
ASTR 601 Problem Set 2: Due Wednesday, September 29

1. Cosmic Microwave Background

The cosmic background radiation that we see comes from the era when the universe

first became transparent to light. At very early stages, a typical photon would scatter many

times as it crossed the universe. However, as the universe became larger and cooler, photons

could travel farther. At some point, a typical photon could travel across the entire universe

without scattering, and that’s the radiation we see.

(a) To make a first simple guess as to when the universe became transparent, let’s do the

following. The most important interaction of light with matter at that stage was Thomson

scattering. The cross section for scattering was then

σ = 6.65 × 10−25 cm2 . (1)

The universe is mostly ionized at the present time (that is, most electrons are free rather than

bound in atoms). The number density of electrons at the current time is n0 ≈ 2×10−7 cm−3.

At a redshift z, the number density is n(z) = n0(1 + z)3. The age of the universe was

t(z) = 1.4 × 1010 yr(1 + z)−3/2 (actually, it’s somewhat different than this, because of the

dominance of dark energy in the last half of the age of the universe), so the radius of a

causally connected part of the universe was

R(z) = ct(z) ≈ 1.4 × 1028(1 + z)−3/2 cm . (2)

The mean free path of a photon is

L(z) = 1/[σn(z)] . (3)

You should find that at large redshift, L(z) < R(z), so that a photon scatters before it crosses

the universe, whereas at smaller redshift, L(z) > R(z), so that a typical photon crosses the

universe without scattering.

Using these assumptions, calculate the redshift when L(z) = R(z).

(b) Now let’s do things more carefully, distinguishing between cross section and opacity. For

simplicity, we will pretend that the universe was pure hydrogen instead of about 25% helium

by mass. The Saha equation then tells us that the fractional ionization y ≡ ne/n (i.e., the

number density of free electrons divided by the total number density) is given by

y2

1 − y
=

4.0355 × 10−9

ρ
T 3/2e−1.57887×105/T , (4)

where ρ is the total mass density (including protons) in g cm−3 and T is the temperature in

K: for this problem, T = 2.725(1 + z).



With these assumptions, compute the redshift at which L(z) = R(z). You should find

a value somewhat larger than the current best estimate z ≈ 1090 from WMAP and Planck

data. This isn’t part of your grade on this problem, but what would you speculate is the

main reason for the discrepancy?

2. Dr. Sane has turned his peerless creativity to the study of atomic transitions, and has

realized that the Einstein relations are not sufficiently general. In particular, only Dr. Sane

has had the insight to realize that we should add a quadratic term to the equation relating

populations in our standard two-level atom:

n1B12J̄ = n2A21 + n2B21J̄ + n2C21J̄
2 (5)

(even higher-order terms would, of course, be silly). In this way he defines the “Sane C

coefficient” C21 and the last term shows the effect of “Sane overly stimulated emission”.

Like the Einstein A and B coefficients, the Sane C coefficient is an atomic property that is

independent of the temperature T and does not require thermodynamic equilibrium.

The American Astronomical Society is considering giving the prestigious Heineman prize

to Dr. Sane. The AAS president, Paula Szkody, has consulted you on this issue and in

particular wants a convincing argument one way or the other about whether C21 could play

a role in atomic physics. Hint: proper application of limits can save you much algebra and

confusion, but be sure your logic is sound!

3. Fermi energy.

Like all great thinkers, Dr. Sane has pursued many innovative ideas. Recently, he has been

trying his hand at particle physics, and has reported that in his model there is a previously

unsuspected particle that he calls a “saneon” with a mass-energy of 8 GeV. He asserts that

the inner 0.5M� sphere of slowly rotating neutron stars has a high enough number density

of neutrons that it is energetically favorable to convert them to saneons (that is, the total

energetic cost of adding another neutron exceeds 8 GeV). Based on this idea, Dr. Sane

has applied for a physics faculty position at the University of Maryland. Steve Rolston,

chair of the UMd physics department, has been dubious about some of Dr. Sane’s previous

ideas but is excited about this one. What report do you give to Professor Rolston? Note

that the Fermi momentum at a neutron number density nn is pF = (3h3nn/(8π))1/3, where

h = 6.63 × 10−27 cm2 g s−1. Hint: what is the radius of a black hole?

4. In our first computing assignment we will explore the Saha equation. Assuming pure

hydrogen and thermodynamic equilibrium, plot the temperature that gives an equilibrium

ionization y = 0.5 for densities ρ from 10−31 g cm−3 (roughly the average baryon density

of the universe) to 10−16 g cm−3 (roughly the density of the core of an interstellar cloud).



Discuss the physical reason for any trends you find. Please send me a copy of your code

before you hand in the plots on the due date. Any language is fine as long as it

compiles and runs on my departmental machine (please send me compilation/run

instructions); I won’t install any libraries or download modules! Please ensure that

when your code runs, it produces both a plot (which is all you need for the hardcopy) and

a table of log10 ρ versus T . In the table, your values of T must be correct to at least three

significant figures (use the high-precision version of the Saha equation in equation (4) on the

first page of this homework).


