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Near-Earth Asteroid 99942 Apophis presents a unique opportunity to study the dynamics, bulk properties, and
interior structure of a rubble-pile asteroid when it makes its close encounter with the Earth in 2029. In order to
better understand the potential outcomes of a tidal encounter between Earth and Apophis, and to support a
potential future mission to Apophis, we perform numerical simulations of the encounter. We represent Earth as a
single rigid sphere and the target body as a cohesionless, self-gravitating granular aggregate of identical spheres
in a hexagonal-close-packed conﬁguration subject only to gravitational and soft-sphere (elastic) contact forces.
We use a radar-derived shape model for the asteroid, along with current best estimates for the orbital solution of
Apophis to simulate the encounter trajectory, and perform a large parameter sweep over diﬀerent potential
encounter orientations and bulk densities for the body. We ﬁnd that the median change in the rotational period
for Apophis, sampled for a range of diﬀerent initial body and spin orientations, is −1.9 h (mean −0.1 ± 6.0 (1σ) hours) during the encounter. Additionally, we measure that the mean of the largest change in axis length
among the 3 primary body axes, also sampled over trials with diﬀerent initial body and spin orientations, is
0.132 ± 0.066 mm during the encounter, assuming a bulk Young's Modulus of 106 Pa. Such strains on the
timescale of peak stress during the encounter may be large enough to be detected by an in-situ seismometer.

1. Introduction
Discovered in 2004, asteroid 99942 Apophis (formerly 2004 MN4) is
a Near-Earth Asteroid (NEA) that is among the population of Potentially
Hazardous Asteroids (PHAs). When it was discovered, Apophis was
originally estimated to have over a 2% chance of impacting the Earth in
2029 (Farnocchia et al., 2013). Follow-up measurements and historical
data reduced the impact risk signiﬁcantly, and we now know that, on
April 13, 2029, Apophis will miss the Earth, but come within 5.7 ± 1.4
Earth radii (3-σ uncertainty) of our planet's center (Brozović et al.,
2018). This close encounter with Apophis, whose diameter is close to
400 m (Brozović et al., 2018), provides an excellent opportunity to
study the properties of sub-kilometer-diameter asteroids.
If Apophis is like the only other well-studied asteroid in its size
category to date 25143 Itokawa (Abe et al., 2006), the body is most
likely a rubble pile or a gravitational aggregate of smaller blocks,
possibly with a surface layer of granular material and with constituent
particle sizes ranging from silts to gravels to boulders (Richardson et al.,
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2002; Fujiwara et al., 2006; Saito et al., 2006; Miyamoto et al., 2007;
Barnouin-Jha et al., 2008). Apophis' perigee distance is not small enough for Earth's tidal forces to disaggregate the body, but may be small
enough to trigger detectable changes in surface morphology (Yu et al.,
2014; Binzel et al., 2010) and spin state (Richardson et al., 1998;
Scheeres et al., 2000, 2005; Scheeres, 2001), and produce measurable
seismic activity. Knowing about this close encounter well in advance of
its occurrence provides a unique opportunity for scientists to prepare
missions and studies that are usually not possible due to lack of
warning. Measurements of the amount of void space in Apophis, and
thus how well seismic signals propagate through the body, can reveal a
great deal about the internal structure of rubble-pile bodies, which can
be an important factor in determining the eﬀectiveness of mitigation
techniques such as kinetic impactors. The 2029 tidal encounter between
Earth and Apophis therefore provides an exciting opportunity to not
only to improve our understanding of rubble-pile asteroids, but to inform future decisions regarding impact risk and mitigation.
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as a slowly tumbling body. The complex tumbling motion and long
period of Apophis make it diﬃcult to determine the body's orientation
at the time of encounter. This issue is not helped by the large uncertainties on the angular momentum vector of the body (shown by the
shaded region in Fig. 4 of Pravec et al., 2014), which is nominally
placed at ecliptic longitude and latitude 250∘ and −75∘ respectively. In
this analysis, we will use initial body and spin orientations derived from
this nominal solution as described in Section 2.2.

1.1. Simulating tidal encounters
Previous numerical work studying the tidal evolution of objects in
close proximity includes methods treating the bodies as ﬂuids (e.g.,
Press and Teukolsky, 1977). More recently, tidal evolution of rubblepile asteroids has been studied by Richardson et al. (1998), Walsh and
Richardson (2008), Walsh and Richardson (2012), and Yu et al. (2014),
who used N-body gravity codes with a treatment of collisions to model
the disruptive eﬀects of close tidal encounters with Earth. Here, we take
the same approach, using the most recent version of the N-body gravity
code, pkdgrav, which treats the collisional interactions of both ﬂowing
and quasi-static granular materials very accurately using a soft-sphere
discrete element method (SSDEM), appropriate for very weak tidal
encounters where individual components remain in persistent contact
for much if not all of the duration. The code and numerical approach
are described more fully in Section 2.1.

1.4. Application to possible future mission
The motivation for the simulations of the 2029 Apophis close encounter performed here is as a proof-of-concept for any future mission
to visit this asteroid during the 2029 encounter. Such a mission might
arrive several months before perigee, place a seismometer on the body,
and use seismological and observational data around the time of encounter to fully characterize the tidal eﬀects on Apophis' exterior and
interior. Such processes are believed to be important for the structural
evolution of asteroids, but are not well characterized. Furthermore,
such a mission would put constraints on the rotational state, bulk
properties, interior structure, and geological history of Apophis. Using
natural micrometeorite sources to gauge the background signal, a
mission with seismometers would have the potential to gain signiﬁcant
insight about the interior nature of Apophis from this tidal encounter.
Taken together, these measurements will help mitigation strategies
(e.g., the eﬀectiveness of a kinetic impactor) for this and similar bodies.

1.2. Apophis shape models
The most comprehensive analyses of the shape of Apophis were
performed by Brozović et al. (2018) and Pravec et al. (2014). In this
study, we use the most recent shape model, published in Brozović et al.
(2018), based on radar observations from the Goldstone Observatory in
California and the Arecibo Observatory in Puerto Rico. The updated
shape model constrains the lower bound on the major axis of the body
to be 450 m and accounts for possible concavities that the earlier,
convex shape model could not. Furthermore, the newer best-ﬁt shape
model for Apophis shows that the body may be a contact binary (see
Fig. 1) but the authors caution that there is still a signiﬁcant degree of
uncertainty in the newer shape model, as the radar images did not have
enough resolution to make a high-ﬁdelity model.
Beyond putting constraints on the shape of Apophis, the 2018
analysis also further reﬁnes the orbital path of the body. This reﬁned
orbit was used to update the ephemerides in the JPL Horizons database,
which we use in this study. The main uncertainty in the orbital path of
the body, however, is the Yarkovsky eﬀect; current observational data
is not precise enough to constrain the magnitude of the Yarkovsky eﬀect
on the orbit of Apophis (Brozović et al., 2018). It is estimated that future radar observations of Apophis in 2021 and during the 2029 close
encounter will better constrain the strength of the Yarkovsky eﬀect,
further improving the accuracy of the orbital solution of Apophis.
Knowing how Yarkovsky forces aﬀect the asteroid will likely lead to
more precise estimates of its mass and bulk density (see Section 2.2.3),
which will in turn provide information about the internal structure of
the body.

1.5. Study outline
In this study, we model Apophis as a cohesionless, self-gravitating
rubble pile. We investigate the tidal eﬀects of the Earth on the asteroid
as Apophis passes by during its 2029 close encounter, performing a
wide sweep over the uncertainties in bulk density, orientation, and spin
state in order to assess the plausible range of eﬀects from the encounter
as a function of assumed material parameters. We track tidal stresses by
monitoring the lengths of the principal axes of the body across the simulations, and we measure the change in the overall rotational state as
well. Section 2 describes the numerical approach in greater detail.
Results of the study are presented in Section 3. We discuss the implications of the results and provide a summary in Sections 4 and 5, and
mention ideas for future work on this topic in Section 6.
2. Methodology
2.1. Soft sphere discrete element method (SSDEM)
We model Apophis as a rubble pile using the parallelized N-body
gravity tree code pkdgrav (Richardon et al., 2000; Stadel, 2001). The
body is represented by a collection of gravitationally interacting
spheres in contact with one another, with interparticle friction and
deformation modeled with a soft-sphere discrete element method
(SSDEM; Schwartz et al., 2012; Sánchez and Scheeres, 2011). The
SSDEM implementation uses tiny overlaps between the particles at the
point of contact as a proxy for surface deformation, using a repulsive,

1.3. Apophis spin state
The current best estimates for the spin state of Apophis come from
Pravec et al. (2014). Apophis is understood to have a 27.38 ± 0.07 h
non-principal axis rotation period for the major axis precession about
the angular momentum vector and a 262 ± 6 h rotational period about
the major axis. This precession and rotation combine to give an overall
retrograde rotational period of 30.56 ± 0.01 h, so Apophis is classiﬁed

Fig. 1. Three views of the Brozović et al. (2018) model of
Apophis, as created from a pkdgrav hexagonal-close-packing
of monodisperse particles (see Section 2.2.1). In this ﬁgure,
the x-direction points along the major axis of the body, the ydirection along the intermediate axis, and the z-direction
along the minor axis. Note, in the rightmost image, the
possible contact-binary nature of the object, which is a result
of the new best-ﬁt shape for Apophis (Brozović et al., 2018).
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gravitational forces cause the overlapping particles to oscillate slightly;
we measure equilibrium by ﬁnding the point at which the amplitude of
the oscillations is < 1% of the maximum axis length change that we
expect to see during encounter. We have calibrated that, for a bulk
density of 2.9 g/cm−3 and under one random initial spin state, it takes
any of our models approximately 2 h of simulated time in free space to
reach the equilibrium that we have deﬁned, at which point it is ready
for the encounter. We use this same amount of simulated settling time
before every encounter simulation. For encounters simulated using a
model with a diﬀerent bulk density but equivalent spring constant, we
estimate that the amount of settling time required for the body to reach
equilibrium scales like the inverse square-root of the particle mass, as
per the canonical harmonic oscillator frequency.

Table 1
Deﬁnitions of simulation parameters.
Quantity

Symbol

Value/Range

Perigee Distance
Speed at Perigee
Bulk Rotation Period
Coeﬃcient of Static Friction
Coeﬃcient of Rolling Friction
Coeﬃcient of Twisting Friction
Shape Parameter
Coeﬃcient of Restitution (Normal)
Coeﬃcient of Restitution (Tangential)
Bulk Density
Young's Modulus
Particle Number (Resolution)
Particle Radius (at N = 104)
Particle Mass (at N = 104)
Spring Constant (Normal)
Timestep

q
vq
P
μs
μr
μt
β
ϵn
ϵt
ρB
Y
N
R
mp
kn
δ

5.96 R⊕
7.43 km/s
30.56 h
1.0
1.05
1.3
0.5
0.55
0.55
1.1–3.6 g/cm−3
1–103 kPa
102–104
7.18 m
(2.3 − 7.5) × 106 kg
– (varies)
– (varies)

2.2.2. Rubble pile parameters
In the simulations conducted here, we use nominal friction and
restitution parameters equivalent to those used in Zhang et al. (2017)
for 65803 Didymos, another likely rubble-pile asteroid with diameter < 1 km. The coeﬃcient of sliding friction μs = 1.0 and the shape
parameter β = 0.5, where higher β represents more angular particles
(Zhang et al., 2017). These μs and β values, along with our adopted
rolling (μr = 1.05) and twisting (μt = 1.3) friction coeﬃcients, are representative of material with friction angle comparable to that of terrestrial sands. Normal and tangential restitution coeﬃcients (ϵn and ϵt,
respectively) are both set to 0.55, within the range of restitution
parameters for terrestrial rocks (Chau et al., 2002). In any case, we note
that terrestrial analogs are likely not identical to the material on the
surfaces of rubble piles, but represent a reasonable estimate for what
the material parameters may be like for these bodies. We summarize
these values, along with other simulation parameters, in Table 1.
While the normal spring constant used in SSDEM, kn, and timestep,
δ, are most often chosen for numerical convenience such that particles
do not overlap > 1% of the smallest particle radius, we ﬁnd that in this
case where we do not expect adjacent particles to come out of contact,
the value of the spring constant that we use has a signiﬁcant eﬀect on
the stresses that we measure. Rigid materials such as gravels/boulders
would never overlap or deform by as much 1% in equilibrium contact
except under extreme pressure. If particles are not coming out of contact, then a spring constant that is too soft would overestimate the
amount of tidal strain that is observed across an encounter. To address
this issue, we adopt a more physically motivated approximation for the
spring constant based on the Young's modulus of the assumed material,
which is deﬁned as the ratio of stress to strain along a given axis for a
material, with units of pressure. We estimate kn for a given Young's
modulus Y from Hooke's Law assuming the force acts over the crosssectional area of a typical particle of radius R, giving,

Hooke's Law spring force with a linear spring constant calculated so
that the particles do not exceed some nominal overlap fraction (generally 1% of the smallest particle radius, but in our case we take a
diﬀerent approach — see Section 2.2), and calculates the forces and
torques due to the overlaps with neighboring particles. The approach
also accounts for normal and tangential damping derived from restitution coeﬃcients, along with sliding and static friction, where dissipation arises due to dynamical sliding friction above the static
threshold (Schwartz et al., 2012). Also, using a particle shape parameter coupled with the friction coeﬃcients, we model rolling and
twisting friction (Zhang et al., 2017).
The equations of motion in pkdgrav, which, for this scenario, consist
of the mutual gravitational and collisionally induced accelerations of
discrete particles, are solved using a second-order leapfrog method. The
SSDEM approach used in pkdgrav has been validated through comparisons with laboratory experiments (e.g., Schwartz, 2013). In addition,
pkdgrav has been used to study the dynamics of granular systems and
rubble-pile asteroids, including investigations of avalanches on Apophis
(Yu et al., 2014), constraints on the internal structure of fast-rotating
asteroid 65803 Didymos (Zhang et al., 2017), and simulations of the
impact of the MASCOT lander deployed by Hayabusa2 on 162173
Ryugu (Thuillet et al., 2018).
2.2. Simulation preparation
2.2.1. Rubble-pile construction
The rubble-pile model of Apophis used in these simulations is constructed by carving out the radar-derived shape model of Brozović et al.
(2018) from a collection of monodisperse, equal-density spheres. For
the simulations conducted here, particles have radii of 7.14 m, such that
the ﬁnal body contains a total number of particles N ≈ 10,000.
The body from which we carve the ﬁnal shape is created by generating a hexagonal-close-packed (HCP), approximately spherical distribution of particles in a volume with axis lengths no smaller than the
maximum axis length of Apophis and containing substantially > 10,000
particles. Using HCP signiﬁcantly lowers the amount of void space
between the particles and shortens the amount of time that the body
needs to equilibrate dynamically, however, we note that force chains in
HCP conﬁgurations are not isotropic (Quillen et al., 2016), which could
result in some artiﬁcial enhancement of shear strength. After the
spherical distribution is created, the shape model from Brozović et al.
(2018) is carved out of the larger aggregate. Due to the introduction of
a bulk spin (see Section 2.2.3), the newly carved body is allowed to
settle under its own gravity and initial spin state until it reaches equilibrium. We deﬁne equilibrium as a state in which the interparticle
restoring spring force (deﬁned in Section 2.1) and the interparticle
gravity force are nearly equal. The competing spring force and

kn ∼ πRY .

(1)

We do not know the component material for Apophis, but we have
already assumed that Apophis is a rubble pile with a range of block and
grain sizes likely similar to Itokawa and comet 67P/ChuryumovGerasimenko. Based on these considerations, we choose a representative number for the Young's modulus of 1 MPa to use in the
bulk of our simulations, a value in the region of that found for comet
67P (Möhlmann et al., 2017) and characteristic of low-density (porous)
silts/gravels on Earth.1 This Young's modulus corresponds to a normal
spring constant kn = 2.26 × 107 N/m from Eq. (1) and requires a
timestep δ = 0.039 s to suﬃciently sample the full spring cycle
(Schwartz et al., 2012). These values are treated as a ﬁxed material
property and are thus identical in all simulations, regardless of changes
1
http://www.geotechdata.info/parameter/soil-young's-modulus.html
—
note that experiments on Earth are usually not conducted using perfectly dry
materials, nor in vacuum, nor in low gravity. The values we adopt are used for
guidance.
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2.9 g/cm−3 for the bulk density in these spin tests as it lies close to the
middle of the range of bulk densities that we also test at ﬁxed spin
(discussed next) but errs on the conservative side, since we expect a
higher bulk density to lead to a smaller measured strain signal.
We also investigate six diﬀerent bulk densities for Apophis, ranging
from 1.1 g/cm−3 to 3.6 g/cm−3 in steps of 0.5 g/cm−3, at one ﬁxed but
arbitrary initial spin state. We indicate this range and the other variable
ranges that we investigate in Table 1. The range of bulk densities that
we test encompasses plausible bulk densities for rubble-pile bodies,
based on measurements of LL-chondrite meteorite samples (to which
Apophis is likely similar in composition), on the high end (Binzel et al.,
2009) and Itokawa on the low end (Abe et al., 2006). We adjust the bulk
density of the body not by changing porosity but by uniformly increasing or decreasing particle masses while keeping their radii ﬁxed. In
reality, the densities of each of the constituent grains that make up
Apophis will all be in the region of 3.1 to 3.8 g/cm−3 (Flynn et al.,
1999; Britt et al., 2002). By changing particle masses to adjust the
overall bulk density, the equilibrium positions of the particles actually
change: interparticle gravity pulls them closer together as their mass
increases. This results in a small, but relevant, change in the shape of
the diﬀerent models of Apophis for each diﬀerent bulk density, thus
changing the inertia tensor of the body, and therefore its spin state.
What this means is that bodies with diﬀerent bulk densities but the
same initial spin state will have a slightly diﬀerent orientation at
perigee. Some of the variability in strain signals measured from density
variations will therefore be eﬀects that we are trying to measure separately in the variable spin state simulations discussed above. To determine the importance of these inﬂuences, we perform the set of simulations at each diﬀerent density with 3 separate ﬁxed initial spin
states. This helps to discern which eﬀects are caused by the varying
density and which are caused by varying spin state. For these tests, we
are interested in establishing the range of strain outcomes for a ﬁxed
initial spin state, since lower-density bodies ought to experience a
greater strain for the same tidal stress, in accordance with the Roche
limit.
We also investigate 4 diﬀerent values for the Young's modulus
(modeled by our spring constant kn) ranging from 1 kPa to 1 MPa by
factors of 10, in order to discern how the strain signal scales with the
eﬀective material strength of the body. We postulate that the signal will
be stronger for a smaller Young's modulus because the individual grains
will be more easily deformed. Importantly, by determining a trend in
how the Young's modulus aﬀects the measured strains on Apophis
during the encounter, we can scale our measurements once the actual
Young's modulus is known. We equilibrate all of the bodies in this suite
of simulations for the same length of simulated time, bounded by the
model with the lowest Young's modulus (the longest equilibration
time), to ensure that they all experience the encounter at as close as
possible to the same spin orientation. We note that, similar to the situation above where changing the bulk density caused a change in the
overall body shape and thus the inertia tensor describing the body,
changing the Young's Modulus will cause an overall change in shape,
and thus inﬂuence the encounter orientation. Where before we estimate
that the change signal strength with encounter orientation is important
with regard to diﬀerences in bulk density, we estimate that the change
in signal strength due to the changing Young's Modulus will drown out
the changes due to encounter orientation (see Fig. 9).
In conjunction with these measurements of Young's modulus, we
investigate the eﬀects of particle resolution on the measured strain
during encounter. We investigate models with particle number N ranging from 100 to 10,000 by factors of 10. For each of these models, we
examine all 4 values of Young's modulus described above using the
same initial spin orientation in each encounter. The expectation is that
a lower-resolution model of Apophis experiences a greater strain signal
at each value of Young's modulus, because interparticle gravity will be
weaker due to larger-radius particles having larger particle center separations. Results for these and all other simulations are described in

to bulk density or initial spin orientation. The timestep and spring
constant do, however, change slightly in trials using diﬀerent particle
resolution, as changes to the typical particle radius are directly proportional to changes in kn for the same Young's modulus. We also examine a small number of cases where we change the Young's modulus
of the material to determine the eﬀects of diﬀerent material strengths
on the tidal stretching (see Section 2.2.3).
2.2.3. Variable initial conditions
Prior to beginning the encounter, we settle Apophis under one of
over 4000 spin states generated within the uncertainties of the nominal
solution found in Pravec et al. (2014). The spin states were generated
by integrating the non-principal-axis rotational motion of Apophis for
11 years (2013 to 2023) and choosing one orientation for each day at a
random time within the day. The interval does not include 2029, but we
simulate 32 non-repeating initial spin states randomly selected from the
list at constant bulk density, ρ ≈ 2.9 g/cm−3, in order to put constraints
on the possible outcomes given a range of plausible orientations at
perigee. We apply these spin states by imposing the randomly chosen
spin vector on the body, thus neglecting the tumbling motion of the
body in favor of a single mean spin. This approach assumes that the
non-principal axis motion of the body has a negligible eﬀect over the
encounter, as the mean spin period (30.56 ± 0.01 h) is close to the
precession period, but the rotation period is almost ten times longer
(Pravec et al., 2014), and the encounter timescale is less than both,
falling at about 10 h (Fig. 2). In other words, by using the mean as the
actual spin of Apophis, we are neglecting the eﬀects of varying centrifugal forces on the body. We show in B that, to ﬁrst order, the difference in the largest centrifugal acceleration on the body (if the spin
period were exactly equal to the precession period) and the centrifugal
acceleration from the mean spin is a few percent of the tidal acceleration felt at perigee, and therefore we may neglect its eﬀects. We use

Fig. 2. (a) A timeline of the encounter simulation (excluding settling time)
showing the intervals before, during, and after encounter, as well as the region
of maximum signal strength, labeled Perigee. (b) Trajectory of Apophis during
the encounter simulation in the geocentric equatorial coordinate system. The
dashed line represents the period in which Apophis is below the Earth's equator
(negative z-value) and the solid line shows the period in which Apophis is above
the Earth's equator. Encounter start, end, and maximum (perigee), as deﬁned in
Fig. 2a are noted with green, red, and black dots respectively. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this article.)
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simulated. While the Sun and Moon positions may have small eﬀects on
the strain and spin change experienced by Apophis, we expect that
these eﬀects will be negligible both on the encounter timescale and in
comparison to the eﬀect of the ﬁrst-order tidal stress from the Earth, but
may be investigated in future work. Furthermore, the eﬀect of the
Earth's oblateness (< 1%) on the spin pole is insigniﬁcant in comparison to the current uncertainties on the rotational phase and spin orientation.

Section 3.
2.3. Tidal stressing
We test our procedure by calculating and simulating the amount of
expected tidal stress experienced by two identical particles with their
center of mass in the same location as that expected of Apophis at
closest approach and oriented such that the tidal force at perigee is
maximized. Short simulations of this two-particle system in equilibrium
in free space versus equilibrium at perigee, using the same simulation
parameters as described in Section 2.2, show a change in particle separation approximately equal to 1 μm. This result is conﬁrmed by
analytical calculations using the ﬁrst-order approximation of the tidal
force of the Earth on the particles (A). Extrapolating this to the scale of
the full asteroid, we expect that the body will experience strains on the
scale of tens of microns. This amount of tidal strain is not enough to
separate grains that are in contact. Rather, it is best to think of the
strain as a rigid body deformation: grains in contact will not be sliding
past one another, but rather ﬂexing or “breathing” individually across
the entire body, implying that interparticle friction should not play a
large role in the signal measured. This estimate agrees with the classiﬁcation of the Apophis encounter according to Richardson et al.
(1998) in their Fig. 4 as an N-type, meaning no major change during the
encounter. That earlier work, however, did not have a suﬃciently accurate treatment of granular physics to measure the small changes that
we investigate in this paper. The overall eﬀect on the body will be
small, but the motion could be detectable by an in-situ seismometer
(Schmerr et al., 2018; see Section 4).

3. Simulation results
3.1. Runs performed & analysis methods
For each encounter, we characterize the maximum strain by determining the maximum change in axis length for each of the three
principal axes. We use tagged particles at the ends of the major, minor,
and intermediate axes and track the distance between the centers of
these particles to determine which body axis experiences the maximum
strain during the encounter. Note that, due to the coarse nature of this
model, these particles may not lie exactly along the principal axes, but
they will always be close. Also note that the maximum strain may not
always occur along the principal axes (although these axes will generally be most susceptible), which is partly why we also track changes
in axis length between seven random pairs of particles in the bodies.
These random pairs of particles are not constrained to lie just on the
surface of the body, so by tracking the change in their separations, we
can identify how the strength of the signal (that is, the stresses and
strains across the asteroid) changes in the interior of the body and along
arbitrary axes when compared to the changes along the principal body
axes. In determining the change in the spin state of Apophis during the
encounter, we measure the diﬀerence between the initial and ﬁnal bulk
spin periods of the body, to determine an increase or decrease.

2.4. Encounter details
As described in Section 2.2.1, each simulation is begun by settling
the rubble-pile model of Apophis under its own gravity and spin in free
space, with the bulk density and randomized initial spin state chosen as
detailed above. During the settling period, Apophis is subject only to its
own interparticle gravity and contact forces, and the simulation time
spans a suﬃcient interval for the body to fully equilibrate (generally
∼2 h of simulated time), with the equilibrium condition described
above (Section 2.2.1).
Once Apophis is settled, we put the body barycenter at the origin
and add a single particle with mass and relative position and velocity
representative of the Earth in the simulation. The initial conditions for
the encounter are taken from the hourly geocentric ephemeris of
Apophis from the JPL Horizons Database,2 as updated on August 2017
with the most recent radar data from Brozović et al. (2018). We begin
the encounter 5 h prior to close approach and end 6 h after, for a total
simulated time of 11 h per encounter (see Fig. 2 for details). We choose
these starting and ending times because preliminary trials showed that
the strains felt on Apophis were minimal from times about 3 h before
and after close approach; we then choose to allow for an extra 2–3 h of
time beyond that, so that we can accurately measure the tails of the
trends in the encounter during our analysis, as well as to ensure full
equilibrium before encounter. The encounter takes place in the Apophis
frame, such that Apophis remains at rest (except for its rotation) at the
origin to reduce round-oﬀ error. The Earth particle has motion such
that the initial position and velocity are equal and opposite to the positions and velocities given in the ephemeris for Apophis relative to
Earth at 5 h prior to perigee.
We model the Earth as a single rigid sphere, as we are mainly
concerned with the ﬁrst-order eﬀects of the Earth's perturbation on the
asteroid at close approach. To this end, the inclination of Apophis' orbit
with respect to the Earth's equator, the Earth's oblateness, and the positions of the Moon and Sun with respect to the target body are not
2

3.2. Dependence on variable initial spin orientations
3.2.1. Axis length change
Fig. 3 shows an example of the strains measured across Apophis
over the course of the nominal 2029 encounter trajectory. The typical
encounter timescale, constituting signiﬁcant changes in axis length or
spin period, lasts approximately 5 h. In the ﬁgure, and over the course
of these 5 h, one can clearly see the body axes go through stages of
tension (black line showing the minor axis), compression (blue line,
intermediate axis), or both (pink line, a random axis), depending on the
orientation of the axis during close approach. These behaviors are seen
along the segments separating the randomly selected ﬁducial particle
pairs at typically smaller amplitudes than along the primary body axes.
(For interpretation of the references to color in this section, the reader
is referred to the web version of this article.)
Table 2 summarizes results for the 32 simulations with the same
density (2.9 g/cm−3) but diﬀering initial spin states. Fig. 4 provides a
visual summary of the data for axis length change. Note for this table
and ﬁgure, only the maximum length change measured among the 3
principal axes in any given run was used. From these data, we see that a
typical maximum axis length change is approximately 0.130 mm for
these initial conditions, and that the range of encounter orientations
can result in (sometimes very large) increases or decreases to the asteroid's rotation period, or have little eﬀect at all.
3.2.2. Period change
Fig. 5 shows a nominal example, from the same run as in Fig. 3, of
the change in the spin frequency (the inverse of the spin period) of
Apophis over the course of the tidal encounter. We note that the
magnitude of the angular momentum is proportional to the magnitude
of the spin frequency due to the near-constancy of the inertia tensor
throughout the encounter; we calculate the angular momentum

https://ssd.jpl.nasa.gov/horizons.cgi.
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Fig. 3. Plot of the changes in the lengths of the 3 principal
axes and 7 random segments in Apophis. The maximum
measured strains along the primary body axes are given in
the legend, in microns, as determined by the method described in Section 3.1. Positive axis length changes show
particles under tension (being pulled apart) while negative
axis length changes show compression (being pushed together); the regions of tension and compression are
marked on the left side of the ﬁgure. The dashed vertical
line marks the point 5 h after the start of the simulation, at
the time that Apophis reaches perigee; note that this is
also the time at which most axes experience maximum
tension or compression. Transients seen at the start of the
encounter (left side of the image) along some of the axes
are remnants of the settling process. These transients have
amplitudes well below that of the signal measured at
perigee and are generally damped before the encounter
signal begins. (For interpretation of the references to color
in this ﬁgure, the reader is referred to the web version of
this article.)

Table 2
Outcome statistics for 32 Apophis encounter simulations with constant bulk
density and varying initial spin state (corresponding histograms of the axis
length and spin changes are shown in Figs. 4 and 6, respectively).
Quantity measured

Max.

Min.

Mean

Median

St. Dev.

Length change (mm)
Period change (h)

0.3038
14.440

0.0363
−7.603

0.1322
−0.065

0.1297
−1.854

0.0663
6.028

Fig. 5. Change in bulk spin magnitude (inverse of the period) and magnitude of
the angular momentum vector for Apophis during the same simulation as
shown in Fig. 3. Note that the evolution of the magnitude of the angular momentum vector is similar to the that of the spin frequency since the inertia
tensor is essentially constant in the body frame during the encounter; the body
does not appreciably change shape across the encounter. We also note that, for
similar reasons, the direction of the angular momentum vector does not appreciably change over the course of the encounter; its direction relative to the
direction of the spin axis maintains a value of ∼8∘ through this encounter. Also
notice that the spin rate of the object decreases by the end of the encounter and
reaches a new equilibrium in that new spin state. While not all trials show a
decrease (see Fig. 6), a new equilibrium spin is reached by the end of every
simulation.
Fig. 4. Histogram of the results for the maximum change in length measured
among the 3 principal body axes in each simulation. The most commonly
measured maximum change in axis length was between 0.125 mm and
0.145 mm. The red dot shows the mean change in axis length, with error bars
representing one standard deviation in the positive or negative directions. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

equivalent measure of the angular momentum in analyzing the change
in spin state. One can see, in this example, that the spin frequency of the
body follows the trend of a trailing-edge ﬂyby, as described in Scheeres
et al. (2000), such that the spin rate decreased as a result of the encounter. This result is not representative of all encounters, as the spin
orientation at close approach varied widely with the diﬀerences in initial spin state, and signatures of leading-edge, trailing-edge, and end
ﬂybys (Scheeres et al., 2000; see their Fig. 9) were observed several
times. In this and all other cases, Apophis' rotation state changes over
the course of the encounter (even stabilizing on these timescales).
The full results of the changes in the spin period of Apophis over the

→
→
̂ ∣ where I ̂ is the inertia tensor and →
magnitude from ∣ L ∣ = ∣I ω
ω is the
angular (spin) frequency vector. We also note that the direction of the
angular momentum vector does not change appreciably with respect to
the spin vector over the course of the encounter, maintaining an angle
of about 8∘ between them, and thus we use the spin frequency as an
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Fig. 7. Trends in the maximum change in axis length along the 3 primary body
axes for diﬀerent bulk density models of Apophis at 3 diﬀerent initial spin orientations. Each color/shape identiﬁes trials run with a speciﬁc spin orientation
(randomly chosen from the orientations sampled in the 32 trials over varying
spin states). See Section 4 for further discussion about the trends. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this article.)

Fig. 6. Histogram of results for the ﬁnal change in bulk spin period for each
encounter simulation. The most commonly measured ﬁnal period change was
between −1 h and − 3 h. The red dot shows the mean change in bulk spin
period, with error bars representing one standard deviation in the positive or
negative directions. The largest change represents a nearly 50% increase in the
spin period of Apophis, but a negligible (close to 0 h) change is also a possible
outcome. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

Apophis model of higher mass (see Section 2.2.3). In the speciﬁc case
represented by random sample 1 in Fig. 7, the principal axis experiencing the greatest acceleration is close to pointing parallel to the Earth
at the time of perigee, thus causing larger variations in the strain along
that axis, despite the increases in bulk density.

course of the encounter are shown in Fig. 6 and are summarized in
Table 2. Note in Fig. 6 that, while the mean change in the spin period is
close to 0 h, the statistic that perhaps better represents the changes seen
in the bulk spin period may be the standard deviation, coming out
to ± 6 h, indicating the large eﬀect that the body orientation can have
on the bulk spin period post-encounter. In some cases, the period of
Apophis was increased by nearly 50%, but the most typical change to
the spin period was a decrease by between 1 and 3 h. These results
agree well with those found by Scheeres et al. (2005) for a rigid, triaxial ellipsoid with axis length ratios of 1.4 between the major and
intermediate axes and 0.8 between the minor and intermediate axes
(see their Fig. 1).

3.3.2. Period change
Fig. 8 shows the trends in the diﬀerence in ﬁnal and initial bulk
rotation periods across the encounter for the same 18 trials described
above. In all three sets, for bulk densities > 2 g/cm−3, we see the trend

3.3. Dependence on variable initial bulk densities
3.3.1. Axis length change
A suite of simulations across diﬀerent bulk densities but at the same
spin state (as described in Section 3.1) were also performed, to see the
how trends for the changes in maximum axis length and rotation period
across the encounter depend on bulk density.
Fig. 7 shows the trends in the maximum change in axis length
(deﬁned as above) across 18 varying-density trials separated into 3
diﬀerent initial spin orientations and 6 diﬀerent bulk densities at each
orientation. The orientations were chosen randomly from among those
used in the trials discussed in the previous section; we used three to get
a representative sample, as it was too expensive to do this analysis for
every initial spin orientation considered in Section 3.2. In random
samples 2 (blue) and 3 (green), and for bulk densities > 2 g/cm−3, we
see that as the bulk density gets larger, the maximum strain along the
axis decreases. The trend seen in the last set (red) shows the maximum
axis length change increasing as the density increases from 3.1 g/cm−3
to 3.6 g/cm−3 — the opposite of the expected trend with increasing
mass. Additionally, we note that there was a signiﬁcantly larger strain
for a density of 1.1 g/cm−3 in random sample 1, a trend which is not
apparent in the other two data sets. Upon further inspection, we see
that the orientation at perigee changes slightly as the bulk density increases, due to diﬀerences in the torques per unit mass acting on an

Fig. 8. Changes in the bulk spin period during 3 sets of simulations over varying
bulk density with constant initial spin orientations. Note that, for each initial
spin state, the trend for the change in spin period remains mostly constant (but
very slightly decreases) with increasing bulk density. As in Fig. 7, the diﬀerent
colors/shapes refer to diﬀerent initial spin orientations, chosen from the initial
spin states sampled in the 32 trials over varying spin orientation at constant
density. Non-conforming behavior for low-density cases is discussed in Section
4. (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this article.)
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force law only operates between individual particles. We note that we
only considered HCP conﬁgurations (see Section 2.2.1), so the dependence may be diﬀerent for other internal particle conﬁgurations, which
we will investigate in future work. Further, we note from this ﬁgure
that particle resolution has little eﬀect on the signal measured as long as
the body is started with the same initial encounter orientation.

of a nearly constant change in the bulk spin period across the encounter
for each diﬀerent density. This near constancy makes sense, as the
moment arm barely changes for this range of bulk densities and choice
of Young's modulus, and angular accelerations on a more massive body
are expected to remain constant as well. In random sample 1, we expect
that the slight changes in the body's orientation at perigee, due to the
changing inertia tensor, as mentioned in Section 2.2.3, are causing
larger variations at low densities in the post-encounter period change
because the primary axis experiencing the greatest change is pointed
closer to parallel with the Earth at the time of perigee.

4. Discussion
We ﬁnd, in our simulations, that the dependence on the bulk density
of the maximum axis length change and change in spin period is small
for bulk densities greater than or equal to about 1.6 g/cm−3. At the very
lowest bulk densities tested, around 1.1 g/cm−3, we ﬁnd that we may
be approaching densities close enough to the Roche limit of the body
that particularly strong encounter orientations can cause deviations
from the behavior expected from higher density models. These results
support our hypothesis that the orientation of Apophis at perigee, due
to its rotational state, has a much larger eﬀect on both the change in
spin state and the expected strain during the encounter. As one can see
in Fig. 8, the diﬀerence in period change between the ﬁrst and last
points of the red data set, marking the biggest diﬀerence between points
with the same encounter orientation, is no larger than the diﬀerence
between any given pair of points in the red and green data sets for the
same density (for interpretation of colors, please see the web version of
this article). Even looking at the results in Table 2, we see that the
standard deviation among trials with diﬀerent spin states ( ± 6 h) is
much larger than the typical diﬀerence between points for trials with
diﬀerent densities and the same spin state (< 1 h). Similar arguments
hold for the strain results. Furthermore, our results for the typical
change in spin period based on encounter orientation (see Fig. 6) agree
well with the results found in Scheeres et al. (2005).
In our simulations, we vary the bulk density of Apophis by scaling
the mass of each particle at ﬁxed particle radius, thereby maintaining
the dimensions of the body but changing its total mass. In reality, the
densities of the constituent grains that make up Apophis, assuming it is
a rubble-pile and an S-type asteroid (Binzel et al., 2009), will all be in
the region of 3.1 to 3.8 g/cm−3 (Flynn et al., 1999; Britt et al., 2002).
The diﬀerences we model in bulk density should therefore come from
the porosity of the body — void space between the constituent blocks
and grains that make up its interior. This is seen in the case of Itokawa
in that it, too, is an S-class asteroid (Binzel et al., 2001) and a rubble
pile of bulk density 1.9 g/cm−3 with constituent grains having bulk
density in the range speciﬁed above, but a bulk porosity of approximately 40% (Abe et al., 2006). This implies that the large changes to
the mass of Apophis that are made in our simulations to sample different bulk densities and measure the eﬀects of such changes should be
interpreted carefully. Despite these caveats, our result regarding
changes in bulk density having much smaller eﬀects on the typical
strain and spin change measured during the encounter give us conﬁdence that the non-physical eﬀects of our method of varying bulk
density are minimal.
The remainder of our simulations shows that varying the Young's
modulus of the constituent grains had a large eﬀect on the strains
measured. A factor of 10 diﬀerence in Young's modulus led to almost
exactly a factor of 10 diﬀerence in maximum strain measured along one
of the primary body axes. This shows that the Young's modulus, or
material strength, of the regolith on the actual asteroid will have a
signiﬁcant eﬀect on what types of seismic signals one could measure
during the encounter with an in-situ seismometer or other device. We
are able to characterize this dependence using the ﬁt equation shown in
Fig. 9. This ﬁt shows that we can delineate an expected range for the
strength of the strain signal, given a plausible range for the value of the
Young's modulus. Since the Young's modulus of the material has the
largest inﬂuence on the strength of the tidal encounter, plausible estimates of this parameter could provide a ﬁrst-order constraint on the
necessary sensitivity of an instrument attempting to measure the

3.4. Dependence on choice of Young's modulus
The ﬁnal suite of simulations were made using a constant spin state
and constant bulk density of 2.9 g/cm−3, but with a varying choice of
Young's modulus, which directly relates to a diﬀerent spring force between the particles. These simulations were performed in order to determine how the signal that we measure in the simulations scales with
the Young's modulus of the body, as a higher material strength could
dampen the strain signal measured. For these encounters, we chose
Young's moduli ranging, by factors of 10, from 1 kPa to 1 MPa. The
trend for these data is shown in Fig. 9.
Note, in Fig. 9, that the trends in the ﬁt line show the maximum axis
length change go to 0 as Young's modulus goes to inﬁnity, meaning that
an inﬁnitely strong material will show no strain during the encounter,
as expected. The trend as Young's modulus goes to 0 shows the maximum axis length change going to inﬁnity, but this bound is limited by
the breakup of the body: in cases of an asteroid with suﬃciently low
Young's modulus, the body will disassociate before reaching perigee.
This relationship follows if the strain is directly proportional to the
stress with the constant of proportionality being the Young's modulus.
This seems to hold for the body as a whole, even though the contact

Fig. 9. Trends in the maximum change in axis length among the 3 primary body
axes for diﬀerent choices of Young's modulus and particle resolution. The lines
represent ﬁt lines through the data, described by equations of the form
m
ℓ = Y + b where m is a ﬁt parameter with units equivalent to a spring constant

(e.g. m = 26.54 ± 0.001 kPa mm for the black line), b is a ﬁt parameter with
units of length and is of order 0 (e.g. (2.2 ± 5.4) × 10−4 mm for the black
line), and ℓ and Y are the maximum axis length change during the encounter
(mm) and Young's modulus (kPa), respectively. Trials with the same “data set”
marking indicate the same initial spin state but diﬀerent particle resolutions.
The blue and black data sets have the same resolution (N = 104), but a diﬀerent
initial encounter orientation. Note that a Young's modulus a factor of 10 larger
results in a signal strength almost exactly 10 times smaller. (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)
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Fig. 10. A comparison of the tidal-encounter-produced
ground motion to seismic signal environments on the Earth
and Moon. The Welch power spectral density is derived from
the numerically calculated acceleration along the minor axis.
This shows the maximum length change during our nominal
tidal encounter. Also plotted are the high- and low-noise
seismic models for the Earth (Peterson, 1993) and baseline
requirement for a future lunar seismometer (Cohen et al.,
2009). Error bars represent the range of behavior based on
Young's modulus 103 (strongest signal) and 109 (weakest
signal) Pa based on the typical trend shown in Fig. 9. The
frequency used in the calculation of the Welch power spectral density was the length of one timestep (≈6 min) in Hz.

may be mitigated, however, by our use of monodisperse spheres in an
HCP conﬁguration. HCP is the packing distribution that allows the least
amount of void space between monodisperse spheres, meaning that the
particles in our simulation are packed about as tightly as possible, and
therefore HCP damps the signal by some amount. We know from images
of Itokawa (Abe et al., 2006; Barnouin-Jha et al., 2008) that Apophis is
likely composed of many > 10,000 grains, that the grain size will likely
vary from sandlike (micron scale) to boulders (meter scale), and that
the constituent regolith will almost certainly not be packed in a perfect
HCP conﬁguration (since, at a minimum, grains are not likely to be
spherical). In general, we expect that the HCP conﬁguration has done
more to damp the predicted strains from the encounter than other effects have done to amplify it. The results presented here, then, may
actually be conservative estimates of the typical strains and spin
changes that can be expected in the 2029 Apophis tidal encounter with
the Earth (also see Yu et al., 2014).

strength of the strain signal on a potential mission to the body.
Using data from an encounter with a maximum axis length change
close to the mean value we found across all of our trials, we determined
the acceleration of the strain vector along the axis showing the maximum length change. The resulting acceleration is a low-frequency
ground motion that could be detectable by a high-sensitivity, longperiod seismometer placed on the surface of the asteroid. To determine
how sensitive an instrument would need to be in order to observe the
tidally induced ground motion, we plot the Welch power spectral
density (PSD) of the acceleration of the strain vector along that axis
next to the data for the high- and low-noise-models for the Earth
(Peterson, 1993) and the lunar requirement based on seismic data from
Moon missions (Cohen et al., 2009) in Fig. 10. We extend our previously investigated range of Young's modulus from 103 to 109 Pa and
show this range as error bars in the PSD of the data. These data allow us
to determine a baseline for the strength of the tidal seismic signals that
an in-situ seismometer would be able to measure. We see in Fig. 10 that,
for a typical Young's modulus around 1 MPa, the expected tidal seismic
signal would be below the background noise ﬂoor on Earth. However,
the predicted tidal signal is just above or near the projected background
instrumental noise ﬂoor requirement determined for future instrumentation that would be deployed to the Moon (Cohen et al., 2009).
Instrumentation developed for this next generation of space seismometers, such as those proposed in Schmerr et al. (2018), should have
the sensitivity to measure low-frequency signals (< 1 mHz) like those
we predict. Detection of asteroid seismicity such as micrometeorite
impacts or tidally induced disturbances (such as small surface landslides) would require seismometers that operate at much higher frequencies (> 1 Hz).
Finally, we note the eﬀect of the model resolution on the measured
strain during the encounter. We see in Fig. 9 that, as the number of
particles in the model increases (and thus the size of any given particle
decreases), we see little change in the maximum strain. This makes
sense based on our discussion in Section 2.2.2: since the spring constant
is directly proportional to the particle size for a constant Young's
modulus, we would expect little to no diﬀerence in measured strain for
trials with lower resolutions and identical initial encounter orientations. We do expect that even with our best particle resolution, about
7 m in radius, small-scale granular eﬀects occurring in particles of
centimeter-size or less as predicted in Yu et al. (2014) are not observable. Our models with Young's modulus Y = 106 may also overestimate the strains during encounter due to the large uncertainties in
determining a representative value for this number. This overestimate

5. Summary
In summary, these are the main results of our simulations:

• The expected maximum detectable strain is 0.133 ± 0.066 mm for
•
•

•
•
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a model of Apophis with bulk density 2.9 g/cm−3 and material
parameters representative of terrestrial gravels/silts with a Young's
modulus of 106 Pa.
A deployed seismometer of appropriate sampling frequency
(< 10−3 Hz) and sensitivity (see Fig. 10) would be capable of detecting a strain signal of this magnitude over the length of time of
the encounter (Schmerr et al., 2018).
The expected change in the bulk rotation period of the same model
of Apophis covers a wide range, up to a 50% increase or a 33%
decrease for the cases examined. A change in spin state of this
magnitude could change the Yarkovsky forces acting on the body,
and thus change its post-encounter orbital solution. The factor that
contributes the most to a change in the Yarkovsky forces, however,
is the change in direction of the angular momentum vector, which is
not measured here.
The most signiﬁcant factors in determining the maximum detectable
strain or change in bulk rotation period are the material strength of
the regolith on Apophis, and its orientation at perigee.
The bulk density of Apophis has little eﬀect, when compared to the
perigee orientation or Young's modulus, on the maximum detectable
strain or change in bulk rotation period for this particular encounter
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inspired by insights from Brozović et al. (2018), where their best-ﬁt
shape model, the one that was used for these simulations, resembles a
contact binary, generated from two ellipsoidal components in contact.
This scenario may aﬀect the strain detected through the encounter
because two larger boulders in contact are more easily detachable by
tidal forces than a collection of loose grains (Richardson et al., 2005).

scenario.
6. Future work
Some of the most interesting possible continuations of this work
would be to perform a similar suite of simulations using a diﬀerent
packing distribution, a range of particle sizes, or both. We note above
that HCP has the highest packing eﬃciency for monodisperse spheres,
and therefore leaves the least void space in the body. In order to create
a more realistic model of Apophis, one could generate a randomly
packed particle distribution using polydisperse particle sizes. This different packing distribution would create the potential for more void
space in the body and less regularity in the spacing among interior and
exterior grains. Speciﬁcally, the body would likely have a lower shear
strength, meaning it would be more deformable, and therefore one may
see a larger strain signal. In addition, force chains will be more isotropic.
One could also investigate a model of Apophis as a collection of
larger, rigid-aggregate cores covered by layers of regolith. This model is
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Appendix A. Estimate of expected strain
We examine a scenario with two identical, spherical particles in contact and ﬁnd the diﬀerence in their equilibrium overlap distance, as described
in Section 2.2.2, when they are in free space versus when they are under the inﬂuence of Earth's gravity, with the system's center of mass distance
located at the nominal center of mass distance to Apophis at its 2029 perigee. The particles are aligned such that the axis through the particle centers
also goes through the center of the Earth, so the maximum diﬀerence in tidal force is experienced and all vectors can be represented as acting in a
positive or negative direction along this axis. The total gravitational force on each particle is the vector sum of the interparticle gravitational force
and the tidal force felt from the Earth,

Fgi = −
Fgj =

Gmi mj
rp2

Gmi mj
rp2

+

+

GME mi
ri2

(A.1)

GME mj
r j2

(A.2)

where G is Newton's gravitational constant, mi, j represent the (identical) masses of the particles, ME is the mass of the Earth, rp is the distance
between the particle centers, and ri, j are the distances of the respective particle centers from the Earth center, where particle i is closer to the Earth
than particle j. When looking at the distances between the particle centers and the distances between particle-centers and Earth-center, we must be
careful to account for the overlap between the particles resulting from the SSDEM implementation. We use particles with radius 7.14 m and mass
density 3.94 g/cm−3, as used in our simulations, thus with particle masses equal to 6.12 × 106 kg. We then calculate the diﬀerence in the gravitational forces acting on the particles, balance this diﬀerence in gravitational force with the restoring spring force from the SSDEM implementation,
and solve for the change in the equilibrium particle position (Δx).

ΔFg = Fgi − Fgj
Δx =

(A.3)

−ΔFg
(A.4)

kn

We use the values of particle radii and spring constant deﬁned in Section 2.
We calculate the perigee distance of Apophis (3.79 × 107 m) using the semimajor axis (−1.17 × 107 m) and eccentricity (4.25) from the updated
ephemeris (Brozović et al., 2018). This calculation ﬁnds Δx ≈ 1 μm (10−6 m): a reasonable value, considering the small masses of the particles and
the large distances from the Earth.
Appendix B. Comparison of centrifugal and tidal accelerations
The true spin state of Apophis consists of tumbling motion with rotation and precession periods 263 ± 6 h and 27.38 ± 0.07 h, respectively,
thus with a mean spin period of 30.56 ± 0.01 h (Pravec et al., 2014). In this investigation, we have assumed Apophis not to be in a tumbling state
with changing centrifugal accelerations, but rather in a spin state with approximately the mean spin period about a randomly chosen spin axis from a
set of plausible values (Section 2.2.3). Here, we show that the maximum diﬀerence between the strongest outward centrifugal acceleration, where
Apophis is rotating with a period equivalent to its true precession period, and the centrifugal accelerations that we model by using the mean spin are
negligible compared to the tidal accelerations experienced at perigee.
We ﬁrst calculate the diﬀerential of the centrifugal acceleration with respect to the spin frequency:
(B.1)

Δac ≈ 2ωLΔω

Here, we use the mean spin frequency corresponding to a period of 30.56 h for ω and the diﬀerence in frequencies between ω and the frequency

3
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corresponding to a period of 27.38 h for Δω. We also deﬁne L as the typical length scale of the body, about 200 m for the radius of the long axis. Using
these values, we ﬁnd that Δac ≈ 1 × 10−7 m s−2.
Next, we calculate the ﬁrst order tidal acceleration felt at a perigee distance of 5.7 Earth radii, or 3.6 × 107 m:

Δat ≈

2GML
q3

(B.2)

Here, we use the same length scale as before, the perigee distance q in meters, M as the Earth's mass in kg, and G in SI units. With these values, we
ﬁnd Δat ≈ 3 × 10−6 m s−2. Comparing this with the previous value, we see that the diﬀerence in the centrifugal acceleration in the worst case is
about 3% of the tidal acceleration felt at perigee. We deem this small contribution to be negligible even in this extreme case when the body is
rotating with period equal to the precession period. This means that the changing centrifugal accelerations due to the tumbling motion of the body
will not make a signiﬁcant diﬀerence in the strain signal measured due to the tidal accelerations.
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