e coefficient of the satellite system with g/J, being theratio of the solar
torque on the satellites to that directly exerted on the planet, and



0 = I (m/M)a/RY(n/w) (©)

isangular momentum of the satellite system normalized to MR *w , where M, , & , and n,are
the masses, orbital radii and mean motions of its satellites, with i; being the inclination of a
satelliteorbit to the equator of Saturn.* Frenchet al. (1993) giveq=0.05164 and¢ =0.00278;
Hubbard and Marley (1989) find A = 0.2199 from their interior models, but this vdue is
uncertainby asmuch as10% (Frenchet al 1993; Marley personal communication). With these
numbers, equation (1) yields e = 0.8306" /yr, a.cos® = 0.7427"/yr. If the orbit plane of
Saturnwere fixedininertid space, i tsspin axi sprecessonwould occur a constant obliquity 0

with aperiod P= 2n/acos® = 1.745x10%years.

Nicholson and French (1997) have analyzed 22reported ring plane crossings spanning
aperiod of 280 years to edimate Saturn’s pole precession frequency as 0.51+0.14 " /yr, but
thisislow largely because of a~700 year modulation dueto Titan’s 0.32° proper inclination
(Nicholson et al. 1999). Using the nutation model of Vienne and Duriez (1992), the current
rate can be predicted to be 68% of the long term value, implying e.cos® = 0.75+£0.21" /yr.

b. Orbit Plane

All of the planetary orbits have small inclinationsto the invariable plane and under go
non-uniform regressions dueto their mutual gravitational perturbations. Theinclination| and
ascending node Q of a given planet is then found from a superposition (e.g., Brouwer and
vonWoerkom 1950; Bretagnon 1974; Applegate, et al.1986; Bretagnon and Francou 1992),

sin(//2)sinQ = X (I/2)sin(gf+8) ;  sin(//2)cosQ = X (I/2)cos(gt+8) (4)

comprised of many termsof amplitudes{l} andfrequencies{g}. Nevertheless, most of them
are of only minor importance, and the largest amplitude terms far Saturn’s orbit aelisted in

Table1; they represent contributions from three of the eight fundamental modes of aL aplace-

The Laplace plane at the distance of lapetusisinclined by 14.8°to Saturn’s equator, and lap etus
precesses about its normal in ~3 x10%years. Thus its averagei is 14.8°as well.
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L egrange solution of the secular evolution of the solar system as given by Bretagnon (1974).
Thefirst of theseisdueto astrong 4.92x10* year mutud orbital precession of Jupiter and
Saturn, the next two are perturbations to Saturn’s orbit plane due to the nodal regressions of

Uranus (4.33 x 10° years) and Neptune (1.87 x 108 years), respectively.

TABLE 1: Largest Amplitude Terms for Saturn’s Orbit

i U™ 10
16 | -26.34 0.910
17 | -299 0.045
18 | -0.692 0.064

Thevariationsin inclination and precession rate of the orbit cause acomplicated time
dependence for the orbit normad n(t) in the equation of motion for s. This can lead to
oscillations of the planet’ s obliquity as thespin axis attempts to precession about the moving
orbit normal. In a linearized solution (e.g. Ward 1974; egn. (5) below) conspicuous
oscillations occur becausethereisanear match between thespin axisprecession rate o cos 0
and -g,,, but again, the relative closeness of these frequencies for Seturn is due in part toits
current obliquity. Onthe other hand, there are very good reasonsto believe that both o and
0,5 Were different in the past. For example, the spin axisprecession rate would have varied
during the early contraction of Saturn asits cooled soon after formation (Pollack, et al. 1976;
Bodenheimer and Pol lack 1986), while the frequency g, would have been faster in early solar
system due to the presence of alarger population of objects in the Kuiper belt (Holman and
Wisdom 1993; Duncan, et al. 1995; Malhotra, et al. 2000) whose gravitationa influence
would haveincreased Neptune' sregressionrate. Thus, if thesimilar valuesof e cos 6 and-g,,
are not coincidental, something must have maintained thisrelationship during these changes.
The current paper applies the theory of secular spin-orbit resonance to the Saturn/Neptune

interaction, and demonstrates the ability of the resonanceto drive up Saturn’s obliquity from



aninitially near zero value. Our companion paper presents numerical experimentsthat further

support the efficacy of this mechanism.

[11. SECULAR SPIN-ORBIT RESONANCE
a. Spin Axis Trajectories
Since there are many termsin equation (4), neither the inclination nor the regression
rate Q of the orbit are constant. In the case of small angles, the equation of motion for the
spin axis can be linearized and solved analyticaly to give an expression for obliquity
variations of the form (Ward 1974)

- 1 -
0 ~0 - Zj(L)sin(octcosﬂ +gt + A) (5)

o cosO +g;

where 8 isalong-term average obliquity and the{ AJ.} are phase constants that depend on the
observed planetary orbits. In generd, the various sinusoidal terms cause rapid oscillations
compared to any changein 8. However, if for somej = J, a.cos® - -g,, that term’s small
denominator causesitsamplitudeto becomevery largewhileitsfrequencybecomesvery slow.
The combination of thisJ-term plus 8 can then be replaced by a slowly moving non-linear
guiding center Ogc(t) about which the other terms cause ahigh frequency circulation of thespin
axis (Ward 1992). It turnsout that the high frequency terms do not interfere much with the
motion of the guiding center even if « cos Ogc passes through - g, although in this case the
linearized version of 6 gc(t) is no longer valid. One can show both analytically (Ward et al.
1979) and numerically (Ward 1992; paper Il) that the motion of the guiding center isquite
similar to the spin axis motion in the case of uniform orbital precession provided we =t |
= 1, Q = g,. Weturnto that case now.

Consider an orbital precession obtained by retaining only a single term J in the
precession equation (4). In this case, n maintains a constant inclination | = I, to the fixed
normal to the invariable plane k, and precesses at a constant rate Q = g; = g (Figure 1).

If a coordinate frame rotating with angular frequency g is adopted, the orbit normal n will



appear fixed. The equation of motion for the unit spin vector of a planet now takes the form

ds/dt = o(s'n)(sxn) + g(sxk) (6)

This problem is well studied (e.g., Columbo 1966; Pedle 1969, 1974; Ward et al. 1979;
Henrard and Murigande 1987), and an exact integral of the motion can be found, whichisalso
therelevant portion of theHamiltonian of thesystem, H = -(a/2)(n's)* - g(k's) (e.9., Ward
1975). Inthenext section weuseH together with the el egant Cassini datetheory asdevel oped
by Colombo, Peale and others.
b. Cassini Sates

Columbo (1966) showed tha the unit spin axis s = (x,,2)

= (sin0O cos,sinO sind,cos0) traces out a closed curve on the unit sphere,

x2+y2+z% = 1, given by itsintersection with a cylindricd parabola,

[z+(g/a)cosI)* = -2(g/a)sinl(y - K) (7)

asshowninFigure2. Thisdescribesafamily of parabolaewithlatusrectump = -(g/e)sin/
and axisz, = -(g/a)cosl but various vertices K. Depending on the choice of g/ec and the
resulting location of theaxis z,, thereare either two or four locations (called Cassini statesand
denoted by thevectorss, » s, in Figure 2) where a parabolais tangent to the unit sphere for
somevalue of thevertex and thetrajectory degeneratesto apoint. Herethe spin axissremains
co-planar with n and k and stationary in therotating frame, which meansthatininertial space,
these vectors co-precess at the samerateg, asdepicted in Figure 1. Two of the states (labeled
1 and 4) are on the same side of k asn, while state 2 is on the opposite side (Cassini state 3,
which isretrograde, will not further concern us here). If the convention introduced by Peale
(1974) of measuring 0, clockwisefrom n is used, the state obliquities can be found from the

single relationship,

(ee/g)cosO sinB. + sin(B.-1) = 0 (8)



obtained by setting 6,¢ = 0 inegn. (6). This isequivalent to a quartic equation which
could be solved explicitly for its four roots. Figure 3 shows aplot of the Cassini stae
obliquities®,, 6,, 6, as functionsof a/g whereavalueof | =1,, hasbeen adopted. It can
be seenthat for | at/g| lessthan some critical value, states 1 and 4 do not exist. Thisvaluecan
be determined by differentiating eqn (8) and setting d0/d(e/g) = ~ at («/g),,,to find the

condition (a/g)..cos20 + cos(0 -I) = 0. Combining with egn (8), one can solve for the

crit

critical valuesof 6,=6,=0__ and (a/g),,,, ViZ,

crit’

tan@_, = -tan'’I ; (a/g),, = -(sin®®I + cos??D** 9)
Forlg 6_. = -5.92°and (a/g),,, = -1.016.

Rearranging egn. (8) into theform [(e:/g)cos® + coslJtan® = sinf « 1,itisclear
that the LHS can be made small by either asmall value of tan® for which cos® ~ O(x1),

crit

or by making the bracketed term small. These condtions yield the following approximate

formulas,

0 = tan ![sinf/(1+e/g)] ; O = Zcos '[-gcosl/e] (10)

When |a/g| > |e/g|,., thefirst expression approximates states 1 and 3 corresponding to

+o. , respectively, while the second gives states 2 and 4. When |a/g| < |a/g| ., thefirst

crit’
expression givesstates 2 and 3, whilethe bracketed quantity cannot approach zero and thetwo
corresponding roots of the quartic equation are complex. In this case, states 1 and 4 do not
exist. States 1 through 3 are stablein the sensethat if the spin axisis dlightly displaced from
them, it will tend to circul ae the state; state4 isunstablein thisregard and lieson a separatrix
(Figure2b), which partitionsthe unit sphereinto three domains, each containing astabl e state.
c. Soin Axis Position

To evaluate whether Saturn could be in the resonance, its spin axis must be located
with respect to the ] = 18 reference frame defined by a z-axis that lies aong the pole of the
term, and an x-axis along itsascending node on the invariable plane of the solar system. The

right ascension and declination of swith respect to the equator and equinox at epoch J2000.0



are40.595° and 83.537° respectively (Y oder 1995). Rotating about the vernal equinox bythe
Earth’ s obliquity, 23.439° (Y oder 1995), givess with respect to the ecliptic and equinox as

TABLEII:
Coordinates of Saturn Spin Axis, | = 18 Pole, and Normal to Invariable Plane

Vector Referenceframe i Co-latitude’ Longitude X y

S Ecliptic/equinox 28.049° 79.509° 8546x10° 4.624x10*

k 1.579° 17.582° 2.627x10? 8.322x10°
k Invariable plane 0 0 0

s “ 27.254° 68.491° 5.919x10? 4.541x10*
n “ 0.0644° 66.476° 4.488x10* -1.031x10°
k Intermediate 0.0644° 113.523° -4.488x10* 1.031x10°
S “ 27.315° 82.264° 5.874x10? 4.551x10*
n “ 0 0 0

k j =18 system 0.0644°  90° 0 1.124x10°
S “ 27.315°  59.122° 2.355x10" 3.938x10*
n “ 0 0 0

" For s, the co-latitude is the obliquity, for k, n it isthe inclination

shown in Table Il. The normal k to the invariable plane from Allenislisted aswell. Also
included in the table are the x and y components of each vector in each system. Since the
inclination of theinvariable planeisvery small, tofirst order accuracy the coordinate system
can be transformed to that plane by subtracting the components of k from s. We now
introduce the j = 18 pole from Applegate et al. (1986), who give?
{p, ¢} = sin(l,4/2)lsin, coslQ , = N,lsin, cosld,, where N,=-1073%, 8, = 203.518°.
Settingsin(/,,/2) ~ (1/2)sinl,,, and recalling that the longitude of the poleis 90° behind its

ascending node Q. ., we find the componentsof n listed in Tablell. Wecantransform agan

18
to asystem with n at origin by subtracting its components from the other vectors. Thisgives

1 In the Applegateet al.(1986) notation, our j =18 is their j = 8.
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the vectorsin an intermediate system. A final counter-clockwise rotation of the coordinate
system by 23.523°putsk inthey-axis. Thespinaxisliesy = 90°-59.1° = 30.9° fromk.
Figure 4 shows polar views of thej = 18 system for a/g,, = -1.16 along with the separatrix,
ands= (x,y,x) = (0.236, 0.394, 0.888). Theseparatrix ismorenarrow thanthe example
of Figure 2 becausetheinclination isan order of magnitude smaller. Sincethetrajectory does
not enclose n at the origin, such motion produces the longitude libration diagnostic of
resonance trapping.
d. System Evolution

If the frequency ratio a./g changesfor some reason, the Cassini states migrate along
the unit sphere in accordance equation (8) and Figure 3. If changes occur slowly enough, it
can be shown that the area enclosed by the spin axis trgjectory about the local Cassini state
remainsnearly invariant (e.g., Peale 1974; Ward et al. 1979). Slowly enough meansthat the
state migration rate is much less than the rate of spin axis motion: the so-called adiabatic
limit. In particula, if the spin axis starts near state2 with |e/g| <<1, it will remain so as

|a/g| increasesand the statemigratesawayfromn (at 6 =0). Asthefregquency ratio passes
through the critical value, the obliquity rises steeply and can become quite large this is
resonance capture.

By contrast, with | e./g| >> 1, state 1isnear n, but rotatesaway as | a/g| decreases,
while state 4 rotetes toward it. Thetwo states eventudly mergeat (a/g),,,, ; past this, state
2 isthe only prograde state. A spin axisinitially close to state 1 will track its motion until
itsmerger with state 4. At this point it is left stranded and must establish a new trajectory
about state 2, enclosing an area that may no longer be smdl. This sequence is resonance
passage in the non-capture direction and resultsin a‘kick’ to the obliquity. Consequently,
passage through the resonance is not a reversible process, with the outcome depending on
direction. Employing elegant analytical expressionsderived by Henrard and Murigande
(1987) for the areas inside each of the domains, the above arguments are easily quantified.

The areainside the separatrix containing state 2 can be written as,

A, = 8p + 4tan”'T - 8z_tan '(1/x), (11)

10



where

= /-tan’8 JtanI- 1, (12)

whichstartsatx, = 0for6, = 6_,,anddivergesas®, -~ -m/2. Theremainingfunctions
can be written
xsin*0 ,cos0,

p= ——mm— ; T e S
x%cos’0, + 1 x%cos’0, - 1

2y.cos6,

(13)

where the second quadrant value of tan'T isto be used when T < 0. The other two domain

areas can now be written in terms of egn. (11),

Al(s) = 2n[1-(+)z,] - 4,2 (14)

Figure 6 displays the domain areas as afunction of /g = sinl/sin6, - cosZ/cos0,. Note
that when x =0; p =0,tan™ T= &, tan(1/y ) = 7 /2. Substituting these valuesinto egn
(11) yieldsthecritical valueof A,=4 . = 4=n(1 - z,,,) forwhich A, vanishes, indicating the

merger of states1and 4. Finally, setting z,, = -(g/a),,,cosI, the areasurrounding state2

crit

at merger becomes

A_ = 4n[l - (1 + tan®*1)3?] (15)

crit
If state 2 were to then migrate near theorbit normal (i.e., |a/g| <<1), the precession would
become almost unif orm with an obliquity given by

s =1 -4 pm=— 2 (16)

cri (1 + tan2/31)3/2

Figure 5 shows this obliquity as a function of inclination amplitude. Again, these are

adiabatic values corresponding to arbitrarily slow passage. The obliquitiesforamplitudesin
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Table | areindicated on the curve; for 1, =0.064°, 6 = 14.5°.

V. TUNING MECHANISMS

If Saturn was captured into asecul ar spin-orbit resonancewith Neptune, how and when
did thisoccur? For the present frequency ratio, state 1 lies very close to the poleposition of
the j = 18 term (Figure 4). It is only because of Saturn’s large obliquity that the ratio of
Neptune's orbit precession rate to Saturn’s pole precession rate could be near unity. To
account for thisas aresult of resonance capture, the casemust be made for dther an increase
in o and/or adecreasein|g,,| to ‘tune’ the system through the aritical frequency ratioin the
proper direction. Below we discuss possible adjustmentsin the early solar system that could
account for this, although they may not be unique.

a. The Kuiper Belt.

Neptune’ snodal line regression is caused by the orbit averaged gravity of the planets

interior toit. If there were planetsexterior to Neptune they would each contributetog,, by an

amount

. ny M, a, )
dg = _T(V;)(a_p)Zb3/2(aN/ap) (17)

where M, a,are the planet’s mass and semimgjor axis, a, =30.1 AU, n,=7.85x 103" fyr
are the semimgjor axis and mean motion of Neptune, My is the solar mass, and the
quantityb3(,12)(y) isal aplace coefficient (e.g., Brouwer and Clemence 1961). Pluto doesthis,
butitsmassissosmal (M, = 2.2 ><10‘3MEmh, a, = 39.54U)thatitsfractional contribution
isonly 8g/g,, = 3% 1073. However, Pluto is generally regarded as a remnant of a larger
Kuiper belt population that was eroded away over time (e.g., Holman and Wisdom 1993;
Duncan et al. 1995). The contribution of a primordial Kuiper Belt of surface density o to
Neptune' sprecession can beestimated by replacingM, by 2t ordr inegn. (17) andintegrating
over the width of the belt. Starting at Pluto’ s distance, r,, ~ 404U, and integrating to ~50

AU where recent observati onsindicatean outer edgeto thebelt (Allenet al. 2001; Trujillo and
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Brown 2001) yieldsafractional contribution of order dg/g,, = 107*(M, /M), or about 1%
for each earth mass of material. The presert mass M, of the Kuiper Belt is of order
fewx10~ IM@, but its primordial mass, estimated by extrapolating the planetesimal disk from
Neptuneinto theregion, could have been ashigh asfew x 10Mg, (e.9., Stern and Colwell 1997;
Farinella et al. 2000; Mahotra et al. 2000). This is sufficient to place Saturn to the left
of (/g),,;, in Figure 3, implying that it passed through the resonancein the capture direction
as the mass of the belt diminished. We should also point out that a concomitant outward
migration of Neptune (e.g., Hahn and Ma hotra 1999) would result in adecreasing | g5 | as
well. Numerical experiments of the erosion of the belt indicae a time scale in excess of
0(10%) yearsfor the portion of the belt beyond ~40AU . Thefinal obliquity of Saturn would
then simply be the limiting value it acquired by the time the Kuiper Belt mass was exhausted.

b. Soin Axis Librations.

If Saturniscurrently trapped in the resonance, Figure 4 showsthat it islibrating about
state 2. Theinferred libration amplitude ¢ . issensitive to where we put the separatrix or
equivaently to the exact value of a/g,,. Thereissome uncertainty ing,s but it is probably
small; the planetary theory constructed Bretagnon (1994) including fourth-order long-period
terms with short-period term corrections gives 0.691” y» !, while Applegate et al (1986)
Fourier transform the orbital elements of a 100 Myr numerical integration of the outer five
planetsto find 0.692” yr ~!. The greatest unceartainly in & isthorough the moment of inertia
of Saturn, but resonance occupancy places a constrant on A .

Thesmallest areaenclosed by alibrating trajectoryisfound by making the current spin

axis position the amplitude ¢ ___, while the largest areais found by putting Saturn’s pole on

max’

the separatrix itself, for z, either greater or lessthan z sothat ¢ . = © . Theareainside

the current trgjectory can be found as afundion of a/g ,

4= ,sn0d0dd = [dzdd = [I[n/2-d(@)]dz (18)

traj

wheresind(z) = [K+(z-z,)%/2p)/(1 - z%)"* and theintegration limitsarethevaluesof zfor
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whichsing(z) = 1 (Ward et al. 1979). Saturn’s current pole position constrains allowable
valuesfor thevertex, K = y +(z,-z,)*/2p. Theminimum K_. = y_occurswhenz, = z,
and /g, = —-cosl/z, = -1.126. Theassociated value of A= 0.0167 sets a minimum pre-
capture obliquity of 6 . = 4.2°. A curve of A vaues compatible with the current s is
included in Figure 6. Theinferred range of uncertainty inthefrequencyratio, 1.078 < | a/g| <
1.182, can be related to Saturm’s moment of inertia through equation (1), i.e,
0.2233 < A < 0.2452 givestherange of values for which Saturn could be currently trapped
in the resonance. The minimum is~1% | arger than the Hubbard and Marley value but well
within its uncertainty.

For | 4, = 4n(l-z,,) =0.2003; projecting thiscase back to| e./g| <<|a./g|

crit crit’

gives the maximum obliquity, 6 = cos'1[2zcr - 1], for certain capture, which turns out to

it
recover equation (16),i.e,6 = 14.5°. FromFigure6, A=A, for /g, = -1.084 and -
1.169. Thecorrespondinginertiarangeis0.2257 <A <0.2438. Captureispossiblefor larger
0, but at adecreasing probability given by

P = |44, = 2/(1 - 4=z [4,) (19

The rate of change of A, is found from /i2 = £ 04,/0z, + pod,/0p, where the partial
derivatives are given by Henrard and Murigande (1987)

04,/0z, = -8tan"'(1/x) ; 0A,/dp = 8plp (20)

Substitution into egn. (19) yields

2
1+ et (1) plz,) (21)

P:

whichisto beevaluated at themoment of separatri x crossing. If, when|a/g| < |a/g| _,the

crit’

original obliquity is® > 14.5°, thearea A, = 27m(1 +cos6 ) of the unit sphere below the
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tragjectory is less than value of A; when the separatrix first appears, i.e., the spin axisisin
domain 3 outside of the separatrix. As|a/g| increases, both A, and A, increase at the expense
of A, as shown in Figure 6. The spin axis crosses the separatrix when A, = A;, or
A, = 4m(z,-cosB ). Combining with egn. (11) this condition reads,

zo[l+ztan'1(1/x)] - l(2p+tan‘1T) = cosO, (22)
T T

which can be used to determine the transition values of x and 0,. Using thesein egn. (21)

yields the probability. Figure 7 shows the capture probabilities as a function of the pre-
capture obliquity.

V. DISCUSSION

What would be a likely orign of Saturn’s libraion? One clear possibility is alate
impact. A fortuitousgrazing impactnear Saturn’ spadeat its escape velocity will shift thespin
axisby 80 ~ (m/AM)(GM/w*R*)'? ~ 7°(m/Mg), where m and Mg, are masses of the
projectile and the Earth, respectively; more probable impact parameters and angles would
require severa earth masses. On the other hand, if the impact post-dated resonance capture,
the elongated nature of the trajectories decreases the required obliquity change by a factor
(tanZ/tan® ) = 0.22 (seepaper I1). Indeed if theimpactor shiftstheaxismorethan the half-
width of theseparatrix itself, A6 = 2,/tan//tan® = 5.4°, itwould knock Saturn out of the
resonance.  Another way to generate libration is by a somewhat non-adiabatic passage
through the j = 18 resonance in the capture direction on a time scale comparable to the
libration time of ~ 8 x 107 years. We nate thisis not too different from the erosion timescale
of the Kuiper belt, and numerically assess this possibility in our companion paper Il. Non-
adiabaticity may also be introduced if Neptune migrates in a stochastic manner (Hahn and
Malhotra 2000). This could cause diffusion of the spin axis inside the separatrix. If the g,
splits into a cluster of similar terms, this could introduce chaos in a manner similar to that
found for Mars(Toumaand Wisdom 1993; L ascar and Robutel 1993). However, current orbit

theory does not yet show much evidence this.
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An intriguing alternative is to evoke two passes through g, starting with a non-
adiabatic passage in the non-capture direction during Saturn’ s Kelvin-Helmhol tz contraction.
During contraction, the spin angular momentum of Saturn, L = AMR %w , remains constant
sothat ® e R 2. Equation (1) thenindicatesthat o increaseswith the quantity J,R?, while
the rotationally induced value of J, is w?R*/GM, (e.g., Kaula 1968). Consequently,
J,R* « w?R® « R, and & = o (R/R +¢)/(1+q) was larger when Saturn was more
distended, where (e, R;) denote the current precession constant and plangtary radius.
Accordingly, an increase of dR/R, = (1 +¢)dg/e., would more than compensate for a
primordia increase in g, reinstating Saturn to the right of the resonance in Figure 3.
Contraction then drives Saturn through the resonance in the non-capture direction with a
maximum induced obliquity of 14.5°. If the passage is fast enough to break the adiabaic
invariant at some point, the induced obliquity, © = gI/2n/a, will be less than theadiabatic
value (Appendix). Consequently, the minimum pre-capture obliquity® . could be used to
put alimit on how fast Saturn could have contracted during its first resonance passage. The

minimum characteristic timescale, T = «/|&|, for resonancepassage is

27 emin
o =
81 21l

T 2 = 2x10% years (23)

which in turn implies a minimum characteristic contraction timescale

Tp = RR =t /(1+qlJ,) = 5x107 years.  This is consistent with models of the

contraction of the gas giant planetsusing modified stellar evolution codes (e.g., Pollack et al.
1976; Bodenheimer and Pollack 1986).

VI. SUMMARY
Saturn’s spin axis precession period is close to the precession period (1.87 x 10°
years) of the Neptune's orbit plane. We propose that these planets are locked into a secular
spin-orbit resonance, and that thisis the orign of Saturn’srelatively large obliquity (26.7°)

compared to that of Jupiter (3.1°). We have outlined a sequence of eventsthat could account
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for the establishment of this resonant state. Initially forming with a small obliquity, Saturn
passed through the resonance in the capture direction as the Kuiper Belt was depleted,
pumping up its obliquity until eventually acquiring its current value. A Saurn currently in
resonance placesaconstraint on that planet’s normalized moment of inertiaA >A . =0.2233
and impliesthe spin axisislibrating with an amplitude >31°. Thiscould be afossil remnant
of a pre-capture obliquity generated in an earlier resonance pass during the planet’s Kelvin-
Helmholtz contraction. Alternatively, the librations may have been caused by non-adiabatic
conditions during resonance passage (paper IlI) or excited by a late impact. Numerical
experimentsdescribed in our companion paper illustrate resonant captureindetail. Thecritical
precession frequency separating circulating from libraing spin axis trgjectories is
o/g, = -1.18, acos® = 0.730"/yr, and perhapsfurther observational datawill be ableto

discriminate between them.
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APPENDIX: NON-ADIABATIC OBLIQUITIES

The equation of motion (6) in component form reads
X = (uz + gcosl)y - gsinlz ; y = -(az + gcosDx ; Z = xsin/ (24)
Consider again asmall angle approximation: z ~ cosl ~ 1, sinf ~ I, and introduce anew
independent variable ¢ = f ‘(o + g)dt, where wetaket = 0 to be the moment when o =-g.
o

The x and y equations can be combined to yield a second order equaion

d*ide? + y = gl/(a +g) with solution
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s, = gI{—cosq)fsin(pdt + sin(prOS(pdt} (25)

Wenowexpand e ~ -g + arsothat@ = &r?2 = t'2. Integrationof eqn. (22) thengives
(Ward et al. 1976)

y = glyn/e {[C,(t') + 12]sint'? - [S,(#') + 1/2]cost'?} (26)

wereC,(t'), S,(t') are Fresnd integrals, and we have required y -~ 0 as ¢ - -=. As

t' ~ +o0o,C, and S approach Y%, yielding an obliquity proportional to &2, viz,
0 - gl/2n/a (27)

REFERENCES

Agnor, C. B., R. M. Canup and H. F. Levison 1999. Icarus 142, 219

Allen, C. W. 1976. Astrophysical Quantities, London: Athlone (3rd edition).

Allen, R. L., G. M. Bernstein, and R. Malhotra 2001. Astrophys. Lett. 549, L241

Applegate, J. H., M. R. Douglas, Y. Gursel, G. J. Sussman, and J. Wisdom, 1986. Astron. J.
92,176

Bodenheimer, P., and J. B. Pollack 1986. Icarus 67, 391-408

Bretagnon, P. 1974. Astron. Astrophys. 30, 141

Bretagnon and Francou 1992. In Chaos, Resonances and Collective Dynamical Phenomena
in the Solar System (Ed. S. Ferraz-Mello) Kluwer Academic Publishers, Dordrecht,
pp. 37-42.

Brouwer, D. and G. M. Clemence 1961. Celestial Mechanics, Academic Press, New Y ork.

Brouwer D., and A. J. J. vonWoerkom, 1950. Astron. Pap. Amer. Ephemeris Nautical Alm.
12(2), 81

Chambers, J. E. and G. W. Wetherill 1998. Icarus 136, 304

Columbo, G. 1966. Astron. J., 71, 891.

Dones, L. and S. Tremaine 1993. Icarus 103, 67.

18



Duncan, M.J., H. F. Levison, and S. M. Budd 1995. Astron. J. 110, 3073
Farinella, P., D. R. Davisand S. A. Stern 2000. In Protostars & Planets IV 2000. (Eds. V.
Manning, A. P.Bossand S. S. Russell) Univ. Arizona Press, pp. 1255-1282
French, R.G., P. D. Nicholson,M. L. Cooke, J. L. Elliot, K. Matthews, O. Perkovic, E.
Tollegrup, P. Harvey, N. J. Chanover, M. A. Clak, E. W. Dunham, W. Farrest, J.
Harrington, J. Pipher, A. Brahic, |. Grenier, F. Roque, and M. Arndt 1993.
Icarus 103, 163.
Goldreich, P. 1965. Astron. J. 70, 5
Hahn, J. M. and R. Malhotra 1999. Astron. J. 117, 3041
2000. B.AAAS 32, 857.
Hamilton, D. P., and W. R. Ward 2004. Astron. J. (thisissue)
Harris, A. W. and W. R. Ward,1982. Ann. Rev. Earth Planet. Sci.10, 61
Henrard, J. and C. Murigande 1987. Celestial Mechanics 40, 345.
Holman, M. J. and J. Wisdom 1993.Astron. J. 105, 1987
Hubbard, W. B. and M. S. Marley, 1989. |carus 78 102
Kaula, W. M. Introduction to Planetary Physics, 1968. John Wiley & Sons, Inc., New Y ork.
Lascar, J. and P. Robutel 1993. Nature 361, 608
Lissauer, J. J., and V. S. Safronov 1991. Icarus 93, 288.
Malhotra, R., M. J. Duncan, and H. F. Levison, In Protostars & Planes 1V 2000. (Eds. V.
Manning, A. P.Bossand S. S. Russell) Univ. Arizona Press, pp. 1231-1254
Nicholson, P. D. and R. G. French 1997. B.A.A.S. 29, 1097.
Nicholson, P. D., R. G. French and A. S. Bosh 1999. DPS Abstr. 31.4402N
Peale, S. J. 1969. Astron. J. 74, 483
1974. Astron. J. 79, 722
Pollack, J. B., A. S. Grossman, R. Moore and H. C. Graboske 1976. Icarus 29, 35
Stern, S. A., and J. E. Colwell 1979. Astron. J. 114, 841
Touma, J. and J. Wisdom 1993. Science 259, 1294
Tremaine, S. 1991. Icarus 89, 85
Trujillo, C. A., and M. E. Brown 2001. Astrophys. Lett. 554, L95

19



Ward, W. R. 1973. Science 181, 260
1974. J.G.R 79, 3375
1975. Astron. J., 80, 64
1979. J.G.R. 84, 237
1992. InMars, Eds. H. H. Kieffer, B. M. Jakosky, C. W. Snyder & M. S. Matthews)
Univ. Arizona Press: Tucson, AZ, pp. 298-320

Ward, W. R., G. Colombo and F. A. Franklin 1976. Icarus, 28, 441

Ward, W. R., J. A. Burns & O. B. Toon 1979. J.G.R. 84, 243.

Wuchterl, G., T. Guillot and J. J. Lissauer, in Protostars and Planets 1V 2000. (Eds. V.
Mannings, A . P.Bossand S. S. Russell) University of Arizona Press, Tucson, AZ,
and reference therein.

Y oder, C. F. 1995. In Global Earth Physics: A Handbook of Physical Constants AGU
Reference Shelf 1 1995.

FIGURE CAPTIONS
Figure 1. Co-precession of orbit normal n and Cassini state position of spin axiss about the

normal k to the invariable plane.

Figure?2. Spin axistrajectories and Cassini states [shown by vedors s, through s,] traced on
the unit sphere for a coordinate system rotating about the normal to the invariable plane, k,
with the nodal regression frequency g. The Cartesian coordinate system has its z-axisin the
direction of the orbit normal n and its x-axisaong the line of the orbit’ s ascending node, so
that the vector k liesin the y-z plane, inclined by anglel ton. The z-coordinate of the spin
axispositionisthe cosine of the obliquity, z = cos® . Figure2bisapolar view of thesame
unit sphere. Thetrajectorypassing through state4 isthe separatrix (shown bold) that partitions
the unit sphereinto thethree domains. Theinclination employed thisexampetomoreclearly
Illustrate the morphology of the trgjectories is an order of magnitude larger than the actud |
= 18termisused in Figure 4.
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Figure 3. Obliquities of Cassini states 1, 2 and 4 as a function of the frequency ratio o/g.
Spin axis trajectories circul ate about stable states 1 and 2; state 4 is unstable and lies on a
separatrix. States 1 and 4 merge and disappear at the critical frequency ratio.

Figure 4. lllustration of the polar view of unit sphere for thej = 18 frame of reference for
o/g,e = —1.16. Theamplitudeof thej = 18 termsis |,;= 0.064°. In additionto the Cassini
states, and separatrix, the current spin axisposition of Saturnisindicated. Thespnaxislies
inside the separatrix and circulates state 2 on elongated trajectories that produce libration.

Figure5. Adiabatic values of the obliquity excited by an arbitraril y low resonance passage
in the non-capture direction as a function of the inclination amplitude, I. The values

corresponding to thej = 16, 17, and 18 terms for Saturn’s orbit are indicated.

Figure6. Domain areas as afunction of frequency ratio. Top lineis sum of domains 1 and
2; second curve is domain 2 only. Lowest curve shows possible loci of area A enclosed by
Saturn’s current spin axis trajectory. Intersections with A, limits the frequency ratio for
trapping; intersectionswith A, (dotted line) limits the curve to pre-capture obliquities less

than 14.5° for which capture is certain.

Figure 7. Capture probabilitiesinto domain 2 asafunction of the pre-capture obliquity.
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