Structure Formation, Newtonian Style

One of the many broadly interesting things about the universeis that although it was
very smooth when it was just a few hundred thousand yearsold, it is now very lumpy. Of
course,those lumps are of great interest to us: stars, galaxies,humans, etc.! Broadly, the
emergenceof nonlinear structure (densities much lessthan or much greater than average)
from a smooth linear beginningis called structure formation. In principle, onecould imagine
electromagnetice®ectscortributing (and they do in the form of cooling processes)but
gravity seemsto be the dominart e®ect. In this lecture, we will consider gravitational
collapsein a Newtonian approximation in which the badkground is static. In the next
lecture, we will considerthe implications of the expandinguniverse.

Hydrostatic Equilibrium

Most things in the universethat are supported by pressureare in approximate hydro-
static equilibrium. Why? Ask class: what would happen if an object were dramatically
out of hydrostatic equilibrium? It would then ewlve dynamically. Ask class: on what
typical timescalewould it ewlve? If gravity is unopposed,then the object will collapseor
explode, on roughly g free-fall time scale. To order of magnitude, this is the sameas the
orbital timescale,or = R3=(GM), where M is the massand R the typical radius of the
object (it doesn't have to be spherically symmetric). The averagedensity is %2» M=R3,
ignoring inconveniert factors of 4/#3 or whatever, sothe dynamical time is tqyn » 1= G%
For Y= 1000kg mi 3, the density of water (or the Sun, roughly), the dynamical time is
about an hour.

Ask class: so,why is it that sud a tiny minority of astronomical objects is seento
be dramatically out of hydrostatic equilibrium? It's becausesud an object ewlvesso fast
that we have little chanceto seeit in that state. Ask class: what is an example of an
object that is far out of hydrostatic equilibrium? A supernova! Howewer, a star that goes
supernova in another galaxy (i.e., almost all of those seen)might be visible to us for a few
years, whereasthe typical parert star livesfor tens of millions of years, so the supernova
(and its ewolving remnart) is only visible for » 10 7 of the lifetime. The core collapseitself
lasts only a few seconds.Ask class: why are somarny supernovae seen,if they are sorare?
They are bright, soyou can seethem at incredible distances. As we've discussedthis kind
of tradeo®happensall the time in extragalactic astronorny.

Sinceobjects far out of hydrostatic equilibrium don't last long in that state, one more
typically nds objectsthat are slightly out of hydrostatic equilibrium, and henceewlve over
long times. This typically meansthat the long-term ewlution of many things reducesto
a competition betweengravity and everything else;sincegravity is always attractiv e, other



things must interveneto repel bits of matter and prevent ewverything from collapsinginto

a black hole! Ask class: what are examplesof e®ectsthat can opposegravity? Orbital

motion, or certrifugal e®ects,are one example. Pressureor temperature or velocity shear
are other examples.Magnetic elds also exert an opposingforce, since eld lines repel eah
other.

In order to considerall this in a speci ¢ cortext, let's think about the basicsof star
formation. The averagedensity of the galaxy is around 10 2 kg mi 3, but the average
density of a star is » 1000kg mi 3, so obviously a rather substartial density increasehas
happened! On large scales,gravity dominates, so we have to think about gravitational
collapse.We needto nd a condition for when somethingcollapsesand whenit doesn't.

We can, as theorists, imagine that we have set up a nonrotating, nonmagnetic, non-
turbulent cloud and ask about when gravity will beat thermal pressure. This leadsto a
minimum masscalled the Jeans mass Ask class: for a uniform-density sphericalcloud of
massM and radius R, what is the gravitational energy?E, = g%ﬂ Ask class: what is
the thermal energyif there are N particles at temperature T? E, = %N KT. The condition

for gravity to win is E, > E,, so
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This is M ; ¥4 2M-T5ni 95 wheren is the number density. Therefore,if M > M ; then the
cloud will start to collapse,whereasif M < M ; the cloud will not collapse. Note that this
is the absolute minimum massfor a bound cloud. For %= 10'2° kg mi 3 and T = 100K,
typical of the ISM, neutral hydrogenhas M ; ¥ 10 M-. Note, though, that this is much
more massi\e than the averagestar, so other processesnust ernter.

Suppose rst that there is no support againstcollapse.In that caseit would collapseon
a free-fall timescale u Tio
e
= 32G%
Typical densitiesin sterile (non-star-forming) regionsare » 0:5; 1£ 10 mi 3, implying
t;s ¥a5£ 1P yr. This is » 0:1£ the inferred lifetime of clouds, so somethingmust hold up
the collapse.

= 34£ 10n' Y2yr : (3)

As the gascloud collapses,its thermal energygoesup and can in principle halt (or at
least slow) the collapse.We have

M, » T¥2141/2 (4)



If the equation of state is polytropic, sothat P/ ¥4 and T/ i ! then
M, » 1371 9/2 . (5)

Ask class: what doesthis meanfor whether collapsewill stop or run away? If the Jeans
massdecreasess the cloud collapses,there will be a runaway; if it increasesthe collapse
will stop. Therefore, for ° < 4=3 there is a runaway. In fact, ° = 4=3 is indicative of a
radiation pressuredominated equation of state, so sud objects are unstable. When general
relativity is included, the threshold index is slightly larger than 4=3. One consequencef all
this is that very massie stars (more than 10° ® M-, depending on rotation) are violently
unstable. Therefore,although it is possiblethat stars nearly this massive might exist in the
very early universe(although it's cortroversial), biggerdidn't happen.

Halting collapse by rotation

Here,it's a comparisonof the rotational energywith the gravitational energy:
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is the usualinitial condition. Now, E. » (R-) 2 and Egay » 1=R, so~ / R3- 2. If angular
momertum is consered during the collapsethen L=const=R?-, so- » 1=R?and” / 1=R.
Sincethe collapseis over many orders of magnitude (say, 10'® m for a solar masscloud to
10° m for a star), this meansthat rotation can halt the collapseeven if it is unimportant
initially .

Let's work this out. The Galaxy rotates with a period of about 200 million years, so
let's say that the initial molecularcloud sharesat leastthat rotation. If a 1 M- portion of
the gashas a radius of 10'® m initially , then to collapseto somethingthe size of the Sun
(10° m) and consere its angular momertum it needsto spin 10" times faster, or in about
1 minute(!) comparedwith » 3 hr for breakup and » 30 days for the actual rotation period
of the Sun. This is a seriousproblem! As a sideligh, let's think for a secondabout what
other angular momertum existsin the solarsystem. Ask class: do they know what fraction
of the massof the solar systemis in the Sun? About 99.8%. What fraction of the angular
momenum? The Sunrotates at about 1/300 of the Keplerian orbital frequencyat its radius.
Jupiter orbits at Keplerian, of course. In addition, Jupiter is at a radius of 5 AU=7 £ 10'! m,
or 1000times the radius of the Sun, soit has a speci ¢ angular momertum about 1000/2
times greaterthan a particle orbiting at the limb of the Sun. Therefore,the speci ¢ angular
momertum of Jupiter is about 1000/2 £ 300= 10* times that of the Sun. The Sun's mass
is 10° times Jupiter's soJupiter's angular momertum is 10 times that of the Sun. In reality,
the Sun'smassis certrally concertrated, and J;=J- ¥ 100. So, that helps,but not enough.



Magnetic elds canalsohelp halt collapse,but we will not considerthem in this lecture
(it's a bit far a eld).

What we have found is that, although it is easyto nd gasthat will start to collapse
(you just needM > M ), there are three things that can prevent the gasfrom collapsingall
the way and forming stars: (1) if the polytropic index exceeds4/3, the cloud can heat up
fast enoughto stop collapsewith thermal pressure,(2) rotation and a certrifugal barrier will
generallysetin if the cloud conseresits angular momertum, (3) in somecaseghe magnetic
“eld may halt collapse.We will now considerways out of theseproblems.

Heating and Cooling

First, the thermal problem. A molecularcloud is heatedby external radiation (X-rays,
gamma-rgs, UV) whenit is low-density, and by cosmicrays moregenerally At low densities
and high temperatures, cooling is relatively inetcient. It tends to proceedvia molecular
radiation, sud as from H, and CO. At low temperaturesand high densities, cooling from
dust grains dominates. This radiation occursin the IR becausethat's whereit is able to
esca. This is why IR mapping tendsto track dust.

The net result is that when a cloud becomesoptically thick (say, ¢ > 1=2), then it is
self-shieldedfrom external radiation and the interior portions of the gascan cool in peace.
This happensby formation of moleculesfor example,and the equilibrium temperature drops
to about 10 K. Therefore,the inner part of the gascan radiate away the energyit getsfrom
gravitational collapse(\settling” might be more appropriate), and cortinue to cortract. See
Figure 1 for a numerical simulation of sud structure formation.

Angular momen tum

As we indicated before, the speci ¢ angular momertum (\sp eci ¢c" means\p er mass",
soit's L=M) of giant molecularcloudsis vastly greaterthan that of stars, soyou have to get
rid of most of it. For a » 1 pc giant molecularcloud, L=M > 10?. For a densecloud core,
»0.1pc, L=M » 10?%. For the Sun,L=M » 10%. Lots of ordersof magnitude. Where does
the excesgyo?

You might think it could goto binaries, or planets, or that young stars might have a lot
of angular momertum, but it isn't so. A 3-day binary hasL=M » 10'°. Ask class: how
would the angular momertum go with orbital period? Like PY/3, soevenat a 10* yr binary,
L=M » 10°'. We already found that Jupiter doesn't have enougheither, » 10°°. Young
stars like T-Tauris have L=M » 10', somorethan the Sun but nothing closeto that of the
initial cloud.

Therefore, speci ¢ angular momertum must be transported away from the systemen-
tirely. Ask class: what are someways that this can happen? Winds (magnetic, especially),
jets, disks. There is still a lot of discussionabout how this happens. In somewhatmore



Fig. 1.— Numerical simulation of gravitationally induced structure formation. The top panel
shows a blowup of the bottom. Note that in a few extra-dense places, matter has tended
to collect. Cooling would be needed to proceed all the way to, e.g., star formation. From
http://www.astro.up.pt/~asilva/CLEF _SSH/public/images/CLEF .gif



detail, angular momertum can be removed by:

(1) Magnetic braking. If a magnetic eld threadsa cloud, it will try to enforceuniform
rotation. This movesangular momertum outward. This can happen beforethe collapseof
the cloud. It is alsoe®ectiwe in slowving down the rotation of stars.

(2) Collapseto a disk. Stresseswithin the disk transport angular momernium outward
and massinward. An especially important sourceof sud stressis the \magnetorotational
instability”, or MRI. If the disk hasenoughionization, evenaweakmagnetic eld is ampli ed
if cuid at smaller radii has a higher angular momertum than °uid at larger radii. If the
ionization fraction is really low (or more properly if the magnetic Reynoldsnumber is high
enough),this medanismis ine®ective. This may leadto \dead zones"in someprotoplanetary
disks.

(3) Star-disk coupling. If the star hasa signi cant magnetic eld, it canget slowed down
by interaction with the disk (or spunup, for that matter).

The net result of all of this is that oncethe gasstarts to cortract, it is likely that at
leastparts of it will everntually form stars (the exciency of star formation, i.e., what fraction
of the gasbecomesstars, is debated). Howewer, we are preserted with an interesting issue:
the initial Jeansmassis often about 10* M- or even larger. Ask class: why, then, don't
we have lots of 10 M- stars? A key is that asthe gassettles and cools, the Jeansmass
decreases.Therefore, smaller subclumps in the matter becomeunstable, so that instead of
one huge star we end up with lots of normal stars. In the early universe, at redshifts of
z » 10j 20 wherethe rst stars formed, there are essetially no \metals" (recall that for
astronomers,this meanselemens heavier than helium). This meansthat cooling was much
lessexcient then, so objects are hotter and the Jeansmassis larger. This leads current
researbersto beliewve that the rst generationof stars (\P opulation I11" stars) could have
beenmuch more massie than current-day stars, perhapsup to hundredsof solar masses.

Intuition Builder

Just becausea Population |1l star might form at a few hundred solar
massegloesn't meanit canretain it all. After all, the most massiwe current
stars losemost of their massthrough stellar winds. Is there any reasonwhy
stars without metals would hold onto more of their massthroughout their
ewlution, and thus possibly leave behind extra-massi black holes?



