
ASTR622 Cosmology (Spring 2016)

Homework 1

Due date; Thursday 18th Feb 2016

1. Spherical radiation-dominated Universes : Solve the Friedmann equation for a spheri-
cal/closed (k > 0) radiation-pressure dominated Universe in order to derive an algebraic expression
relating a and t, putting your answer in the simplest form possible. Show that, at early times, the
answer approximates the flat-space result, a ∝ t1/2. [Hint : Unlike the matter dominated case, you
don’t need to go via conformal time to a parametric solution. Try just integrating the standard
Friedmann Equation straight off!].

2. The onset of acceleration : Consider a Universe (such as ours!) containing only non-relativistic
matter and dark energy with a cosmological-constant like equation of state (pΛ = −ρΛc

2, where pΛ
and ρΛ are the pressure and density of the dark energy components), i.e., radiation and relativistic
matter plays a negligible roll in such a Universe (unless we consider very early times).

(a) Explain why dark energy becomes relatively more dominant as the Universe expands.

(b) With reference to the relevant cosmological field equation, show that the Universe starts
accelerating (ä > 0) when ρΛ > 1

2
ρm, where ρm is the density of the non-relativistic matter.

(c) Today, the density parameters of dark energy and matter are ΩΛ,0 ≈ 0.692 and Ωm,0 ≈

0.308 (from the Planck satellite). Using this information, calculate the redshift at which the
Universe switched from a decelerating to an accelerating expansion.

(d) There is, of course, a non-zero amount of radiation and relativistic matter in our Universe,
with a corresponding density parameter Ωr = 9.1× 10−5. Calculate the redshift at which the
radiation energy density becomes equal to the dark energy density.

3. The Big Rip : Consider a Universe that is dominated by dark energy with an equation of state
parameter w = −(1 + ǫ), where ǫ is some parameter that is constant in time.

(a) Show that, as the Universe expands, the density of the dark energy varies as ρ ∝ a3ǫ.

(b) Demonstrate that, irrespective of the initial curvature (i.e. sign/size of k), the evolution is
described by the flat Universe case if we consider sufficiently late times.

(c) Prove that the Universe experiences a Big Rip (a → ∞ for some finite future time trip) if and
only if ǫ > 0.

4. A mixed composition Universe : Consider a flat Universe that, at time t = t0, has radiation,
matter, and dark energy in a proportion Ωr = 0.99,Ωm ≈ 0.01, and ΩΛ = 10−12. By numerically
integrating the Friedmann Equation, compute the future evolution of the scale factor a(t), assum-
ing that the dark energy has an equation of state w = −1.1. Hand in both the code that you used
to compute this (in whatever language you like!) as well as a log-log plot of a as a function of t.
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