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This dissertation details a series of modeling studies under the topic of granular dynamics

operating on the regolith surfaces of low-gravity planetary bodies, with a specific focus on rubble-

pile asteroids. Primarily, we investigate the influence of packing structure, particle shape, and

bulk stiffness in regolith media on global strains, resurfacing, and induced seismicity in close

planetary encounters and wave speeds in regolith as compared to laboratory experiments. For

these investigations, we make use of the parallel, N -body gravity tree code with soft-sphere

discrete element method, PKDGRAV, to model the discrete interactions between particles in

regolith systems.

We present herein our work improving the efficiency and physical accuracy of PKDGRAV’s

implementation of non-spherical particles, with the aim of moving past the spherical particle ap-

proximation. Decades of work in granular physics and geomechanics indicate that grain inter-

locking due to irregular particle shapes plays a significant role in increasing the shear strength

of granular systems. We apply this improved irregular particle model to small proof-of-concept



studies of the Brazil-nut effect in low gravity, rubble-pile spin-up, and close planetary tidal en-

counters, and find new behavior in all cases.

The subject of the bulk of our investigations is the upcoming close planetary encounter

between suspected rubble-pile asteroid (99942) Apophis and Earth, to take place on April 13,

2029. The natural experiment presented by the non-catastrophic tidal encounter between Apophis

and Earth makes Apophis a prime target for space missions like OSIRIS-APEx and RAMSES

that are motivated by planetary defense and the investigation of rubble pile dynamics and interior

structure. We use PKDGRAV to model the full Apophis close encounter, assuming a rubble-

pile Apophis, and investigate the global shape change on the body, estimate the measurability,

depth, and frequency of the long- and short-period seismic signals, and predict localized areas

with high likelihoods of resurfacing, all induced by the Earth’s tidal forcing in the encounter. Our

main findings indicate relatively little global shape change at the nominal encounter distance,

likely changes to the spin state of the body, little resurfacing outside of particularly susceptible

surface patches, and seismic signals that are measurable by current-generation seismometers.

These results, particularly regarding the induced seismicity, may help with inferring the interior

structure of Apophis.

We conclude with brief reviews of work from several ongoing studies matching simulated

experiments to Earth-based laboratory experiments measuring pressure and shear wave speeds

in regolith. Waves in regolith move along the chains of the strongest contact forces between

particles in the medium. These complex systems of force chains are unique to the individual

packing history and structure of a given regolith medium. We compare against low-speed impact

experiments of ball bearings into sand, high-speed impact experiments of bullets into gravel, and

bender element experiments measuring shear wave speeds in glass bead systems. In all cases, we



find that the initial DEM parameters need to be carefully calibrated to match the physical materi-

als and that large grain-size distributions and low packing densities can weaken force chains and

decrease wave speeds. We also investigate the role that reduced gravity and confining pressure

play in the wave speeds measured in these studies, finding slower wave speeds and weaker force

chains in preliminary models of systems with lower gravity and confining pressure.
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Preface

The research presented in Chapters 2-4 has been previously published. Chapter 2 was

published in The Planetary Science Journal as “An Efficient Numerical Approach to Modeling

the Effects of Particle Shape on Rubble-pile Dynamics” [1]. Chapter 3 was published in The

Monthly Notices of the Royal Astronomical Society as “Prediction of Tidally Resurfaced Areas

During Apophis’s 2029 Close Approach with Earth Depending on Encounter Orientation” [2].

Chapter 4 was published in Icarus as “Using a discrete element method to investigate seismic

response and spin change of 99942 Apophis during its 2029 tidal encounter with Earth” [3]. Fi-

nally, Chapter 5 is submitted for review to The Planetary Science Journal under the title “The

Influence of Internal Structure on Physical Outcomes of the 2029 Apophis Close Approach with

Earth.” The unpublished works in Chapter 6 are in progress, and thus not submitted to any jour-

nals at this time. Each chapter corresponding to published work is presented in this dissertation

with minimal modification from their previously published versions and is preceded by its own

preface detailing author contributions.
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Still round the corner there may wait

A new road or a secret gate

And though I oft have passed them by

A day will come at last when I

Shall take the hidden paths that run

West of the Moon and East of the Sun

— J.R.R. Tolkien,

Excerpt from Bilbo’s Walking Song

The Return of the King
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Chapter 1: Introduction

Small solar system bodies (SSSBs or “small bodies”)—asteroids, comets, and other plan-

etesimal remnants—many of which have remained largely unaltered over billions of years [4],

offer critical clues about the building blocks of the solar system and the processes that shaped

its evolution. SSSBs, while by de�nition small and often irregular in form, have a signi�cance

that looms large in planetary science: not only do they help astronomers interpret conditions in

the early solar nebula [5] but they also carry implications for planetary defense,in situ resource

utilization, and potentially the origins of life on Earth [6–8].

The most intriguing members of this population in the context of this dissertation are the

so-called “rubble piles:” aggregates of rocky material held together by gravity and possibly weak

cohesive forces [9]. Unlike monolithic rocks, these bodies are porous, loosely bound, and dy-

namically complex. Evidence from spacecraft missions, Earth-based observations, and numeri-

cal simulations increasingly supports the view that rubble piles may be the dominant structural

con�guration among near-Earth asteroids (NEAs) [10]. Understanding their mechanical behav-

ior under various stresses—whether from impacts, rotational spin-up, or tidal interactions with

planets—is therefore crucial for modeling their evolution and assessing potential hazards.

This dissertation focuses primarily on the physical response of rubble-pile bodies to tidal

encounters, with particular attention to the case of asteroid (99942) Apophis. Apophis provides
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a rare natural experiment: a suspected rubble-pile asteroid undergoing a close planetary �yby

(at a naked-eye observable distance) that the planetary science community has been aware of

well ahead of the encounter [11]. Its 2029 close approach to Earth presents an unprecedented

opportunity [12,13] to test models of tidal deformation, surface restructuring, and internal stress

propagation in low-gravity granular aggregates. Additional topics in this dissertation include

investigations of regolith dynamics and seismicity on asteroids. To study these phenomena, I

employ and expand upon theN -body and soft-sphere discrete element method (SSDEM) code

PKDGRAV, a tool with a history of success for simulating the granular physics of rubble piles.

The following subsections introduce the key concepts and tools that underlie this investiga-

tion. I begin with a brief overview of SSSBs and the observational history leading to the rubble

pile hypothesis. I then trace the development of this model and its growing observational support.

A discussion of tidal interactions and their role in small-body evolution is provided, followed by

the motivating example of the Apophis 2029 close Earth encounter. I also brie�y address the role

of seismology in probing asteroid interiors and review the suite of modeling techniques used to

study rubble piles in modern literature. Finally, I introducePKDGRAVand outline the structure

of the rest of this dissertation.

1.1 Small Solar System Bodies

SSSBs have been recognized and studied in various forms for centuries. The �rst small

body to be formally discovered was (1) Ceres1 in 1801, which was initially classi�ed as a planet

before being reclassi�ed once additional similar objects were observed [14]. The subsequent

1Today, Ceres is considered a “dwarf planet” and thus no longer an SSSB, but its discovery marks an important
moment in the history of SSSBs, so it is included for context.
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discoveries of (2) Pallas, (3) Juno, and (4) Vesta in the early 19th century revealed that the region

between Mars and Jupiter was populated with numerous small, rocky bodies, forming what is

now known as the main asteroid belt [15, 16]. As telescope technology improved, so did the

rate of discovery of asteroids, and, by the late 20th century, thousands of new bodies had been

cataloged, ranging in size from hundreds of kilometers down to tens of meters in diameter [17].

Throughout the 20th century, classi�cations of small bodies were re�ned based on both

orbital and physical properties. Broad dynamical groupings emerged, including main belt as-

teroids with semimajor axes between Mars and Jupiter's [18], near-Earth objects (NEOs) with

semimajor axes similar to Earth's [17], Jupiter Trojans that lie at Jupiter's stable L4 and L5

Lagrange points [19], Centaurs that orbit in the space between Jupiter and Neptune [20], and

trans-Neptunian objects (TNOs) that exist past the orbit of Neptune in the Kuiper Belt and be-

yond [21]. The discoveries of centaurs [22], active asteroids [23], and dark comets [24], have

blurred the line between traditionally cometary (long period orbits, ice, comae, active particle

ejection) or asteroidal (short period orbits, rocky, dark) identi�ers, complicated classi�cation

systems, and highlighted the modern need for a more uni�ed view of small body populations as

being part of a continuous spectrum rather than distinct types based on orbits, particle ejection,

or the presence of volatiles.

Compositional classi�cations, like the modern Bus-DeMeo taxonomy [25] (expanded from

the Tholen classi�cation system [26]), are based on re�ectance spectra and photometric measure-

ments at wavelengths from the ultraviolet (UV) to infrared (IR) and were developed in parallel

with orbital classi�cations as discoveries increased. These taxonomic classes are loosely linked to

differences in albedo, surface composition, and mineralogy, and are based on thermal features at

long wavelengths and absorption/emission features in the UV to mid-IR ranges that can be iden-
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ti�ed even in low-resolution spectra [27], lowering the barrier to infer material properties and

group asteroids by their likely (surface) compositions. A limitation of taxonomic classi�cation

is that spectral data reveal only surface properties, so the classi�cation only relates to the surface

composition, which could plausibly be different from the composition of material in the body

interior. The three primary asteroid complexes in modern taxonomic classi�cation are the dark

(low-albedo), carbonaceous C-complex (or C-type) asteroids; the stony, silicaceous S-complex

(S-type) asteroids that make up the majority of both the main belt and NEO populations [25,28];

and the X-complex bodies that include metallic (M-type) and the outer-main-belt “primitive” (P-

type) asteroids, among others. A full breakdown of the evolution of taxonomic classi�cation of

asteroids can be found in [27] (see their Table 1 and associated text). In this thesis, we focus

primarily on the S-complex asteroid (99942) Apophis (see Section 1.4 for more detail).

Small bodies exhibit a wide range of physical characteristics that re�ect their diverse origins

and evolutionary pathways. The observed size distribution of asteroids in the main belt has, to �rst

order, a steep, negative power-law slope, with small objects vastly outnumbering large ones [29].

This size frequency distribution is non-uniform and shaped by a variety of competing processes

including collisional fragmentation and dynamical clearing [18]. In general, most known main

belt objects are smaller than about 10 km in diameter, with the largest bodies (like Ceres and

Vesta) representing a small fraction of the total population by number but a dominant fraction

by mass. The slope of the NEO size frequency distribution mirrors the main belt population but

there are far fewer NEOs at every size than there are objects in the main belt and no objects larger

than a few 10s of kilometers [30].

Irregular shapes are common across nearly all size ranges of SSSBs smaller than a few hun-

dred kilometers in diameter, where self-gravity is insuf�cient to overcome material strength and
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re-shape the object into a spheroid. Shapes are most commonly constrained by radar imaging,

lightcurve inversion techniques , and, in a growing number of cases, direct spacecraft observa-

tions, revealing a diverse population that challenges simple models of accretion or collisional

erosion as shape determinants [31]. Many small asteroids exhibit highly elongated or bilobate

forms, with some even appearing as contact binaries—two lobes joined by a narrow neck, sug-

gesting a history of rotational or collisional breakup and subsequent slow mergers of reaccumu-

lated components—and are best exempli�ed by recent mission targets (25143) Itokawa, (52246)

Donaldjohanson, and (486958) Arrokoth (although Arrokoth is a TNO, not an asteroid) [32–34].

One of the most common shapes we see among relatively fast-rotating asteroids is the so-called

“top-shape:” akin to a diamond-shape in pro�le, or an oblate spheroid with a large equatorial

bulge as exempli�ed by (162173) Ryugu and (101955) Bennu [35,36].

Spin states also vary widely across the small body population. Small, monolithic bodies

are observed to rotate with periods as fast as a few minutes [37]. For bodies larger than about

100 m, periods can be several days on the long end but have a sharp cutoff on the short end near

the so-called “spin barrier” atP � 2:2 h [38, 39] (a hint about “rubble pile” structure further

discussed in Sec. 1.2). A subset of small bodies also exhibit non-principal axis rotation (“tum-

bling”), suggesting either recent perturbations or incomplete damping of rotational instabilities

over solar system timescales [40]. One such potential perturbation can come from the absorption

of solar radiation and its later re-emission as thermal energy once a body has rotated to a different

orientation; since the shapes of SSSBs are irregular, this asymmetric re-radiation of solar energy

(called the Yarkovsky-O'Keefe-Radzievskii-Paddack Effect or the YORP effect, for short) can

cause a torque on the body that can alter both its spin rate and the orientation of the spin pole,

and is also responsible for �attening the distribution of asteroid spin rates [41].
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Bulk densities of small bodies span a wide range, from less than 1 g cm� 3 for cometary

nuclei to almost 5 g cm� 3 for dense metallic asteroids [42, 43]. Bulk density values necessitate

mass measurements, which are very dif�cult to get unless a spacecraft gets close enough to an

SSSB to feel a gravitational force from the body. Without a direct gravity measurement, bulk

densities are either inferred from orbital dynamics of binary or high-order systems when possible,

or, more commonly, estimated from a body's composition (as assumed from its spectrum or

taxonomic class) [27]. The few true measurements we have made of SSSBs' bulk densities have

implied signi�cant internal porosity, which may point to underdense interiors and histories of

reaccumulation; another potential marker of rubble piles, as discussed further in Sec. 1.2.

With the advent of and improvements to automated sky surveys [44] and space missions

[45], the catalog of small bodies has grown dramatically. NEOs and potentially hazardous ob-

jects (PHOs) are now tracked regularly by planetary defense programs [46], while deep-space

missions have targeted small bodies across the solar system [47]. From 103P/Hartley, 9P/Tempel

1, and 67P/Churyumov-Gerasimenko to (162173) Ryugu, (101955) Bennu, (486958) Arrokoth,

and most recently (52246) Donaldjohanson, spacecraft missions have revealed the surprising di-

versity and complexity of small bodies, prompting the continued evolution of classi�cation sys-

tems that can accommodate both their dynamical behavior and physical diversity [33–35,48–50].

Together, the observed spin states, shapes, and densities of SSSBs provide crucial constraints

on their internal structure and evolution, and form the physical foundation for interpreting tidal

encounters and dynamical processes explored in later chapters of this thesis.

6



1.2 The Rubble-Pile Model

Less than a century ago, asteroids were considered monoliths: huge, competent boulders

drifting in space [51]. Evidence described above in Sec. 1.1 has already indicated that, in the

modern day, a large portion of small bodies are expected to be “rubble piles:” granular aggregates

of rocks—ranging from boulders many meters in diameter down to dust grains only microns in

size—held together by self gravity and potentially weak cohesive forces [9]. Rubble piles are

expected to be highly porous and thus to have low material strength; the internal cohesive forces

(e.g., van der Waals forces) between regolith grains constituting a rubble pile are theorized to be

well under1000Pa [52], with recent requirements for surface cohesion on rubble piles to be less

than 1 Pa [53].

1.2.1 Origins and Early Evidence

The idea that some small solar system bodies might be held together primarily by self-

gravity rather than material strength has its origins in 19th-century studies of tidal forces. In

particular, work byÉdouard Roche laid the foundation for understanding how gravitational inter-

actions between bodies can lead to structural failure in weakly bound systems. Although Roche's

theory initially applied only to �uid secondaries, it introduced the broader concept of a critical

distance inside which a body can no longer maintain its structural integrity due to differential

gravitational stresses (now known as the Roche limit, and discussed further in Sec. 1.3) [54].

Early efforts to adapt Roche's framework to solid solar system bodies assumed that as-

teroids and comets were non-deformable monoliths. Under this assumption, estimates of the

minimum asteroid size required for tidal disruption yielded relatively large thresholds due to the

7



high internal material strength of monolithic rock. For instance, mid-20th century calculations

concluded that only rocky bodies exceeding hundreds of kilometers in diameter could be torn

apart by planetary tides [51]. These estimates were later revised downward by incorporating

more realistic values for the tensile strength of geologic materials [55], but the implication re-

mained: monolithic small bodies should be largely immune to tidal fragmentation unless they are

extremely large or experience extraordinarily close encounters with only the most dense planets

(or the Sun).

The rigid-asteroid school of thought began to shift as both observational data and theo-

retical models pointed to a different structural reality for many asteroids and cometary nuclei.

Evidence from low bulk density measurements/estimates obtained by ground- and space-based

studies began to suggest that a large fraction of these objects were not monolithic, but instead

composed of loose assemblages of boulders, gravel, dust, and other regolith: rubble piles. As

discussed earlier, rubble piles, thought to be formed from the gravitational reaccumulation of

fragments following high-energy collisions, lack strong internal cohesion and are instead stabi-

lized primarily by self-gravity and friction forces between a body's constituents [9, 56, 57]. The

term “rubble pile” was introduced in the late 1970s to describe this class of object, which ap-

peared consistent with both dynamical modeling and the inferred porosities of numerous small

bodies [58].

At the same time, models of cometary structure were undergoing their own transforma-

tion. In 1950, Fred Whipple proposed what became the standard paradigm for comets: the “dirty

snowball” model, in which cometary nuclei are conceived of as porous, icy conglomerates em-

bedded with rocky grains and dust [42]. This model accounted for many observed properties

of cometary behavior, including the formation of comae and tails as volatiles sublimate near the
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Figure 1.1: The “string of pearls” that comet Shoemaker-Levy 9 broke into as a result of its
catastrophic tidal encounter with Jupiter. Credit: ESA/Hubble.

Sun. Over time, observations of comet nuclei breaking up during close encounters with the Sun

or other planets suggested that many comet nuclei may also lack substantial internal cohesive

strength. For instance, the fragmentation of the sungrazing comet Ikeya-Seki in the mid-1960s

raised questions about comet strength and structure [59], and inspired gravitational aggregate

models for comets similar to those developed later for asteroids [60].

Perhaps the most iconic validation of the rubble pile hypothesis came with the breakup of

comet Shoemaker-Levy 9 (SL9) during its 1992 encounter with Jupiter. The comet was stretched

and disrupted into a “string of pearls” con�guration by Jupiter's tidal forces (see Fig. 1.1). Stud-

ies showed that the stresses needed to achieve such a disruption suggested extremely low internal

material strength: less than 100 Pa [61]. This event provided vivid and directly observable ev-

idence that at least some cometary nuclei were structurally fragile and could be described as

gravitational aggregates. Though the origins of comets and asteroids may differ, with comets

traditionally believed to preserve primordial material from the outer solar system and asteroids

forming from inner solar system collisional debris, both classes of objects appear to exhibit sim-

ilar structural properties in many cases.
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1.2.2 Modern Observational & Theoretical Support

Sec. 1.1 alluded to two of the four major pillars that form the supports of the modern rubble

pile model: the spin barrier for asteroids larger than about 100 m and bulk density measurements

pointing to porosities near 50% or larger. Additional evidence stems from the observed fragmen-

tation of cometary bodies during close tidal encounters (discussed earlier in this Section), and

“crater chains” observed on Earth's moon and Jupiter's largest moons, discussed further below.

Fig. 1.2 (originally from [62]) shows a diagram of asteroid spin periods plotted against their

diameters for asteroids in the main belt and NEA populations. The �gure shows that, barring a

handful of outliers (top left corner), asteroids do not spin faster than about 2.2 h. Most of the

asteroids with spin periods smaller (faster rotation) than the 2.2 h “spin barrier” are smaller

thanD � 200 m and roughly spheroidal in shape [39]. A landmark study at the turn of the

century [39] combined the authors' own spin period measurements with studies of critical period

limits for strengthless bodies (as in [63]) and showed that an asteroid with no tensile strength and

a rock-like bulk density (like a rubble pile) has rotational forces that overcome the gravitational

force binding such an object together at a spin period close to 2 h [64]. While not conclusive, this

result provides a convincing argument that asteroids with diameters0:2 . D . 20km are likely

rubble piles. Asteroids outside this size range are either large enough to have differentiated and

solidi�ed during their formation (and have not suffered a subsequent catastrophic impact), or are

small enough to be coherent boulders.

Sec. 1.1 has a brief review of the densities measured for the few small bodies that have

been visited by rendezvous spacecraft or that are part of well-understood binary systems. In

these cases, it is possible to make simple measurements of the period of the secondary body and
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Figure 1.2: Asteroid spin periods (in hours) as a function of diameter (in kilometers). The� 2 h
spin barrier is visible as the �at top of the distribution down to diameters around 0.2 km. This
�gure was taken from a 2018 review [62], which used archived asteroid lightcurve data from the
Planetary Data System.
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the semimajor axis of its orbit to estimate the total mass of the two-body system using Newton's

form of Kepler's third law:

P2 =
4� 2

GM
a3 (1.1)

whereP is the orbital period of the secondary,G is Newton's gravitational constant,a is the

semimajor axis (average orbital distance) of the orbit of the secondary, andM is the total mass

of the two-body system. The fractional mass contribution of the secondary in a binary system is

approximated observationally by assuming equal density with the primary and taking the ratio of

the estimated volumes (from radar measurements, as in [65]) of the two bodies [66,67].

Spacecraft rendezvous missions (or very slow �ybys) do a much better job of estimat-

ing mass since the onboard instruments can give precise position and velocity information via

Doppler ranging and altimetry, from which an orbit can be re�ned and thus a value for the grav-

itating mass derived [68]. For asteroids like Itokawa, Bennu, and Ryugu, mass and volume

measurements from the rendezvous spacecraft that visited these targets give bulk densities close

to 2 g cm� 3 while spectroscopic measurements indicate that their surfaces are comprised of ma-

terial with solid densities closer to 4 g cm� 3, indicating bulk porosities near 50% [35,36, 69]. A

50% porosity implies a signi�cant internal void fraction in bodies whose surfaces are strewn with

regolith—boulders, gravel, and sand (see Fig. 1.3)—the implication being that the internal struc-

ture is not monolithic (barring some very speci�c and unlikely internal support con�guration).

Whether the interiors are rubble all the way through, consist of fractured monoliths, or are made

up of something else entirely [9] requiresin situ seismic or radar measurements [70] (see Sec.

1.5).

The previous discussion of Comet SL9 and the “string-of-pearls” snapshot (Fig. 1.1) show
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Figure 1.3: a) Bennu, as imaged by the OSIRIS-REx spacecraft. Image credit: NASA Goddard,
University of Arizona. b) Ryugu, as imaged by the Hayabusa2 spacecraft. Image credit: JAXA,
DLR, the MASCOT team.

how strong tidal encounters can provide evidence for rubble pile structure: tidal encounters

that lead to catastrophic disruptions or fragmentation at distances that cannot stress monolithic

bodies enough to fracture them can be simply explained by weaker interiors. The last major

piece of evidence for the rubble-pile model of small bodies arises from interpretations of so-

called “crater chains” (also called “cantenae”) primarily observed on Earth's moon and Jupiter's

Galilean moons [71,72]. These cantenae are series of craters aligned linearly across one of these

moons' surfaces (see Fig. 1.4), with ages estimated to be very similar if not the same. Crater

chains are thought to be formed when an impactor tidally fragments close to a planetary body

just before impact (like SL9 with Jupiter); what would have been a single impact from the orig-

inal body becomes one impact for each reaccumulated fragment, all aligned along the impact

corridor, which all still carry signi�cant kinetic energy (despite some early expectations [73]).

While the Moon shows evidence of secondary impacts near larger “source” craters [74], linear

crater chains without associated source craters can only easily be explained by the pre-impact

disruption of the parent body, which in turn demands a low-strength composition and thus serves
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Figure 1.4: A crater chain of 13 craters spanning 100 miles on Jupiter's moon Ganymede as
imaged by the Galileo spacecraft in 1997. No source crater has been identi�ed, suggesting a
fragmented body caused the chain upon initial impact. Image credit: Galileo Project, Brown
University, JPL, NASA

as evidence for the rubble pile model [75,76].

Taken together, these lines of evidence—spin limits, low bulk densities, tidal fragmentation

events, and crater chain observations—point to a signi�cant fraction of small solar system bodies

being structurally weak gravitational aggregates. While these indicators suggest the presence of

rubble-pile interiors, most of this evidence is indirect. The most dynamic and convincing tests of

a body's internal structure have occurred during tidal encounters, when the gravitational �eld of

a nearby planet exerts differential forces across the small body. These encounters not only probe
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the mechanical strength (or lack thereof) of small bodies against tensile forces but also offer a

rare window into their internal structure and evolution under stress.

1.3 Tidal Encounters with Planets

Tidal encounters between small bodies and planets are a compelling example of how rel-

atively gentle interactions (energetically) can result in dramatic structural changes. Even distant

�ybys can mobilize surface material on a weakly bound rubble pile, while closer encounters can

trigger internal rearrangement or elongation. In extreme cases where the tidal forces exceed the

self-gravity and cohesive strength of a rubble pile, an encounter can fully disrupt the body. The

outcome of such an encounter depends on a variety of factors, including the geometry of the

�yby, the masses and density ratios of the bodies involved, the relative encounter speed, and the

rotation state of the small body at the time of the event [77].

The �rst formal treatment of tidal disruption emerged from Roche's classical theory, de-

veloped in the 19th century [54]. Roche derived an expression for what is now called the Roche

limit: the minimum distance at which a strengthless, �uid secondary with a synchronous orbit

in a two-body system can remain gravitationally bound. If brought any closer, the gradient in

the tidal forces imposed by the primary overcomes the self-gravity of the secondary, resulting in

its disaggregation. The Roche limit is a foundational result in celestial mechanics, and though

often invoked in the context of planetary rings or satellite dynamics, it also serves as a useful

�rst-order estimate for small-body disruption [51,54,55]. The traditional equation for the Roche
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limit (disruption distance)d is provided here for context:

d = 2:455Rp
3

r
� p

� s
; (1.2)

whereRp is the radius of the primary (the body that is causing the disruption), and� p and� s are

the bulk densities of the primary and secondary (the body being disrupted), respectively.

Roche's original theory was limited by a number of simplifying assumptions: it treats the

secondary body as an ellipsoidal, incompressible �uid and it requires synchronous rotation, cir-

cular orbits, and spherical primaries. These assumptions render the classical Roche limit less

applicable to most SSSBs, which are neither �uid-like nor tidally locked, and often travel along

highly eccentric or hyperbolic trajectories when making close planetary encounters. Subsequent

work extended the theory to account for more realistic internal structures, including bodies with

tensile strength or cohesion, as well as more generalized encounter geometries [51]. These re-

�nements have allowed analytical models to approximate tidal disruption thresholds for rigid or

granular bodies under varying dynamical conditions.

Despite advances in analytical models for tidal disruption, they remain constrained by their

static nature. Analytical models are typically designed to estimate the critical conditions under

which disruption might begin, rather than to describe the time-evolving outcome of an encounter.

They can predict, for instance, the limiting spin rate or pericenter distance for a given body, but

they do not capture the redistribution of mass, angular momentum, or internal energy that occurs

once deformation begins. As a result, numerical simulations have become essential for studying

the post-yield behavior of small bodies, especially those with complex internal structures like

rubble piles. These methods allow researchers to explore not only whether disruption will oc-
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cur, but how it unfolds—whether as a gentle stretching, partial mass shedding, or catastrophic

fragmentation [78].

1.4 Case Study: (99942) Apophis

1.4.1 Physical Properties and Dynamics

On Friday the 13th of April, 2029, the asteroid (99942) Apophis (originally 2004 MN4) will

pass within a geocentric distance ofqp� 38,000 km of Earth [79]. This close approach distance is

one tenth of the distance to the Moon and closer than geosynchronous Earth satellites (although

the asteroid's trajectory does not endanger satellites). Radar measurements estimate a volume-

equivalent diameter of340� 40 m and a minimum long-axis length of 450 m, con�rmed by

thermal spacecraft data [65, 80], and the current trajectory predicts a relatively slow encounter

speed close to 4 km s� 1. All of these factors combine to indicate that the 2029 Apophis-Earth

encounter marks an opportunity which occurs, on average, only once in several thousand years to

study a relatively large, suspected rubble-pile asteroid that is not only coming to our home planet,

but will also be measurably in�uenced by Earth's tidal forces [11].

Optical lightcurve data for Apophis has revealed it to be rotating in a short axis, tumbling

mode. The lightcurve analysis, re�ned after multiple optical apparitions, has determined the

rotation period of Apophis to beP = 264:18 � 0:03 h and the precession period to beP� =

27:3855� 0:0003h, resulting in an effective rotation periodPe� = ( P � 1
� � P � 1

 )� 1 = 30:55h [81].

Lightcurve data has also been combined with radar data to re�ne shape models for Apophis (see

Fig. 1.5). The convex shape model is based only on lightcurve data, while the concave, bilobate

model uses both lightcurve and radar data, and �nds a best �t under the assumption that Apophis
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Figure 1.5: A) Lightcurve-only Apophis shape model from [81] B) Radar shape model of
Apophis from [65] This image was taken from the Small Bodies Assessment Group Apophis
Speci�c Action Team report and is their Figure 4 [13]

is a contact binary object [65,81]. The concave shape model is the one used for Chapters 3–5 in

this dissertation.

An early mineralogical study of Apophis' visible and near-IR spectrum revealed it to be

an Sq-type asteroid: a subtype of the S-complex asteroids that sits between the weathered S-

types and their fresher-surfaced Q-type cousins [82]. Sq-types have been theorized to be an

intermediate stage in the refreshing of S-type surfaces as a result of planetary tidal encounters

and other resurfacing processes [83]. The spectral analysis has been con�rmed in more recent

studies, and comparisons have been made between Apophis' composition and those of both the

Hayabusa mission target (25143) Itokawa and LL chondrite meteorite samples [84]. LL chondrite

meteorites and other S-types have assumed solid densities (density at 0% porosity) in the range

of 3.5–4.0 g cm� 3; if a macroporosity of 50% is assumed for Apophis, based on measurements

made for other rubble piles and binary NEO systems [66, 85], then the bulk density of Apophis

sits close to 2 g cm� 3. Combining this density estimate with aD � 340m equivalent diameter,

the mass of Apophis is likely on the order of1010 kg, but uncertainties in this derived estimate

are quite large.
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1.4.2 Importance to Planetary Science

As an S-complex asteroid that crosses Earth's orbit and is larger than 140 m in diameter,

Apophis marks an incredibly interesting target for a characterization mission in the context of

planetary defense. Most of the NEA population is estimated to be in the S-complex [17] and

15% of all NEAs are thought to be bilobate, based on radar data [28]. Furthermore, the U.S.

Congress has tasked NASA with observing and tracking all NEAs larger than 140 m—the size of

object that could cause “regional devastation” in the event of an Earth impact [86]. As mentioned

above, an Sq-type could represent an evolutionary transition region between S-type and Q-type

spectra, as tidal encounters within 10 planetary radii are anticipated to be strong enough to cause

physical changes to (at least) the surfaces and rotation states of rubble piles [83, 87]. Apophis

ticks all of these boxes and its close approach was predicted 25 years ahead of time; a large,

interesting object that is typical of the types of potential impactors we want to defend against

is coming to Earth's doorstep and so it seems prudent to be there to observe the natural tidal

deformation experiment that this opportunity presents.

Thanks to the International Astronomical Union naming 2029 the “International Year of

Planetary Defense” and increasing public knowledge of the Apophis close approach, this promises

be one of the most widely and publicly observed astronomical events in recent history. Not only

will thousands of amateur observers, local observatories, and public outreach groups be pointing

their telescopes at Apophis, but there are massive ground-based observing campaigns planned

in wavelengths ranging from the radio to the optical [88]. While there is uncertainty surround-

ing all planned rendezvous missions to Apophis at the time of writing of this thesis, it has been

selected as a �yby target for the DESTINY+ mission to Phaethon in the year preceding close
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approach [89], as a rendezvous target for the OSIRIS-REx extended mission (OSIRIS-APEX)

with arrival planned just days after its close approach [90], and also as a rendezvous target for

several missions under study that aim to arrive before the close approach and stay through the

encounter [91,92]. The studies in Chapters 3–5 are performed in support of these potentialin situ

investigations of Apophis.

1.5 Seismology on Small Planetary Bodies

Data collected to date fromin situ asteroid missions and ground-based observations have

not yet revealed whether small asteroid interiors consist of large, competent cores, rubble through-

out, size-sorted layers, a combination of these structures, or something else entirely. Interior

structure is a critical detail in planning spacecraft-surface interactions and can determine a haz-

ardous object's response to de�ection measures. As rubble piles represent reaccumulations fol-

lowing catastrophic collisions, learning about the interiors of rubble-pile asteroids also presents

an excellent test bed for theories of the origins and collisional evolutions of rocky bodies in the

early solar system [93].

To date, the only direct probes of any planetary deep interiors have come from seismology—

speci�cally, using seismic sources to measure the travel of pressure (P) and shear (S) waves

through continuous media, and interpreting the re�ections and travel times to infer composi-

tions and structure [94]—and one instance of radar tomography, which instead uses radio waves

to probe interiors [95]. With proven success on Earth, Mars, and the Moon, seismic inference

stands as the most promising method for probing rubble-pile interiors, and is a priority for the

next generation ofin situasteroid missions [92].
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Earth-based experiments show that waves travel more slowly through regolith than through

solids. On Earth, wave speeds through solid rock are of order kilometers-per-second, while

speeds in sands are over an order of magnitude slower [96]. This difference is expected to be

exacerbated in low-gravity environments, as sound speeds decrease proportionally to decreasing

pressure [97]. Furthermore, where classical seismic waves in continua travel in simple spherical

wave fronts with re�ections at density boundaries, waves in regolith travel through force chains

de�ned by the highest pressure contacts between grains in the system [98] (see Fig. 1.6 for an

example). The precise structure of force chains results from the unique packing distribution and

loading of a granular assembly, a complex system that cannot be solved analytically. The complex

nature of wave travel through force chains in granular media means that a modeling approach is

needed for theoretical investigations of seismicity in rubble piles. To fully model force-chain

networks, it is necessary to use a discrete-element method (DEM; discussed further in Sections

1.6 & 1.7), which models the contacts between grains according to the Hertz-Mindlin contact

force theory (or “elastic medium theory”) of discrete mechanics [99–101].

1.5.1 Natural and Arti�cial Seismic Sources

Seismic energy within small bodies can arise from a range of natural processes (“sources”),

some of which occur frequently and at low energies, while others are more episodic or extreme.

Among the most common natural sources are small collisions with micrometeoroids or other

minor bodies. Small impacts are thought to occur regularly throughout the solar system, as

evidenced by the dust environments recently observed around asteroids like Bennu [102], and

deliver energy primarily to the surface layers of the target body. While individually weak, the
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Figure 1.6: Force chain schematic in a 2D regolith simulation where a �at “punch” penetrates
into a bed of polydisperse circular particles. Red-colored particles are part of a force chain at this
moment in time while blue are not. This �gure is taken from a study by Peters et al. [98], who
performed the simulation themselves and developed an algorithm for identifying force chains in
discrete element models.
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frequency of such impacts suggests that they may play a continuous role in regolith evolution,

surface gardening, and the excitation of low-level seismic vibrations [103,104]. On larger bodies

with surface gravity suf�cient to retain loosely bound particles, micrometeorite impacts may

contribute to the gradual transport of material downslope or into crater interiors [105]. On small

rubble piles, the transmitted energy may instead disperse rapidly through force-chain networks,

potentially disrupting local contacts or triggering particle rearrangement in nearby loosely packed

regions [98].

In addition to external impacts, internal sources of stress can also generate seismic activity.

One such mechanism arises from changes in a body's spin state. As a rotating body experiences

torques—due to the YORP effect, its own tumbling state, tidal interactions, or collisions—its

internal structure is subjected to time-varying stresses. For rubble piles, and depending on the

magnitude of the stresses, this can lead to intermittent internal settling, shifts in mass distribution,

or even large-scale reshaping events that release seismic energy [57]. While these events may not

produce sharp seismic wavefronts like impacts do, the redistribution of internal stress and con-

tact force networks can generate low-frequency, long-duration shaking that propagates unevenly

through the body's interior.

Another potential driver of seismic energy is thermal cracking. Day-night temperature

variations on rotating bodies produce repeated cycles of expansion and contraction in surface

materials. Over time, this thermal fatigue can generate fractures, delaminate surfaces, and trigger

the collapse overhangs or boulders. These events act as localized, shallow seismic sources and

may contribute to the long-term breakdown and redistribution of surface material [106]. Though

subtle, their cumulative effect could be signi�cant in low-gravity environments where even weak

impulses are suf�cient to mobilize regolith.
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In contrast to these natural processes, arti�cial seismic experiments offer a more controlled

approach to probing the interior structure of small bodies. By deploying seismometers in tandem

with impactors or explosive charges delivering known energies, it is possible to record seismic

wave propagation in detail and compare observations to predicted travel times through modeled

interiors. On the Moon and Mars, such experiments have revealed subsurface layering, regolith

thickness, and crustal structure [107, 108]. On small bodies, however, these methods remain

largely untested. The design of arti�cial seismic experiments for asteroids presents signi�cant

challenges: wave amplitudes are small and attenuate quickly, surface coupling is weak, and seis-

mic sensors must operate autonomously in extreme environments. Nonetheless, several proposed

missions have considered active seismic sources, including kinetic impactors and low-energy

explosive devices, as a way to generate measurable signals. When coupled with sensitive geo-

phones or broadband sensors, these approaches could provide the clearest constraints to date on

the internal structure of rubble-pile asteroids [109,110].

The close tidal encounter between Earth and the asteroid Apophis (see Sec. 1.4 in this chap-

ter) presents a “natural experiment” to understand how Earth's tidal stressing on a (suspected)

rubble pile can cause both long- and short-period seismic signals due to tidal deformation and

internal settling, respectively. Having a seismic instrument on Apophis during its 2029 Earth

close approach could reveal details about the amplitude, depth, and timing of such tidally in-

duced seismicity in rubble piles, and this is one focus of our simulated experiments in Chapters

4 & 5.
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1.6 Modeling Rubble-Pile Mechanics

A variety of computational techniques have been employed to simulate the mechanical be-

havior of small solar system bodies. Each method offers a different balance of physical realism,

computational ef�ciency, and applicability depending on the energy regime and internal struc-

ture of interest. In the context of rubble-pile asteroids, the most commonly used frameworks

include Smoothed Particle Hydrodynamics (SPH), the Discrete Element Method (DEM), and the

Finite Element Method (FEM). This section provides a conceptual overview of these methods,

highlighting their strengths and limitations in modeling rubble piles and their applicability to

speci�c processes. It is worth noting that the particle methods (SPH and DEM) are often paired

with N -body gravity methods to model the effects of interparticle gravitational forces, and FEM

methods sometimes treat gravity as a potential in a mesh [111–113]. WhileN -body methods are

not explicitly reviewed in this dissertation, they are an important part ofPKDGRAV—the primary

modeling tool used in the works presented here—and are thus covered brie�y in the context of

this speci�c code in Sec. 1.7.

1.6.1 Smoothed Particle Hydrodynamics (SPH)

Smoothed Particle Hydrodynamics is a mesh-free, Lagrangian method for modeling �uid

mechanics, in which the material is represented by particles that carry physical quantities such

as mass, velocity, and internal energy. These particles interact via kernel functions that “smooth”

their properties over a de�ned neighborhood, allowing the method to approximate the equations

of �uid dynamics [114]. As a �uid dynamics method, SPH is particularly well-suited for simu-

lating highly deformable or disruptive processes, such as impacts, fragmentation, and �ow-like
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behavior.

In the context of rubble-pile modeling, SPH can effectively simulate catastrophic collisions

or violent tidal disruptions where a body may fragment and reaccumulate. It is especially useful

in scenarios where the internal cohesion is low or absent, and where the assumption of continuous

�ow behavior is reasonable. However, SPH is less well-suited for modeling low-energy granular

mechanics or quasi-static deformation, as it does not inherently capture frictional contact forces

between discrete elements. As a result, rubble-pile behavior that depends strongly on contact me-

chanics—such as rearrangement under spin-up or internal stress propagation—may be modeled

more accurately using other methods [115].

SPH has been applied to model the fragmentation and reaccumulation of rubble-pile pre-

cursors during high-velocity collisions, to predict outcomes of the use of kinetic impactors for

planetary defense, to test scenarios for the formation of binary systems, and to explore the con-

sequences of planetary tidal disruption events [116–118]. Its relative computational ef�ciency at

large scales makes it a valuable tool for studying the global evolution of a small body over short

timescales.

1.6.2 Discrete Element Method (DEM)

The Discrete Element Method models a granular material as a collection of individual

particles (often spheres) that interact via contact forces governed by instantaneous momentum

transfer (simple Newtonian mechanics) in “hard-sphere” formulations and Hertz-Mindlin con-

tact force theory for so-called “soft-sphere” models (see below for further discussion of these

classes of DEM) [119]. These laws typically include normal and tangential contact forces, fric-
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tion, damping (in the soft-sphere case), and sometimes cohesive interactions. DEM simulations

explicitly track the motion of each particle by solving Newton's equations of motion, making the

method ideal for simulating systems where the dynamics of individual grains in�uence macro-

scopic behavior.

DEM is especially well-suited to modeling rubble-pile asteroids because it captures the dis-

crete, granular nature of their internal structure. It allows for the simulation of physical processes

such as particle rearrangement, shear failure, surface landslides, and internal deformation due to

external forces. Unlike continuum approaches, DEM inherently accounts for the formation of

force chains, void spaces, and dilatancy—phenomena believed to be important to the structure

and dynamics of low-gravity granular aggregates [9,98].

There are two major classes of DEM implementations: Hard-Sphere DEM (HSDEM)

and Soft-Sphere DEM (SSDEM). In HSDEM, particles are treated as perfectly rigid and non-

overlapping. Interactions are modeled as instantaneous collisions, and particles follow ballistic

trajectories between contact events. Because collisions are resolved analytically or with sim-

pli�ed impulse models, HSDEM is computationally ef�cient and scales well to large particle

numbers and long simulation times. However, it is limited in its ability to simulate persistent

contacts, slow deformation, or static con�gurations, all of which are common in rubble-pile dy-

namics [120,121].

In contrast, SSDEM allows particles to overlap slightly, with contact forces modeled as

continuous functions of the overlap distance. This approach enables the simulation of endur-

ing contacts, force chains, and quasi-static behaviors. SSDEM is far better suited to modeling

tidal deformation, spin-induced reshaping, or gradual collapse in granular aggregates. However,

it comes with a higher computational cost, as it requires smaller timesteps to resolve contact
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dynamics and often necessitates calibration of contact parameters such as particle stiffness, inter-

particle friction, and energy damping [122,123].

In practice, HSDEM was used effectively over a decade ago to model processes like gran-

ular reaccumulation following catastrophic disruption or orbital evolution of multi-body aggre-

gates where contact is intermittent and brief. SSDEM, by contrast, is the modern method of

choice for simulating continuous processes like tidal reshaping, landslides, and the internal re-

structuring of rubble piles under rotation or gravitational perturbation [57,124,125].

Although more computationally expensive, SSDEM offers a more physically realistic frame-

work for the kinds of slow, sustained interactions that dominate the mechanical evolution of

rubble-pile bodies. For this reason, nearly all of the work presented in this dissertation adopts a

Soft-Sphere DEM approach.

1.6.3 Finite Element Method (FEM)

The Finite Element Method is a continuum-based approach in which a solid body is dis-

cretized into a mesh of elements, each governed by equations of elasticity or plasticity [126].

FEM approaches excel in modeling stress and strain distributions in materials that deform in a

continuous and often elastic or elastoplastic manner. It is widely used in structural engineering

and materials science for its ability to capture detailed internal responses to applied forces in

metals or other continuous media [127].

While FEM is not typically the �rst choice for modeling rubble-pile asteroids, it can be

applicable under speci�c conditions. Granular media exhibit a transitional behavior between

solid-like and �uid-like states [104,128], and under low-energy, quasi-static loading, a continuum
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approximation may reasonably describe the bulk response of a rubble pile—at least up to the

onset of plastic failure [52, 125]. In such cases, FEM can provide valuable insight into internal

stress distributions, deformation localization, and yield criteria, particularly when large-scale

particle rearrangement is limited. However, FEM lacks the ability to capture discrete contact

dynamics, frictional rearrangement, or the inherently non-cohesive nature of most rubble piles,

which limits its usefulness in scenarios involving dynamic restructuring or granular �ow.

Notably, as a continuum mechanics method, FEM lends itself well to modeling the travel

of seismic waves [129]. While the rubble-pile structure is still dif�cult to accurately represent by

the �nite element mesh, if a set of continuum properties (elastic moduli, Poisson ratio, seismic

ef�ciency, void fraction) can be accurately attributed to the granular medium, then models of

seismic wave speeds, attenuation, and re�ection are possible despite the method's inability to

directly model force chains. Unfortunately,in situ measurements of SSSB surfaces have only

been possible in the last few years with the ROSETTA, OSIRIS-REx, and Hayabusa2 missions,

and thus data for comparison are limited [35,36,50]. SSSB interior structures and compositions

are also highly uncertain (see Sec. 1.2), and thus most parameterizations in FEM seismic models

of asteroids rely on guesswork, generalizations, and comparisons to what little data we do have

[130].

Despite these limitations, FEM has been employed to explore the mechanical stability of

cohesive asteroids, the failure thresholds of regolith-covered monoliths, and the internal stress

response of small bodies subjected to external loads [52, 130–132]. It is also sometimes used in

conjunction with particle-based methods to bridge scales or model localized behavior within a

larger granular system [133].
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1.7 ThePKDGRAVCode

The simulations presented in this dissertation were performed using the parallelN -body

gravity and SSDEM collision codePKDGRAV, which integrates the motions of self-gravitating,

spherical particles using a �xed-step, second-order leapfrog scheme [111, 134]. This method

alternates between “kick” and “drift” steps: velocities are �rst updated by a half-step using the

current accelerations, followed by a full-step position update using the updated velocities, and

then a �nal velocity update to synchronize the state [122]. The leapfrog scheme is symplectic for

position-dependent forces, meaning it preserves the system's total energy over long timescales

in the absence of dissipation. Gravity forces are computed via a hierarchical tree algorithm with

a user-provided opening angle that controls the trade-off between speed and accuracy, with a

zero-opening angle equivalent to a classical “particle-particle method” direct gravity calculation.

While this method introduces small force approximation errors and does not strictly conserve mo-

mentum due to the tree structure, it remains highly ef�cient for modeling large-scale gravitational

interactions. To accelerate both gravity force calculations and collision detection,PKDGRAV

uses a multipole tree algorithm that approximates gravitational in�uence from distant groups of

particles and reduces the nearest-neighbor search for contacts to an ef�cientO(NlogN) opera-

tion compared to theO(N 2) brute-force particle-particle gravity method (hereN is the number of

particles in the simulation). The gravity tree inPKDGRAVcomputes forces to hexadecapole or-

der for a balance of accuracy and performance, and both the gravitational and contact-resolution

computations are parallelized, enabling large simulations to run ef�ciently on multi-processor

systems.

As covered in Sec. 1.6, SSDEM allows particles to interpenetrate during contacts, with
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the degree of interpenetration mediated by a restoring spring force.PKDGRAVuses a damped,

Hooke's law, linear spring with user-de�ned damping energy parameters in the normal and tan-

gential directions as a proxy for the deformation that occurs when rigid bodies collide, and a

spring-dashpot model for kinetic friction that allows for the inclusion of additional rolling fric-

tion by parameterizing particle shape [57, 122]. It is the collisional spring interaction that drives

the dynamics of regolith systems modeled with SSDEM and thus the choice of timestep in these

simulations is made to ensure that there is suf�cient resolution to sample a full cycle of the springs

accurately given the expected dynamics of the system.

Since it drives the time resolution of the simulation, the (normal-direction) spring constant

(kn ) is generally chosen such that no particles overlap by more than 1% of the smaller particle's

radius in the expected highest-energy contact between particles at opposite limits of the particle

size-frequency distribution being modeled. The 1% value is arbitrary, and designed as a reason-

able tradeoff between accuracy and simulation performance (runtime).kn also acts as a proxy

for the “stiffness” ofPKDGRAVparticles; Chapter 4 shows a simple relation betweenkn and the

Young's modulus (E) of elastic materials: the ratio between the stress along an axis to the strain

measured along the same axis for a material under tension or compression [135]. The Young's

modulus is one of several elastic moduli used in continuum mechanics (which have simple re-

lations assuming Poisson's ratio for the material is known) and can be measured by examining

stress-strain curves in uniaxial tension experiments or uniaxial compression tests in a laboratory.

Young's modulus is also used to determine the speed of sound in solids, which corresponds to the
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speeds at which seismic waves travel through continuous solid media [136]:

cp =

s
E(1 � � )

� (1 + � )(1 � 2� )
; (1.3)

cs =

s
E

2� (1 + � )
; (1.4)

whereE is the Young's modulus,� is the Poisson ratio (the ratio of transverse to axial strain

of a material under tension/compression),� is the density of the material, andcp andcs are the

pressure- and shear-wave speeds, respectively. Whilekn in PKDGRAVis related to the Young's

modulus of the material at the particle scale, it is worth noting that the transfer of information

inside anyPKDGRAVparticle is instantaneous. At best, thekn -E relation in Chapter 4 gives

an idea of what the bulk Young's modulus of a regolith system constructed fromPKDGRAV

particles may be, but experimentation is required to determine the realEbulk based on speci�c

packing con�gurations. The existence of this relationship, however, in conjunction with the SS-

DEM model's ability to create force chain structures in a regolith system, indicates the possibility

of performing simulations of seismic wave travel in regolith, and forms part of the analysis of

Chapters 4 and 5, and the in-progress studies in Chapter 6.

Finally, we note that a complicating factor arises when usingPKDGRAV's SSDEM, as

the contact forces between particles depend on the relative positions, velocities, and spins to

calculate collisional damping and interparticle friction, while the equations of motion due to

interparticle gravity depend only on positions [122]. Velocity and spin calculations are both

updated according to the leapfrog scheme; for simplicity, we discuss only velocity below, but

it can be equivalently substituted for spin in the discussion of the complication described here.
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Because the leapfrog scheme offsets positions and velocities by a half step, the time difference

in the velocity must be accounted for when updating contact forces. To compensate, predicted

velocities are computed using a �rst-order Euler step, allowing the contact model to apply forces

using a better approximation of the particle states. Although this introduces a small inconsistency

in the formal symplectic structure of the integrator, the error is typically negligible compared to

the dissipative energy losses intrinsic to frictional contacts and is minimized by the small time

steps used in rubble-pile simulations.

1.8 Dissertation Structure

This dissertation primarily consists of modeling studies investigating the physical effects on

a rubble-pile model of Apophis resulting from its close encounter with Earth in 2029. Particular

attention is paid to the potential spin change, surface alterations, envelope change, and induced

seismicity in Apophis during its Earth close approach. While these investigations are focused

on the Apophis 2029 tidal encounter, Apophis is mostly a timely example of close encounters

between (in this case suspected) rubble piles and planetary bodies, and the results and analyses

herein can be adapted to cover general tidal encounters between SSSBs and planetary bodies. The

tool used in this dissertation for the modeling of regolith processes is theN -body and SSDEM

codePKDGRAV, described in detail in Sec. 1.7.

Chapter 2 of this thesis is published inThe Planetary Science Journaland describes modi-

�cations to PKDGRAVthat improve the accuracy and ef�ciency of its models with non-spherical

particles [1]. As mentioned in Sec. 1.6, spherical particles are convenient for DEM modeling, so

we leverage existing sphere-based methods for collision detection and gravity inPKDGRAVby
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using bonded aggregates of spheres (�xing the relative positions of several spherical particles) to

generate non-spherical shapes. The main overhead from modeling non-spherical shapes is that

the rigid-body equations of motion must be solved for these bonded aggregates with a different

integrator (further details are provided in Chapter 2).PKDGRAVhas been capable of modeling

non-spherical grains for some time [137], but these models were not only computationally inef�-

cient in simulations with a large number of small irregular grains in both HSDEM and SSDEM,

but also were not applying realistic contact physics in SSDEM models. This chapter also includes

three small-scale proof-of-concept studies relevant to planetary science at a variety of scales that

demonstrate the new capabilities of the code. The small-scale studies show how models with

non-spherical particles can simulate real-world physical outcomes that spheres-only models are

incapable of recreating. These code modi�cations form a signi�cant part of the study described

later in Chapter 5.

In Chapter 3, we look at small-scale surface refreshing on Apophis as a result of its 2029

close Earth approach and extrapolate to global resurfacing estimations by using a paired dynami-

cal and SSDEM modeling approach. First the dynamical simulations investigate slope variations

in a non-deformable Apophis by caluclating acceleration changes on surface facets of the best-

�t shape model as it passes through the Earth encounter in a number of different orientations.

After that, a subset of the surface patches are sampled from low- (0–15� ), middle- (15–30� ),

and high-sloped regions (> 30� ) and modeled as rectangular patches of discrete, polydisperse,

centimeter-sized spherical grains that are subjected to the accelerations calculated on the refer-

ence patch from the dynamics models. The resulting particle motions in the subset of patches in

the DEM models are extrapolated to estimate global resurfacing based on initial patch slope and

slope change. The study identi�es both regions and timing of major resurfacing events, depen-
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dent on the orientation of Apophis at the time of perigee. This study has been published in the

Monthly Notices of the Royal Astronomical Society[2].

Chapters 4 & 5 encompassPKDGRAVSSDEM models of the Apophis-Earth encounter

with a full rubble-pile Apophis constructed of meter-sized particles, with the aim of constraining

the shape change, spin change, and seismicity induced in Apophis as a result of the encounter.

Chapter 4 uses a dense packing structure for the Apophis model and focuses on differences in

bulk density and encounter orientation, predicting sub-millimeter-scale deformation across the

body and large potential changes in the spin state. Chapter 5 expands on this study to investigate

how different internal structures can alter the estimated bulk deformation and contains an in-

depth study of the types of long- and short-term seismic signals anin situ seismic instrument

may be able to measure if it is active on the surface during the close approach. The study from

Chapter 4 was published inIcarus in 2019 [3] and has played a role in supporting potential

rendezvous missions with Apophis and de�ning the goals for planetary science missions in the

recent Astronomy Decadal survey [11]. The expanded study in Chapter 5 is, at the time of

submission of this dissertation, submitted for review toThe Planetary Science Journal.

Finally, Chapter 6 brie�y reviews the major goals and �ndings of this thesis, discusses

potential next steps for related studies, and covers a small number of ongoing unpublished but

relevant studies.
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Chapter 2: An ef�cient numerical approach to modeling the effects of particle

shape on rubble-pile dynamics

2.1 Preface

This chapter describes the modi�cations toPKDGRAVmodels of non-spherical particles,

or “bonded aggregates” (or simply “aggregates”), with soft-sphere contact dynamics, improve-

ments to the computational ef�ciency of aggregate models, and three simple tests of our new

aggregate methods. Bonded aggregates existed inPKDGRAVfor over a decade before this study

was undertaken [137], but the old implementation was developed in the context of HSDEM and

thus required signi�cant changes to properly include soft-sphere dynamics. The physical inac-

curacies were speci�cally regarding mass conservation of aggregates, which would occasionally

lose one or more particle masses when running on multiple processors, and the location at which

torques were interpreted and applied in the SSDEM: originally, torques were applied at parti-

cle centers rather than on their surfaces, resulting in incorrect lever arms and directions. The

changes to the implementation of the aggregate code were made by Dr. Julian Marohnic, and he

is the primary author of the work as published inThe Planetary Science Journal[1].

My own contributions to this work come in the form of the computational ef�ciency im-

provements described herein (the so-calledFAST AGGSmethod). PreviousPKDGRAVsimu-
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lations with aggregates took at least twice the wallclock time of identical spheres-only models,

and my improvements aimed to minimize the overhead in serial simulations with aggregates. I

also contributed one of the three test cases, covering the small-scale in�uence of grain shape in

models of the Brazil nut effect. I wrote the text for the computational ef�ciency section and the

subsection on the Brazil nut effect and made minor contributions to the rest of the text.

In addition to the changes detailed herein, I have made signi�cant modi�cations to the code

so thatPKDGRAVsimulations can use both aggregates and single-spheres simultaneously with

correct physics and frictional interactions, and I have solved issues of non-physical behavior in

simulations with aggregates that use periodic boundary conditions. The work on these aspects

of aggregate models is not re�ected in this chapter, nor is the work of Dr. Julian Marohnic on

his attempts to add rolling and twisting friction to SSDEM aggregate models. These additional

friction effects are deemed secondary, as the physical scenarios when they are relevant are limited

enough that the time required to add the proper physics may be better spent on improving shape

approximations in general.

The abstract and acknowledgments in the published version of this study have been re-

moved from this chapter. Minor modi�cations have been made to the text, �gures, and tables to

match the required formatting of this dissertation, and the published appendix has been repro-

duced as Appendix A of this dissertation.

2.2 Introduction

Most small solar system objects are believed to be loose, unconsolidated masses of mate-

rial, rather than monolithic bodies [62]. These “rubble piles” are largely held together by gravity
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and may be of various composition depending on their location in the solar system and speci�c

history. Substantial work has been devoted to studying rubble-pile bodies, including via numer-

ical techniques. Notable among these numerical methods are smoothed-particle hydrodynamics

(SPH) [116, 138] and discrete-element method (DEM) codes [78, 122, 125, 139, 140]. In this

study, we focus exclusively on DEM, which treats rubble-pile constituents as separate elements

explicitly rather than as a continuum via approximate constitutive relations. In particular, we will

consider the effects of theshapesof the granular elements and the effects of these shapes on the

behavior of the body as a whole.

[141] and [76] used a frictionless, hard-sphere particle model to estimate the size and den-

sity of comet Shoemaker-Levy 9 after its tidally induced disaggregation. [142] approached the

same problem using polyhedral particles, determining that disruption is more dif�cult than in

the case of a similar sphere-based model. However, the study was restricted to relatively low-

resolution simulations (about 4000 grains) due to computational limitations. [143, 144] used a

hard-sphere numerical model to study the formation of binary asteroid systems via tidal disrup-

tion of rubble-pile asteroids and found that this mechanism alone was not suf�cient to explain

the observed binary fraction in the near-Earth asteroid population. The authors later used the

same model to show that YORP spin-up of rubble piles can create fast-rotating asteroids with

close secondaries [145]. More recent work has applied the soft-sphere discrete element model

(SSDEM) [119]—which allows for persistent particle contacts and friction—to the problem of

disruption and shape change of rubble piles via spin-up and tidal forces, though these studies are

still largely con�ned to spherical particles [57, 124, 139, 146]. Nevertheless, constituent shape

is believed to be an important factor in the behavior of granular media generally and should be

considered in the context of small rubble-pile bodies as well.
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2.2.1 Importance of particle shape in granular media

Granular media made up of non-spherical components exhibit higher shear strength than

those composed of spheres (see [147] and references therein). In a compacted state, non-spherical

particles in a granular medium will interlock with each other. When subjected to shear, these

interlocked constituents cannot easily slide past one another without the entire medium �rst ex-

panding, or “dilating.” The overall tendency of a granular body to dilate under shear force is

likewise known as “dilatancy.” Though they are not monolithic objects, rubble-pile asteroids are

subject to con�ning pressure due to their own self-gravity. As a result, when they experience

shearing from a tidal encounter or spin-up that exceeds their shear strength, the particles that

make up the body will tend to move relative to each other as in any other granular medium under

compression.

While the spherical particles in traditional DEM models can easily slide or roll past one

another, this is more dif�cult for particles with other shapes due to the increased dilatancy of

the medium. Thus, we expect that the physical rubble piles in the solar system that are made

up of irregular constituents will have a higher effective shear strength and will be more dif�-

cult to disrupt than in idealized DEM simulations with spherical particles. A related effect has

been documented in the case of terrestrial granular �ows in both experiments [148] and DEM

simulations [149, 150]. When a granular solar system body is disrupted, the resulting fragments

and reaccumulated successor bodies may have different properties from those in the spherical-

grain case. They are also likely to be able to maintain shapes further from their �uid-equilibrium

shapes. These differences have implications for the understanding of small-body internal struc-

ture. In reality, small solar system bodies are not made up of spheres, whether on the scale of

39



small grains or large boulders, as imagery from the recentHayabusa2andOSIRIS-RExmissions,

for example, have made clear [151,152]. Since many of the small bodies in our solar system are

subjected to stresses from spin-up and tidal encounters at some point during their evolution, it is

important to understand and quantify the effects of irregular particle shapes. For example, what

role does particle shape play in setting the critical spin limit for rubble piles, and to what extent?

How does particle shape affect binary formation under tidal and rotational stresses? Given the

resolution and ef�ciency we can now achieve with non-spherical particles in the code we describe

here, these are questions we can begin to answer.

Most DEM codes used in the context of small solar system bodies have relied on spherical

particles for the simplicity and computational ef�ciency they afford. That said, some N-body

DEM codes have included non-spherical particles of various construction, with most examples

either using poly-ellipsoids [153], or polyhedra [121, 154]. Due to the complexity of applying

contact physics and interparticle gravity to irregular shapes, these efforts have historically had to

compromise on the �delity of the physics model, the number of particles included in simulations,

or both. Alternately, there are a number of existing DEM codes that are capable of modeling the

interaction of hundreds of thousands or even millions of non-spherical particles with full soft-

sphere DEM contacts [155–158]. However, none of these include the expensive calculations of

interparticle gravitational forces that are critical for studying the dynamics of rubble-pile bodies.

This work presents a scheme for assembling spheres into rigid, non-spherical grains. Although

this implementation leverages our code's existing ability to quickly compute gravity and contact

interactions between large numbers of particles, the techniques described here are broadly useful

to the study of small, rubble-pile bodies and could be applied in other N-body DEM codes. We

use the “glued-sphere” method popular in granular dynamics [159, 160], attaching the existing
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sphericalPKDGRAVparticles together in arbitrary shapes. This approach seamlessly joins the

existing soft-sphere physics model and the highly ef�cient gravity tree fromPKDGRAV, allowing

for N-body simulations with non-spherical particles, gravitational and collisional torques between

grains, and resolutions up to hundreds of thousands or more particles. Section 2.3 describes the

basic computational methods while Section 2.4 details how we have improved the ef�ciency of

our particular implementation. We present some applications of the new code in Section 2.5 as

proofs of concept and to lay the groundwork for future projects. Section 2.6 provides a brief

summary of this work.

2.3 Computational Methods

We begin with a brief review of our numerical approach to modeling particle contacts with

SSDEM in our codePKDGRAVprior to implementing non-spherical shapes. This is followed by

details on the modi�cations needed for modeling non-spherical constituents.

A note on our terminology: instead of constructing polyhedral particles with �at faces

and edges, the non-spherical particles or grains that we wish to model are made up of spheres

locked together. The spheres themselves are the object traditionally considered “particles” in

PKDGRAVand are analogous to the particles used in most other DEM codes. In describing our

implementation, we must frequently refer to the individual spherical particles that already exist

in PKDGRAV, as well as the rigid collections of these spheres that form the non-spherical grains.

To avoid confusion, we will refer to the non-spherical assemblies as “aggregates” or “bonded

aggregates.” The word “particle” left unmodi�ed should be assumed hereafter to refer to the

spherical elements that make up the aggregates. In addition, “constituents,” “components,” or
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“grains” will refer to either spherical particles or bonded aggregates in the context of the pieces

that compose a rubble-pile body, regardless of their shape or size. Since most force calculations

and position and velocity evolutions in our implementation are carried out at the particle level,

this distinction is important.

2.3.1 Existing soft-sphere implementation for spherical particles

Our approach builds on the existing numerical gravity codePKDGRAV[111, 134].PKD-

GRAVuses a hierarchical tree algorithm that reduces the cost of locating neighboring particles

to anO(N logN ) operation, whereN is the number of particles. Interparticle gravity is also

computed using a tree to speed up the calculations, by replacingO(N 2) sums over individual

particles with multipole expansions of the gravitational potential contributed by small or distant

cells. The multipole expansions are taken to hexadecapole order as a middle ground between

speed and accuracy. Both neighbor searching and gravity calculation are also parallelized, al-

lowing PKDGRAVto distribute the work across an arbitrary set of processors for further speed

optimization.

PKDGRAValso includes a soft-sphere discrete-element-method (SSDEM) scheme for treat-

ing particle interactions, which is described in much greater detail in previous works [57, 122].

Unlike hard-sphere methods, SSDEM resolves collisions temporally, allowing particles to inter-

penetrate slightly as a proxy for surface deformation.pkdgrav 's SSDEM implementation uses

a spring-dashpot model, in which overlaps between neighboring particles are detected and nor-

mal and tangential restoring forces are then modeled as damped springs following Hooke's law.

Spring and damping constants are user-adjustable, but in practice must be set carefully to capture

42



the properties of the particular material being modeled and to maintain physically realistic be-

havior. To ensure that particle overlaps remain small, spring constant settings must account the

masses, sizes, and speeds of all constituents. The spring forces capture the effects of deformation

at particle contacts, while the damping forces capture the effects of kinetic friction.PKDGRAV

uses this approach to track forces and torques from twisting, rolling, and sliding friction. Particle

overlaps are tracked for as long as particles remain in contact, and reaction forces depend not

only on the degree of overlap at the current time step but also on the contact history. SSDEM is

a substantially more realistic model of the granular physics we are interested in than hard-sphere

DEM, able to capture multiple simultaneous and persistent contacts self-consistently. These are

exactly the sort of interactions at work in small rubble-pile bodies; using an SSDEM model thus

allows us to more accurately simulate the interaction of systems made up of hundreds of thou-

sands of particles in contact.

PKDGRAVuses a �xed-step, second-order leapfrog method to integrate gravity and con-

tact interactions. The leapfrog integrator updates center of mass positions and velocities for both

individual particles and aggregates, while the orientations and spins of bonded aggregates (de-

scribed in greater detail below) are instead evolved with an adaptive Runge-Kutta method. While

leapfrog integration is designed for equations of motion with no explicit velocity dependence,

the friction model introduces velocity-dependent damping terms. To account for this, we also

calculate “predicted” velocities and spin vectors for each particle. Using predicted velocities

technically reduces the scheme to �rst order, but because the velocity-dependent terms are all

related to damping and because the time steps are very small in order to resolve the contacts, this

is not an issue in practice [122].
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2.3.2 Bonded aggregates

To address the question of grain shape in rubble-pile bodies, we need the ability to simu-

late non-spherical constituents. Our approach is to construct compound pseudo-particles, which

we call “bonded aggregates,” that consist of multiple spherical particles “glued” together with

unbreakable bonds. This approach was used in the hard-sphere model ofPKDGRAV[137] but

requires updating for the soft-sphere model. We arrange arbitrary numbers of spherical particles

in any desired shape and then �x their relative positions so that they behave as a unit, creating

rigid, non-spherical aggregates. One of the primary advantages of constructing non-spherical

constituents this way is that computing forces and torques is relatively straightforward. Since we

already track the positions and velocities of the constituent spheres, we can easily calculate the to-

tal mass and COM positions and velocities of these bonded aggregates. They can then be treated

as discrete objects that receive a unique identifying numerical tag for tracking. Much of the exist-

ing machinery for calculating contact and gravitational forces can also be reused in the context of

bonded aggregates. In addition, we retain the static friction model used in the sphere-based ver-

sion ofPKDGRAV, which allows us to capture the effects of grain roughness in addition to grain

shape. In this section, we describe in more detail how this method is implemented. To model a

full granular assembly with many non-spherical constituents usingPKDGRAVef�ciently, further

optimization is required to complement these modi�cations to our physics scheme (Section 2.4).

2.3.2.1 Preliminaries

We use the symbolA as a subscript to refer to a bonded aggregate and the same symbol

in the context of a summation represents the set of indices of all of the constituent particles of
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Figure 2.1: Non-spherical constituents or “bonded aggregates” as implemented inPKDGRAV.
From left to right, a two-particle “dumbbell” shape, a 4-particle planar diamond, a 4-particle
tetrahedron, a 4-particle rod, an 8-particle cube, and a 155-particle irregular aggregate.

aggregateA. We de�ne the total aggregate massM , which is simply the sum of the masses of

the constituent particles,

M =
X

i 2 A

mi ; (2.1)

wheremi is the mass of a particle in aggregateA. We also de�ne the COM positionrA of an

aggregate, which can be considered the “position” of the aggregate,

rA =
1

M

X

i 2 A

mi r i ; (2.2)

wherer i is the COM position of a particle in the aggregate. Other aggregate-speci�c quantities

will be introduced as needed.

While the COM positions and velocities of aggregates follow our previously established

equations of motion, the introduction of bonded aggregates means we must account for rigid-

body rotations as well. Aggregate rotations should obey the Euler rigid body equations, which

we solve with a time-adaptive, �fth-order Runge-Kutta integrator. For a more detailed account of

the integration scheme used for bonded aggregates, readers may consult [137], which describes

an earlier hard-sphere implementation of bonded aggregates inPKDGRAVusing the same inte-
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gration method.

2.3.2.2 Predicted velocities

We must calculate predicted velocities for bonded aggregates just as we did for spherical

particles (see Sec. 2.3.1). Consider an individual particle that is a member of a bonded aggregate.

Since forces are tabulated on a particle-by-particle basis, the predicted velocity is still important

in the context of bonded aggregates. In this case, to predict the movement of the particle we must

take into account the rotation of the aggregate itself in addition to the current COM velocity of

the particle. The predicted velocity estimate for a particle in an aggregate is now given by the

following equation:

_rpred
i;n +1 =

�
_rA;n + 1

2
+

h
2

•rA;n

�
+ [ ! A;n +1 � (r i;n +1 � rA;n +1 )] (2.3)

Calculating predicted velocities for particles belonging to aggregates necessarily works differ-

ently than in the case of stand-alone particles, since these particles are now part of rigid bodies.

The �rst term in square brackets is the predicted COM velocity of the aggregate that particlei

belongs to, which is in turn imparted to the particle itself. The second term in square brackets

represents the contribution of aggregate rotation to predicted particle velocity, determined by the

spin rate of the aggregate and the distance of the particle from the center of the aggregate. We note

thataggregatespins need not be extrapolated to whole-number time steps in the same way that

they are for individual particles, since aggregate spins and orientations are integrated separately

from the primary leapfrog scheme with a Runge-Kutta method as described previously.
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2.3.2.3 Gravity

Gravitational forces are calculated for each individual sphere inPKDGRAV. When the tree

code is being used, which is typical, these force calculations are approximated. In the case of a

self-gravitating assembly of independent spherical particles, we calculate the acceleration•r i felt

by each particle. In the case of an aggregate, we instead calculate theforce of gravity on each

constituent particle in the aggregateFi;g . We de�ne this force as follows.

Fi;g =
X

j 6= i

Gmi mj (r j � r i )

jr j � r i j
3 (2.4)

To �nd the net gravitational acceleration of a bonded aggregate•rA;g we only need the vector sum

of the gravitational forces on each particle in the aggregate, divided by the total aggregate mass.

•rA;g =
1

M

X

i 2 A

Fi;g : (2.5)

Individual spheres feel no net torque from gravity while a non-spherical aggregate in general will

experience some torqueNA;g . The vector sum of the torque contributions from each constituent

sphere in an aggregate is the net gravitational torque on the aggregate.

NA;g =
X

i 2 A

[(r i � rA ) � Fi;g ] (2.6)
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2.3.2.4 Contacts

Particle contacts in general result in both a force and a torque on each particle. While

gravitational forces act on particle centers, contact forces and torques act at thecontact point. In

the case of a small aggregate composed of only a few particles, the difference in the effective

lever arm can be quite signi�cant. In the event of a contact, each particle feels a normal restoring

force that depends on the extent of the overlap. If the particles have non-zero friction, they may

also experience a tangential surface force. Contact forces between particles are then applied to

the aggregates that they belong to, and the net center-of-mass acceleration on the aggregate due

to contact forces•rA;c is obtained according to

•rA;c =
1

M

X

i 2 A

mi •r i;c ; (2.7)

where•r i;c is the acceleration due to contact forces on constituent particlei . In other words,

mi •r i;c = Fi;N + Fi;T , whereFi;N andFi;T are the normal and tangential contact forces (see [122]

for details).

The contact torque contribution to an aggregate from a constituent particle is calculated by

considering the normal and tangential contact forcesFi;N andFi;T felt by that particle. These

forces act on a lever arm spanning from the aggregate center of mass to the contact point on the

particle, rather than the particle center as in the case of gravity. To be precise, we say that the

“contact point” itself lies at the center of the circle formed by the intersection of the surface of

the particle and its overlapping neighbor. The distance between the center of the particle and the
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contact point is equivalent to the lever armlp for a spherical particle, which is given by

lp =
s2

p � s2
n + jdj2

2jdj
: (2.8)

In Eq. 2.8,sp andsn are the particle and neighbor radii, respectively, andd is the distance between

their centers. The vector that points from the center of the particle to the contact point is then

given bylpn̂, wheren̂ = d=jdj is the unit normal vector pointing from the center of the particle

toward the center of its neighbor. The vector sum of these torque contributions from each particle

in the aggregate gives the net torque due to contact forces on a bonded aggregate inPKDGRAV:

NA;c =
X

i 2 A

[(lpn̂ � rA ) � mi •r i;c ] : (2.9)

We note that the careful approach to applying gravity and contact forces described above is nec-

essary for achieving proper physical behavior. Angular momentum conservation in particular

degrades if torques are not applied at the contact points, especially in the case of large rubble

piles.

2.3.2.5 Rolling and twisting friction

Rolling and twisting friction are currently included inPKDGRAVfor spherical particles

only, though a prescription for applying rolling and twisting friction to bonded aggregates is

currently being developed and may be added in the future. There are certain circumstances in

which this capability would enhance the realism of the code (e.g., a rod-shaped aggregate rolling

on a �at surface). However, in the great majority of systems that are of interest to the �eld of
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small bodies, bonded aggregates would be used as constituents of a self-gravitating assembly

rather than rolling or spinning freely on �at surfaces. Under these conditions, we expect that

rolling and twisting friction will play a negligible role and, in fact, the non-spherical aggregate

shapes should capture most of the physics that rolling and twisting friction schemes seek to

parameterize in simulations with unbonded spheres.

2.4 Computational Ef�ciency Improvements

In this section, we detail the methods of locating and operating on bonded aggregates in

PKDGRAV, the improvements developed for these methods to complement the new physical

model from Section 2.3.2, and the pro�ling analysis that we employ to measure the ef�ciency of

the new methods. References to processes occurring “in serial” indicate that a single processor is

handling the operations, while “in parallel” means that the load is split across multiple processors,

generally with each processor performing the same operation on a different subset of particles in

the simulation. We emphasize that while the computational ef�ciency improvements detailed in

this section are described in the context ofPKDGRAV, these techniques are also applicable to

any investigators intending to develop, modify, or improve other similar, parallel codes.

2.4.1 Aggregate Constituent Searching

The original hard-sphere aggregate routines forPKDGRAVare optimized to handle a few

large aggregates made up of many particles [137]. The routines keep track of aggregate proper-

ties (center-of-mass position/velocity, torques, etc.—see Table A.1) in serial on a single leader

processor while some or most of the constituent particle data may be distributed across multi-
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ple follower processors in groupings convenient for the interparticle gravity calculation. Load

balancing performed each time step may cause these groupings to change. To carry out an oper-

ation on an aggregate, the leader processor requests data for each of the aggregate's constituent

spheres, which may be on one or more follower processors. In the original routines, a “brute-

force” search �nds particles bound in aggregates; it is a serial method that examines the particles

on each processor one-by-one, eventually �nding all particles contained within the aggregate and

returning the information needed to calculate an aggregate property only after reaching the end

of the full list of particles. If the number of aggregate particles is much larger than the number

of aggregates and similar to the total number of particles in the simulation, each processor will

have many particles belonging to a given aggregate, so the brute force search “hits” frequently

and works relatively well.

A noticeable inef�ciency arises when the number of aggregates and the number of particles

are both similar and large, as is the case when trying to simulate a granular system made up of

many aggregates, each containing only a few constituent particles, like the aggregates in Fig. 2.1.

In this scenario, there are perhaps only two particles belonging to a given aggregate, but thousands

of aggregates in the simulation. Every time the properties of a single aggregate require updates,

the brute-force search wastes time scanning the whole particle list on each processor despite

needing to �nd only two particles. Since the properties of each aggregate are updated every time

step and each aggregate contains only a few particles, the originally tolerable brute-force search

approaches anO(N 2) process per step (whereN is the number of particles in the simulation); this

is prohibitively expensive for largeN processes, like the simulations we perform in Section 2.5.

The brute-force aggregate particle search is thus the main bottleneck for simulations involving

large numbers of aggregate operations inPKDGRAV, and our aim in increasing the computational
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ef�ciency of these simulations is to improve the search method for identifying particles belonging

to a given aggregate.

First, we solve the issue of ef�ciently locating aggregate particles by reordering all particles

before the search begins. On each processor, particles are reordered by their aggregate index

numbers—an identifying integer unique to each aggregate that is stored in the data structure of

each of its particle members. All particles in a given simulation thus “know” which aggregate

they belong to, or whether they are simply unbound free particles. This reordering forces all

particles already on a given processor into consecutive order by aggregate index, but allows for

the possibility of aggregates that are split across processors. When data from aggregate member

particles is required, we query each processor for its range of aggregate indices. If the index of

the aggregate that we are operating on falls within the range bracketed by the end members on

a processor, we search that processor for the relevant particles; if the desired aggregate index is

outside a processor's range, it will not be queried. This prevents processors in parallel simulations

from doing unnecessary work searching for particles that they will never �nd. However, this still

leaves the issue of theO(N 2) scaling of the brute-force search in serial simulations, as well as in

parallel simulations when a processor does contain desired constituents in its range.

To further optimize the search method, we replace the original brute-force search with

a binary-search algorithm [161] that exploits the new particle order and scales asO(N logN )

to reliably and ef�ciently �nd the �rst member particle on a processor, and add a “cache-line”

method with best-caseO(N ) scaling after the �rst member particle is found. The binary search

is used whenever the particle information is not immediately known, i.e., not in the cache. The

cache line stores identifying information of the previously found particle in order to easily step

forward and �nd the next particle that needs to be acted on when the code returns to the function.
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This is a linear operation inN , so it scales well, and the cost of reordering by aggregate index at

each time step is relatively small.

2.4.2 Pro�ling Analysis

In order to measure the increase in ef�ciency gained from the improvements described in

Section 2.4.1, we used code pro�ling to determine the length of timePKDGRAVspends perform-

ing certain operations. In our analysis, we used the GPROF hybrid instrumentation and sampling

pro�ler [162], one of the longest-standing pro�ling tools for compiled code. The output of our

analysis contains a list of all the function calls in decreasing order of time spent in each func-

tion for a simulation that was run to completion. For each function, the number of calls to that

function, the number of seconds spent in that function, and the corresponding percentage of the

overall execution time devoted to that function are reported. The default resolution of the pro�ler

is 0:01s and0:01%, below which it will not report the actual time or percentage of time spent in

a given function. The table in Appendix A lists thePKDGRAVfunctions modi�ed to improve ef-

�ciency and gives brief descriptions of their purposes. Previously, these functions were the most

time-consuming operations in simulations containing large numbers of aggregates relative to the

total number of particles. In typical simulations ofN = 10; 000equal-sized particles composing

between 1,250 and 5,000 aggregates, these functions collectively account for� 50% of the total

simulation time.
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2.4.3 Performance Scaling

We compare granular dynamics simulations of particles settling for10; 000 integration

steps run on a single CPU core under both uniform gravity and mutual self gravity and for both

the original aggregate routines and the new, more ef�cient routines for each of the aggregate con-

structions seen in Fig. 2.1. Representative �gures (Figs. 2.2, 2.3) compare the pro�ling metrics

for time spent in aggregate routines during the test simulations under the new and old aggregate

handling schemes.

The pro�ling simulations of particles in uniform gravity capture a portion of the process

of �lling a rectangular, open-topped box with bonded aggregates. We use a box with base side

lengths of 10 cm and a height of 60 cm. The aggregates are composed of equal-sized, 0.25 cm-

radius spheres and we apply lunar-strength gravity (1.62 m s� 2). For these box-�lling simulations,

the total number of aggregate member spheres is held constant atN = 6,400 particles, composing

between 800 and 3,200 aggregates depending on the aggregate geometry. We also model an

analogous scenario with no aggregates but only free spherical particles, as well as a scenario

where we mix the symmetric aggregate shapes from Fig. 2.1 that contain 8 or fewer member

particles (but excluding free spheres). In this “mixed aggregates” scenario, we again keep �xed

the particle radii and number of spheres atN = 6,400, consistent with the other box-�lling

models. Fig. 2.2 compares the pro�ling results of the mixed aggregates box-�lling tests before

and after the ef�ciency improvements are applied, as a representative for the speedup we see with

the updated search and sort routines. The total wall-clock simulation time for104 time steps in

the simulation represented in Fig. 2.2 is reduced from1:6 � 103 s to2:7 � 102 s—more than �ve

times faster in this case (see Fig. 2.4 for the direct comparison).
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The trial scenarios with interparticle gravity model the gravitational collapse of a cloud of

aggregates, which was constructed to ensure that both interparticle contact forces and self-gravity

would be at work during the period that we pro�led. The collapse simulations use aggregates

composed of equal-sized 50 m-radius spheres. For each of the collapse simulations, the number

of spherical member particles is held constant atN = 2 � 104 particles, ranging from2:5� 103 to

1 � 104 aggregates, again depending on the number of particles in the aggregate shape. Here, as

well, we have analogous models with free spheres and mixed aggregates for comparison. Fig. 2.3

shows the pro�ling results for the mixed aggregate collapse as a representative example of the

speedup achieved with the updated search and sort methods in a simulation without a uniform

gravity �eld. In this representative simulation, we see a reduction in total wall-clock simulation

time over104 simulation steps from1:8 � 104 s to6:4 � 103 s: almost a factor of 3 decrease in

total runtime, as seen in Fig. 2.4.

From our pro�ling, we �nd that the combined aggregate routines are by far the most expen-

sive operations, easily accounting for over half of the time spent in simulations without our newly

updated sorting and searching methods. In analogous tests with the improvements implemented,

we �nd that the total simulation time greatly decreases (see Fig. 2.4). Operations on aggregates

are now in the noise, representing only a few percent or less of the total simulation time.

To more clearly illustrate the value of the ef�ciency improvements, we divide the total

pre-modi�cation simulation time spent on each test into three segments: the fractions of time

respectively devoted to the most costly operation, the second-most costly operation, and all other

operations combined (“Other”). We then compare the relative computational costs of these seg-

ments before and after the ef�ciency modi�cations. We include representative examples for the

tests of both uniform gravity (Fig. 2.2) and interparticle gravity (Fig. 2.3). Prior to the ef�ciency
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(a) (b)

Figure 2.2: A representative example of pro�ling results from the uniform gravity trials described
in Section 2.4.3. The charts show the fractional simulation time spent on each of the three most
computationally expensive sets of calculations both before (A) and after (B) the sort and search
method enhancements. For uniform gravity tests like the one shown here, those categories are ag-
gregate operations (blue), neighbor search operations (orange), and all other operations (green).
Chart sectors are labeled accordingly. This example was taken from the set of box-�lling sim-
ulations withN = 6,400 member particles bound into a mix of different aggregate shapes and
subjected to uniform lunar gravity. Notably, the percentage of simulation time spent in aggre-
gates decreases from 84.4% to 2.1% with the new search and sort methods. The length of time
spent on the neighbor search and “Other” functions is constant between (A) and (B), but the total
simulation time decreases in (B) (see Fig. 2.4) due to the decrease in time spent on aggregate
operations.
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(a) (b)

Figure 2.3: A representative example of pro�ling results from the interparticle gravity trials de-
scribed in Section 2.4.3, both before (A) and after (B) the ef�ciency improvements were applied.
This test included 20,000 member particles bound into a mix of different aggregate shapes. The
set of tests this example was drawn from are described in greater detail in Section 2.4.3. The two
panels are analogous to the ones shown in Fig. 2.2. Note that the second most computationally
expensive protocol in this instance before modi�cation is particle self-gravity, in contrast with
the example shown in Fig. 2.2.

improvements, aggregate operations accounted for a majority of computation time by a wide

margin in both cases. The second-most costly operation was the neighbor search for the uniform

gravity tests and gravity calculations in the case of the interparticle gravity tests. In both exam-

ple trials, the relative cost of the second-most expensive operation compared to the cost of the

“Other” category is constant, as these routines remain unchanged. However, the fraction of run-

time spent on aggregate calculations shrinks dramatically, from 84.6% of total computation time

to 2.1% for the uniform gravity test and from 65.4% to just 0.3% for the interparticle gravity test.

This corresponds to a substantial decrease in overall runtime. Notably, in simulations using the

new implementation, operations on aggregates collectively take more than an order of magnitude

less time than the next most expensive operations. The savings in absolute simulation time are

substantial as well. We see a typical decrease in total runtime by a factor of 2 to 3 in self-gravity

simulations withN = 20,000 particles and by a factor of 4 or more in simulations with a uniform

57



gravity �eld andN = 6,400 particles (see Fig. 2.4). In both sets of models, simulations using the

newly updated sort and search methods do not take signi�cantly longer than simulations with the

same number of free spheres. Interestingly, we see a dependence on the number of particles in

each aggregate that is most pronounced in the box-�lling simulations (Fig. 2.4A): when using the

original routines, simulations with the largest number of aggregates (2-particle dumbbells, with

3,200 aggregates) took signi�cantly longer than simulations with fewer aggregates (8-particle

cubes, with 800 aggregates), despite having the same total number of spheres, due to the over-

head of repeated brute-force searches. This trend is much less pronounced in the simulations

with the new search and sort routines.

We caution that while we can compare models with small aggregates containing the same

total number of particles as a simulation with only free spheres, the number of discrete bodies in

the aggregate simulations must necessarily be several times smaller than in the spherical simula-

tions and the size of the bodies several times larger. If we want to match the number and size of

discrete objects in a simulation with aggregates to a simulation with only free spheres, we would

have to replace each sphere with an aggregate of comparable size. Directly replacing spheres

with aggregates requires a larger number of total member particles than there were free spheres,

because each aggregate must contain several particles, and requires the particles to be smaller

than the free spheres so that the total aggregate size matches that of the sphere it is replacing. In-

cluding more particles increases the computational load of the gravity calculations (which scale

asO(N logN )), and reducing particle size forces smaller time steps in order to resolve particle

collisions, as described in [122].

That said, while modeling tens or hundreds of thousands of self-gravitating, non-spherical

constituents was previously untenable, these scales are now within reach. To demonstrate this,
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we conducted additional trials at increasingly high particle resolution. A total of six tests is

divided into pairs of spherical particle and mixed aggregate simulations at low, medium, and high

resolutions (see Table 2.1 for labels and results). All six tests consisted of a stationary “cloud” of

constituents collapsing to a settled, stable rubble pile. All initial clouds had nearly the same total

mass with the only signi�cant difference between each trial being the constituents. At� 11,000

particles (trials C1 and C2), the wall-clock times approach parity with simulation time. We found

that with 2,500 bonded aggregates composed of 10,912 particles (C1), it took 1.20 seconds of

wall-clock time to integrate 1 second (or about2:9 � 10� 5 dynamical times) of simulation time

on 1 CPU core. The spherical counterpart (C2) took 1.50 seconds to run, very similar to the

result from C1. For serial runs, performance is typically comparable between aggregate and

sphere-based simulations containing the same total number of spheres, as demonstrated in Fig.

2.4. The largest scale tested used over one million spherical particles, either as free grains (C6)

or bound into 250,000 aggregates (C5). One second of integration time required 35.40 seconds

of wall-clock time for the sphere-based model and 289.31 seconds for the aggregate model. We

also found that tidal disruptions of 10,000 aggregates (� 40,000 particles) could be completed

in less than a week on fewer than �ve CPU cores. These tests were conducted on AMD EPYC

7763 CPU cores using the C compiler included in version 9.4.0 of the GNU Compiler Collection

(GCC).

Bonded aggregate performance is comparable to that of spheres in serial, allowing for near

real-time simulations for� 2,500 non-spherical constituents. Parallel scaling for aggregates is

good enough to allow for high-resolution non-spherical simulations, but still lags behind per-

formance with only spheres. Nominally, we should seeO(N logN ) scaling with total particle

numberN . However, limitations inherent inPKDGRAV's architecture prevent us from achieving
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Trial Composition No. Constituents No. Spheres CPU Cores Wall-Clock Time for 1s Simulation Time

C1 Mixed Shapes 2,500 10,912 1 1.20 s
C2 Spheres 10,912 10,912 1 1.50 s
C3 Mixed Shapes 25,000 110,150 11 17.19 s
C4 Spheres 110,150 110,150 11 7.51 s
C5 Mixed Shapes 250,000 1,101,336 50 289.31 s
C6 Spheres 1,101,336 1,101,336 110 35.40 s

Table 2.1: A set of six test simulations at increasingly high particle resolutions, with one spher-
ical and one aggregate test at each resolution. Note that to match the constituent resolution of
a sphere-based simulation rather than the particle resolution, the corresponding aggregate simu-
lation would need to includemorespheres than its counterpart, with the ratio depending on the
composition of the aggregates. Each aggregate-based trial has the same number of spherical par-
ticles as its counterpart. In serial simulations, performance is comparable between sphere-based
and aggregate simulations, while parallelized aggregate-based runs become more costly.

this ideal. While our optimization efforts have substantially improved these shortcomings, some

clear obstacles remain. Currently, we are constrained to store all top-level aggregate informa-

tion on a single processor when running in parallel, leading to a substantial bottleneck during

multi-core simulations. In addition, aggregate operations require all particles to be reordered by

aggregate index, which is not required for sphere-based simulations. Since addressing these de-

sign limitations would require fundamentally reworking the structure ofPKDGRAV, we leave this

work for futurePKDGRAVdevelopment or for the developers of other codes attempting similar

implementations.

2.5 Applications and future work

Here we provide three proof-of-concept applications that make use of our approach to soft-

sphere contacts with bonded aggregates. The results described here are meant to illustrate the

value of the method we describe in this article. These demonstrations are not intended to serve

as comprehensive studies, but are part of ongoing work.
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