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Class 18 :  
Cosmological models and the “cosmic scale 
factor” 
  The three possible geometries for the 

Universe 
  The cosmological scale factor 
  Standard cosmological models 

I : The three possible geometries 
for the Universe 

  The Cosmological Principles strongly constrain 
the possible geometries for the space that 
describes Universe on large scales. 

  The problem at hand - to find curved 4-d 
space-times in which in the “space” part is 
both homogeneous and isotropic 

  In fact, there are only three possibilities for 
the geometry of space 
  In order to visualize it, we cannot think of the 3-d 

curved space… we need to “project” it down to 2-d 
  Of course, the mathematics can handle curvature in 

any number of dimensions! 
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  Case I : Spherical geometry 
  We visualize this as a normal sphere (with a 2-

dimensional surface; a 2-sphere)… but we are really 
saying that our space is the 3-d “surface” of a sphere 

  If you fly in one direction far enough, you’d come back 
to where you started 

  The total volume is finite 

  Flat space 
  This is the familiar, intuitive case… 
  3-d space is described by cartesian coords 
  The volume is infinite 
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  Hyperbolic case 
  Hardest to visualize (since it doesn’t really 

“fit” into 2-d very well) 
  Also has infinite volume 

R=1 R=2 
R=0.5 

II : The cosmological scale factor 

  A central concept is the “Scale factor”… we 
shall denote this by R 
  R tells you how “big” the space/Universe is 
  Allows you to talk about expansion and contraction 

of the universe (even if Universe is infinite). 
  Simplest example is the spherical case  

  Scale factor is just the radius of the sphere 
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R=1 R=2 

  What about hyperbolic universe? 
  Scale factor gives “radius of curvature” 

  For flat, there is no curvature… shape is 
unchanged as universe changes its scale 
(stretching a flat rubber sheet) 

III : Cosmological models 

  So far, we have…  
  Used homogeneity and isotropy to argue that space 

must be described by one of three possible 
geometries. 

  Defined the scale factor so that we can talk about 
expansion and contraction of the Universe 

  But, what determines the geometry and how 
Universe expands or contracts? 
  Einstein’s equations of GR “breath life” into the 

cosmological models… 
  Einstein’s equations show that the geometry 

depends upon the total density of the Universe. 
  Given that geometry, Einstein’s equations then 

predict how the scale factor changes with time, i.e. 
they determine the function R(t). 
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  What do we find… 
  There is a critical density given by… 

  We usually then define the “density parameter” 
which is the true density of the Universe divided by 
the critical density 

  In the absence of dark energy (which we shall talk 
about later!) there is a simple connection between 
the geometry and the density… 
  Ω<1 ⇒ Hyperbolic Universe (open) 
  Ω=1 ⇒ Flat Universe (open) 
  Ω>1 ⇒ Spherical Universe (closed) 
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  Can motivate this by a Newtonian analogy… 
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IV : Hubble’s law within the 
standard cosmological models   
  Fudamentally new way to look at Hubble’s law… 

  Redshift is not due to velocity of galaxies 
  Galaxies are (approximately) stationary in space…  
  Galaxies get further apart because the space 

between them is expanding! 
  The expansion of space also effects the wavelength of 

light… as space expands, the wavelength expands and 
so there is a redshift. 

  So, cosmological redshift is due to cosmological 
expansion of wavelength of light, not the 
regular Doppler shift from galaxy motions. 
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Co-moving coordinates. 

  Let’s formalize this… Consider a set of co-
ordinates that expand with the space.  We call 
these co-moving coordinates. 

  To say that the galaxy remains “at rest” 
with respect to the expanding Universe 
means that it stayed fixed in comoving 
coordinates. 

  Consider two galaxies that have fixed 
co-moving coordinates. 
  Let’s define a “co-moving” distance D 
  Then, the real (proper) distance between 

the galaxies is…   proper distance = R(t) D 
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Relation between z and R(t) 

  Redshift of a galaxy given by  

  Using our new view of redshift, we write 

  So, we have… 
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