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Abstract

We present numerical experiments investigating the shape and spin limits of self-gravitating “perfect” rubble piles that consist of identical,
smooth, rigid, spherical particles with configurable normal coefficient of restitution and no sliding friction. Such constructs are currently
employed in a variety of investigations, ranging from the formation of asteroid satellites to the dynamical properties of Saturn’s densest
rings. We find that, owing to cannonball stacking behavior, rubble piles can maintain non-spherical shapes without bulk spin, unlike a fluid,
and can spin faster than a perfect fluid before shedding mass, consistent with the theory for the more general continuum rubble pile model
(Holsapple, 2004, Icarus 172, 272—-303). Rubble piles that reassemble following a catastrophic disruption reconfigure themselves to lie
within stability limits predicted by the continuum theory. We also find that coarse configurations consisting of a small number of particles
are more resistant to tidal disruption than fine configurations with many particles. Overall this study shows that idealized rubble piles behave
qualitatively in a manner similar to certain granular materials, at least in the limit where global shape readjustments and/or mass shedding
begins. The limits obtained here may provide constraints on the possible internal structure of some small Solar System bodies that have
extreme shapes or are under high stress. Amalthea is presented as a case study.

0 2004 Elsevier Inc. All rights reserved.
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1. Introduction for a review). We define a “gravitational aggregate” to be a
o body of low tensile strength made up of competent pieces
1.1. Motivation and bound together by gravity. We define a “rubble pile” to

be a special case of gravitational aggregate with virtually
zerotensile strength and moderate porosity (as might arise
from jumbling of the component pieces) that may or may
phot represent the actual internal structure of some of these
Solar System bodies. For the purpose of this paper, a “per-
fect” rubble pile has zero tensile strength and is made up of
- identical, smooth, rigid, spherical particles of uniform inter-
" Corresponding author. Fax: +1-301-314-9067. nal density that cannot interlock in any way and that cannot
| E-mail addressder@astro.umd.ed(.C. Richardson). , change shape. An appropriate analogy is a pile of billiard
Ten3|le strengtlis thg ability to rggst stretching, sugh a§ thatlmparted balls. Perfect rubble piles have the advantage that they are
by a tidal encounter. Distinct from this$hear strengthwhich is the ability
to resist shearing or sliding motions. Loosely consolidated material gener- among the simplest granular materials to model numerically,
ally has no tensile strength; but, when the particles are being forced together,since collisions between spheres are always central impacts
it will have shear strength by virtue of geometric interlocking of its parti- gt 5 single point of contact and the external gravitational po-

cles. It will not have shear strength in the absence of confining compressive . . T . .
pressure. For example, dry sand has shear strength when undercompressivteentlal due to a spherical mass distribution is equivalent to

pressures, but no tensile strength; liquid water has neither shear nor tensilethe F_)Ote.ntial due a .single point located at the center of the
strength. distribution and having the same total mass.

The possibility that many small bodies in the Solar
System—from comets to asteroids to small moons—may
be highly fractured, and thus have low tensile strefdias
received increased consideration based on growing, thoug
largely circumstantial evidence (sBé&hardson et al., 2002
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A variety of investigations have been carried out that em- 1.2. Definitions

ploy perfect rubble piles in their numerical models, includ-
ing, most recently, tidal disruption of asteroi@Richardson For the purpose of comparing our numerical models to
et al., 1998; Richardson and Scheeres, 20p@netesimal  continuum models (i.e., those containing effectively an infi-
evolution (Leinhardt and Richardson, 2002; Tanga et al., nite number of particles), we restrict our discussiotriex-
2004) ring particle dynamicgPorco et al., 2003; Walsh ial ellipsoidsof uniform mass densitythat is, bodies whose
and Richardson, 2004and comet splitting\Weissman et surfaces satisfy the equation
al., 2003) Alternative rubble pile models employ ellipsoidal
(Roig et al., 2003pr polygonal(Korycansky, 2004 parti- (x—x)2  (—y)? | (@—zc)?

) . + + =1, (D)
cles, but have not yet been employed in full-scale simula- a% ag a%
tions. Other investigations have precluded direct modeling
with perfect rubble piles due to the large number of parti- ** ] : : -
cles involved (and instead simply merge particles together Cident with the center of gravity)x, y, z) is a point on
when they come back in contact), but will likely employ the surface measured in the body frame (i.e., the frame in

such techniques in the future as algorithms and hardwareVhich thex, y, andz directions are aligned with the ma-
improve. Examples include the post-collision formation of 1°F intermediate, and minor axes of the body, respectively),

asteroid familiegMichel et al., 2004pnd asteroid satellites @nda1, a2, andag are the semi-major, semi-intermediate,
(Durda et al., 2004)lt is therefore important to understand and semi-minor axis lengths of the ellipsoid, respectively (so
how idealizations in the model may affect the outcomes so 91 = 42 = ?3)- ) )
that proper inferences may be drawn. We define the axis ratiog, = az/a1 andqs = az/a1, SO

Itis also of intrinsic interest to study perfect rubble piles thatgs < g2 < 1. With these definitions, a perfect sphere
as a special limiting case of the general problem of self- N@s¢3 = g2 =1, an oblate ellipsoid (which we will call an
gravitating granular media, a topic with a range of applica- ©bl0id, shaped like a soy burger) has < ¢> = 1, and a pro-
bility, from theoretical mechanics to material transport on late ellipsoid (which we will call roloid, shaped like a tofu
asteroid surfaces. In particular, recent interpretation of as- 409) hasjs = g2 < 1. Obloids and proloids by this definition
teroid lightcurves (e.g.Pravec et al., 2002shows that all a_lrebllaX|aI elllp_smds, ie., degenerate examp_les of triaxial el-
asteroids with diameters in excess of 150 m are (within un- liPsoids. Obloids are sometimes callggheroidshence the
certainties) inside the limits for mass shedding at the equa-t€rm “Maclaurin spheroid.”
tor for unconsolidated materials, as notedHrris (1996)
They are also within the more stringent equilibrium limits 1.3. Previous work
discussed here for rubble piles with no cohesion, using ei-
ther the continuum results éfolsapple (2001pr the results Holsapple (2001)provides a concise review of the de-
of this paper. For the smaller bodies, the so-called “fast ro- velopment of spin/shape equilibrium theory for fluids and
tators,” much larger spins are observed from the lightcurves; solids over the past three-and-a-half centuries. This review
but, as noted byPravec et al. (2002Wery small cohesion  will not be repeated here, apart from noting that for per-
could accommodate all observed spins. Inddd¢alsapple fect, self-gravitating, incompressible fluids, there is a lim-
(2003)shows that explicit spin-limit curves for bodies with ited locus of stable permissible spin and shape combina-
cohesion smoothly bound all the data if the body has a cohe-tions, of which the Maclaurin spheroids and Jacobi ellip-
sion of only a few kPa, which is on the order of the cohesion soids are the most familiar examples (also Baeey and
of the lunar regolith. Tremaine, 1987, Section 4.§.IFigure 2 (cf. Section3)

In this paper, our first approach to investigating the prop- shows the Maclaurin and Jacobi curves together on a plot
erties of perfect rubble piles is to determine how they com- of normalized body spin vs. axis ratigs (red curve) ands
pare to perfect fluids and continuum granular materials by (green curve). These are numerical solutions to Eq. (4-197)
testing their spin and shape limits numerically. Since analyt- of Binney and Tremaine (198@ptained using the GNU Sci-
ical descriptions of fluid behavior (as well as more general entific Library? The curves indicate permissibje andgs
granular configurations; cf. Sectidn3) exist, this provides  values for a fluid, where the upper segment of both curves
a good reference point for finding properties unique to rub- together describe the Maclaurin spheroigs i6 fixed at 1
ble piles. We also briefly consider the equilibrium states of a and onlygs varies with spin, so these are obloids) and the
perfect rubble pile under tidal stress. lower segments describe the Jacobi ellipsoids (for which

In the remaining subsections of this introduction we there is a uniquey,, g3 pairing for each allowed spin).
present more definitions, outline previous work, and detalil
certain special cases that will prove useful in comparing our
results with earlier work. In the remainder of the paper, we . ™ ) i . :

. . . . since it consists of solid spheres interspersed with empty space, but over
O!Jtlme our nume”(j‘al proeedure in Sectidn preser_lt an_d volumes large compared to the component spheres the bulk density is the
discuss our results in Secti@nand offer our conclusions in  same everywhere in the body.

Sectiord. 3 http://www.gnu.org/software/gsl/

where (x., yc, z¢) is the location of the body center (coin-

2 Note that a rubble pile doesot strictly have uniform mass density,
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The unstable extension of the Maclaurin sequence is notl.4. Special cases of the continuum theories
shown.

In his paperHolsapple (2001)developed a detailed the- It is instructive to consider a few special cases in the con-
ory of the possible spin and shape configurations of solid tinuum limit as fiducials for our numerical experiments. The
cohesionless bodies as a function of the Mohr—Coulomb Maclaurin and Jacobi curves have already been mentioned
friction angle¢ of the component material in the contin- (cf. Fig. 2a). Since our perfect rubble piles consist of finite
uum limit. (A perfect fluid hasp = 0°; typical terrestrial solid components, the spin limit of a test particle to remain
granular materials havé ~ 30°.) In common experience, ©n the surface of a solid body is also of interest. This can
grains of sand poured onto a table will form a pile with P€ obtained simply by equating the centrifugal acceleration
a maximum slope, or angle of repose, equal to the angIeOf the test particle due to rotation of the body to the grav-
of friction, namely~ 30°, while water poured onto a ta- itational acceleration of the particle from the body. For the
ble will not form a pile at all. For sand, a combination Cas€ of a rigid sphere, the spin limit at the equator can be

of interparticle friction, cannonball stacking, and geometric expressed as
locking keeps the pile from spreading out. In other words, . 2
i iti i —=,/==082

sand has shear strength in some conditions. Interestmgly,m 3
addingsomewater to a sand pile allowg — 90° or more,
which is why sandcastles can stand ufoinbaker et al.,
1997 alsoAlbert et al., 199Y. Holsapple (2001jound that,
unlike perfect fluids, cohesionless bodies can occups-a
gion of permissible shape and spin combinations, roughly
centered on the classic fluid curves. Comparing his results
against a database of 845 real asteroktisisapple (2001) ®max 1 1—e¢

; ; ; ; ———=—5(?=1)| 2¢+In ,
showed that virtually all asteroids are consistent with cohe J27Gp &2 1+e
sionless moderate-porosity structures in the granular contin-
uum limit.> However, the continuum models and the perfect wheree = ./1 — qg is the eccentricity of the body. A similar

rubble pile models here are different, since the latter con- expression can be derived for a particle on the equator of an
sist of finite-size components that are not in the continuum gpjoid. Note Eq(3) is equivalent to the cohesionless proloid

limit. Therefore, an important justification for the present granular pile case in the limit of 9Cfriction angle (cf. the
study was to investigate the differencetndeed, we find ¢ — 90° curve in Fig. 3 ofHolsapple, 200

)

wherep is the bulk density of the body. For a rigid proloid,

it is necessary to perform a volume integral over the mass
density to compute the gravitational acceleratidpgendix

A; also sedHarris, 2002, Appendix The result for a particle
onthetipis

©)

that theHolsapple (2001 = 40° limiting curves for pro- Often the ellipsoid is approximated as a point mass for the
loids are a good representation of our numerical results (cf. purpose of computing the gravitational acceleration, leading
Section3). to the following approximate spin limit for a rigid proloid

Using a different approachiVashabaugh and Scheeres (see, e.g.Harris, 1996 alsoPravec and Harris, 2000
(2002) investigated the energy and stress distributions in

spinning elastic ellipsoids using a constitutive law, with to- ~ @max _ [2(1— e?) (4)
tal mass and angular momentum strictly conserved. In this /27 Gp 3

approach, for a given angular momentum, incompressible Equations(3) and (4)are plotted inFig. 2a (cf. Sectior),
bodies in the minimum elastic energy state correspond 10 the former as a dashed blue curve, the latter as a dotted ma-
Maclaurin spheroids and Jacobi ellipsoids, but do not match genta line. Note that both curves have the expected limiting
well with observations of asteroids. Moreover, if asteroids behavior in the sense that they are coincident at the Origin
are incompressible rubble piled/ashabaugh and Scheeres and at the limit of the spherical case given by E).
(2002) showed they would be under tensile stress and so  Also shown among the fiducials Bfg. 2a is the case, for
require some type of cohesion between the component ma-a proloid, of granular material witth = 40°, from Fig. 3 of
terial. On the other hand, if some compressibility is allowed, Holsapple (2001)The lower and upper limit curves, shown
the elastic energy minima are broader and can encompasas dotted and dashed light gray lines, respectively, delineate
observations. They conclude that rubble piles could be con-the region inside which a cohesionless granular pile with
sistent with observations. ¢ = 40° is within yield (that is, material in the pile does
not start to flow). We will find that all the rubble pile cases

- studied here lie between these fiducials.

4 Also seeHolsapple (2004¥or new, completely generalized closed-
form derivations, viz. his Eqg. (6.3).

5 SeeFarinella et al. (1981andWeidenschilling (1981jor earlier stud-
ies of fluid spin/shape equilibria among asteroids.

6 Preliminary comparisons were performed and reporteBditke et al. . . . .
(1999) who found broad similarities between rubble piles and sandpilesin ~ All simulations were carried out usingkdgrav, an
2D, including a rough match for an empirically derived angle of repose. ~ N-body gravity tree code that allows for interparticle col-

2. Method
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lisions (Richardson et al., 2000; Stadel, 200Mjitial con-
ditions were generated and analysis was performed using
codes auxiliary tpkdgr av. Perl scripts were written to au-
tomate the generation and analysis of the hundreds of runs
performed. The runs themselves were managed using the
condor high-throughput environmehton a private clus-

ter of PCs in the Department of Astronomy at the University
of Maryland® Typically a run required~ 8 CPU h or less to
complete.

2.1. Initial conditions

The initial conditions for each run consisted of a single Fig. 1. Sample rubble pile used for testing. This example has 897 parti-
rubble pile rotating uniformly about the axis of maximum in- cles (the target was 1000), witp = 0.50 andg3 = 0.48 (the target was
ertia (equivalently, the shortest axis). In order to investigate 92 = 93 = 0.5). The arrows indicate the sense of rotation, in this case

. . around the maximum moment axis.
the effect of numerical resolution on the outcome, rubble
piles with N ~ 100 andN ~ 1000 particles were generated.
In each case, the desired axis lengths were specified (onlype for a particle is typically 15-2 times larger thap for the
proloids were considered as initial conditions for this investi- rubble pile due to the macroporosity). Runs were carried out
gation, sai» = a3 for each body at the start) and the resulting for at least 10 rotations (based on the starting spin period), or
ellipsoidal volume was filled with equal-size spheres in a until equilibrium was reached (i.e., the point beyond which
hexagonal close-packed (HCP) configura(iBichardson et no further significant change to the largest remnant seemed
al., 1998) Note that since the component spheres in HCP likely, based on examination of animations of each simula-
configurations are identical, it was generally not possible to tion).
fill the target shapes with exactly the desired number of par-  In order to test the effect of the (normal) coefficient of
ticles (e.g., for a spherical shape with a taryet 1000, the restitutione,, on the outcome, values ef, = 0.8 for both
closest matching configuration wifti < 1000 hasVv = 955; the N ~ 100 case an@&v' ~ 1000 case, and 0.5 for just the
for non-spherical shapes the component particle radius wasN ~ 100 case, were investigated, wheyevalues of 0 and 1
adjusted to stay as close to the desirédas possible; see  refer to perfectly inelastic and perfectly elastic outcomes, re-
Section2.3.1for other caveats regarding the shapes of rubble spectively. The tangential coefficient of restitutigrwas set
piles). Starting axis ratiog; of 0.1,0.2, ..., 1 were investi- to unity in all cases, meaning there was no sliding friction
gated (recalyz = g2 < 1 for proloids). The desired spinwas between spheres.
imposed by setting the velocity of each sphere according to  Simulations of densely packed self-gravitating particles
V; = w x I';, wherew is the (unnormalized) spin vector and can be computationally expensive when< 1 if there is
is the position vectofx;, y;, z;) of each sphere relative tothe  no energy gain to offset collisional loss, since the time be-
body center of mass. Starting spins 002 0.04,...,0.84 tween collisions can become arbitrarily short. To counteract
(in units of /27 Gp) were tested. The starting bulk density  this, particles colliding at< 10% of their mutual surface
was set to 2000 kg ¥ (to represent a generic asteroid den- escape speed were forced to haye= 1 (cf. the “sliding
sity, but the results are scaled by density anyway) by varying phase” correction described IRetit and Hénon, 1987ef-
the internal density of th&v generated particles appropri- fectively giving the rubble pile a minimum “temperature”
ately.Figure 1shows a typical starting case. that corresponds to a thermal energy much smaller than the

For technical reasonpkdgr av does not allow particles  gravitational binding energy. However, it is possible for the
to be in contact initially, so the rubble pile particles were re- time between collisions of a pair of particles in a densely
duced in radius by 1% at the start. Past experience has showmacked system to approach zero even at relatively high colli-
that such a small perturbation has negligible effect on the sjon speeds. This phenomenon (called “inelastic collapse”
outcome and that it is not necessary to first equilibrate eachand described ifMicNamara, 2000 also seeMcNamara
rubble pile, such as by allowing the velocity dispersion to and Young, 199pwas minimized by again setting, = 1,

reach a constant value, before using it in a simulation. thereby halting the collisional cascade, when the code recog-
) . nized that particles were undergoing tiny but rapid motions
2.2. Simulations between collisions. Occasionally even this technique failed

) ) ) and particles interpenetrated due to roundoff error. In such
Each simulation used a timestep-ef5 s (S 0.1% of the cases the particles were forced apart again until they were
“dynamical time”~ 3/./Gp for a single particle; note that st touching. We found that such incidents were few in
number (compared to the typically millions of collisions that
7 hitp://www.cs.wisc.edu/condor/ were processed per run) and, for the simulations performed
8 http://www.astro.umd.edu/~dcr/Research/borg.html here, did not adversely affect the overall outcome.
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Finally, as noted i.einhardt et al. (200Qneither rolling assumed an ellipsoid with the measured dimensions was an
nor true sliding motions are modeled, and particles cannot adequate description of the rubble pile shape in question.
remain mutually at rest in contact (i.e., there are no sur- Because of the uncertainties in measuring rubble pile
face normal forces). Instead, the constituent particles of anshapes, and moreover the fact that it may not be possible to
otherwise quiescent rubble pile are in a constant state ofexactly match a desired axis ratio when generating a rubble
low-energy collisional vibration (dictated by tlhg — 1 cri- pile, the actual initial conditions were not assumed to exactly
teria described above). As will be shown, this approximation match the desired initial conditions. This will be evident in
nonetheless gives the material realistic bulk properties whenthe summary plots of the next section, keeping in mind that

compared to theoretical granular models. all bodies were initially as close to being prolage ¢ ¢3) as
our numerical resolution would allow. The choice of initial
2.3. Analysis conditions was largely arbitrary anyway; the consequence

of the numerical effects described above is that we did not
We distinguish four types of outcome in our simulations sample parameter space perfectly uniformly. Nonetheless,
of spinning rubble piles: no mass loss or shape change; noparameter space coverage was more than adequate for this
mass loss but shape change required; moderate mass losfirst investigation.
and therefore shape change; and finally major mass loss with
shape chang®The largest remaining remnant in each run
was determined using the procedure outlined @nhardt 3. Resultsand discussion
et al. (2000) For each remnant, the net mass loss (hum-
ber of particles lost), final shape (axis ratios), and final spin 3.1. Spin tests
were computed. The latter quantity was determined by first

computing the inertia tensérof the remnant and the net an- Figures 2b—2fummarize the results of the equilibrium
gular momenturrL of the remnant’s constituent particles, spin and shape study. As previously mentionEdy. 2a
relative to the center of mass, and formimg= | ~1L (cf. shows certain limiting-case fiducials in the continuum limit
Richardson, 1995 Results showing initial and final states that will aid in the interpretation of the numerical results.
for each run are presented in Sect®n These fiducials are repeated kigs. 2b—2ffor reference,
except that the curves for fluid bodies are shown in cyan (in-
2.3.1. Caveats stead of red and green) and only #ecurves are shown in

Precisely measuring the dimensions (and hence bulk den-Figs. 2c and 2and theys curves inFigs. 2d and 2f
sity) of a body made up of discrete, finite spheres is chal-  Figure D uses errorbars to denote the valuegxdndgs
lenging because of the bumpiness of the outer surface. Forfor each body as a function of normalized spip/27 Gp
a perfect fluid, or a granular assemblage in the continuum for the N ~ 1000, ¢ = 0.8 case. Dark gray errorbars in
limit, this is not an issue since the outer surface must be the background indicate initial conditions while colored er-
smooth in that case. However, in order to compare our re- rorbars in the foreground indicate final conditions. Since
sults with fluid and continuum limitsHig. 2a), we must g3 < g2 by definition, the measured value gf is repre-
measure the axis ratios of our rubble piles and compute theirsented by the bottom of each errorbar wigiés represented
bulk densities. Our strategy is to solve for the body principal by the top. The center of each errorbar is merely the average
axes as the eigenvectors of the inertia tensor and measuref g, and ¢g3. Note that obloids haveg, = 1 and proloids
the maximal separation of particles along these axes, tak-havegs = g3, so the errorbars give an indication of how far
ing into account the finite size of the particles. This method off the bodies are from these ideals. Recall that our intention
ignores any asymmetries, since the center of mass is aswas to start with perfectly prolate bodies but that resolution
sumed to coincide with the center of figure, but the cases effects meant the bodies were only approximately prolate
presented here always satisfied this assumption in any case(gz > ¢3) and that the bulk density and initial spin were sim-
However, the ellipsoid described by Ed) for the measured ilarly slightly off from their targets (typically by only a few
dimensions is generally only an approximation to the actual percent). For this reason the gray errorbars actually have ver-
enclosing shape due to the discrete nature of the spherestical extent in all cases when in fact for proloids they would
particularly for extreme elongations. For example, a body have no vertical extent. Furthermore, achieving a particular
with a 10: 1 axis ratio §2 = g3 = 0.1) could be modeled as  value of g2 or g3 was problematic in some cases (e.g., es-
a line of 10 identical spheres, but the resulting shape is notpecially g2 = 0.9 or 0.7), as were initial normalized spins
well described by an ellipsoid and will lead to imprecision > 0.8. As argued in the previous section however, our pri-
in determining the bulk density. For our purpose we simply mary concern is breadth of coverage of parameter space, not

uniformity of coverage.

9 Note that in his work,Holsapple (2001)did not determine shape . The. colored errorbars ifig. 2o .mdlcate Fhe fm.al con-
change due to plastic flow for his models, but could distinguish between flggratlons of _the largest remnant in each simulation. Gre_en
new equilibria and catastrophic disruption on the basis of adopted flow Indicates bodies that have not suffered any mass loss (i.e.,
rules. not lost any particles). Yellow indicates remnants that lost up
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red curveig, for a fluid; solid green curveys for a fluid (the upper branches of the red and green curves describe the Maclaurin sequence while the lower
branches describe the Jacobi sequence); dashed blue cury8),Eae limiting case for a test particle to remain on the tip of a proloid; dotted magenta line:
Eq. (4), the often-used approximation to E®); dotted/dashed light gray curve: lower/upper limit curve frbilmisapple (2001, Fig. 3¥or a cohesionless
granular proloid with friction angleé = 40°. (Top right, b) Initial (dark gray) and final (green for no mass loss, yellow for up to 10% mass loss, red for greater
than 10% mass loss) configurations for the largest bodies in each simulation, with errorbars ingicéiopy andgs (bottom). (Middle left, c) Same as (b)

but only forg,. (Middle right, d) Same as (b) but only fgg. (Bottom left, €) Same as (c) but with straight lines connecting the initial and final states. (Bottom
right, f) Same as (e) fog3.
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to 10% of their initial mass. Typically in such cases mass was spheres will maintain their alignment in the presence of self-
shed from the ends of the major axis and the remaining mate-gravity by virtue of perfectly counteraligned mutual normal
rial slumped together to form a smaller body, almost always forces. This is an elementary example of a configuration that
with a slower normalized rotation. Red indicates remnants is in unstable equilibrium. However, in the continuum limit,
that lost more than 10% of their initial mass. Such outcomes Holsapple (2004¥inds a maximum elongation ratio for a
were typically catastrophic, leaving a much smaller, rounder, prolate body at zero spin of about 0.12 (see their Fig. 8).
slower-spinning remnant. Our results confirm this lower stability limit (e.g., configura-
Figures 2c and 2dse the same color schemeFRig. 2o tions beginning with aspect ratio of 0.1 at zero or small spin
but separate thg, data Fig. 2c) from thegs data Fig. 2d) fatten to an aspect ratio of 0.12 or so). Conversely, for low
so trends are easier to distinguish. The initial conditions are elongations, we find that bodies suffer mass loss or shape
shown as small dark gray crosses and the final data points arehange at a slightly slower spin than predicted by the Hol-
now represented as open squaFégures 2e and Zhow the sapple curve, which may be a result of the finite nature of
same data but with solid lines now connecting the starting our model.
and ending conditions to indicate how bodies have moved in A second trend irfrigs. 2b—2fis that, when mass loss oc-
the diagram. The most dramatic cases were usually accom-curred, the resulting remnants had a tendency to end up close
panied by mass loss. For added clarity the initial conditions to the fluid/granular limit curves, or rather, to move within
for cases with mass loss (shown as crosses) use the samthe stability bound for a continuum cohesionless solid with
color scheme as the final conditions. no strain energy. This was particularly true for cases with
Recall that bodies behaving as pure fluids would be ex- < 10% mass loss (shown in yellow) and fingl g3 < 0.5,
pected to lie on the fluid fiducial lines (shown in cyan). The and for cases witke 10% mass loss (shown in red) and final
straight dotted line in magenta is the approximate limiting g2, g3 = 0.5. FromFigs. 2e and 2fthe former group typi-
curve from Eqg.(4) for a test particle on a rigid proloid. cally originated from bodies with low elongation and rapid

The dashed curved line in blue is E@) for a test par- spin, while the latter group mostly came from bodies with

ticle on a rigid proloid. Also shown in light gray are the high elongation and rapid spin. Both groups had in common
upper and lower limiting curves frodolsapple (2001jor a fast initial spin (and hence kinetic energy), which suggests
granular material with a friction angle gf = 40° in a pro- that upon reaccumulation there was sufficient free energy

loid configuration. Our numerical results lie almost exactly to drive the remnants toward the lowest energy state avail-
within these latter curves, suggesting that our rubble piles able for their angular momentum, in other words, toward the
behave, at least in the limiting case, like granular mater- continuum limits. Note thaFig. 2b indicates that many of

ial with ¢ = 40°. We caution however that other angles are these bodies are indeed consistent with Maclaurin spheroids
probably consistent with the measurement errors (cf. Sec-or Jacobi ellipsoids (i.e., the errorbars straddle the requisite
tion 2.3.1, and Sectior3.1.2 below). IndeedAlbert et al. curves to some degree). Notable exceptions to these trends
(1997)found ¢ ~ 23.4° for a monodisperse population of include bodies that suffered moderate mass loss and ended
spheres based on laboratory experiment. It may be that theup with relatively slow spins (red points well to the left of
effective¢ in our simulations depends to some degree on the the limit curves) and bodies that suffered minor mass loss
numerical resolution (number of particldg, an aspect we  and ended up with relatively fast spins (yellow points to the

plan to investigate in future work (Sectidi upper right of the plots, near the Holsapple curve). From

Figs. 2e and 2fthese appear to be cases where the com-

3.1.1. Spin tests: discussion bination of the initial shape and spin (either high elongation
Several trends are readily apparentigs. 2b—2f First, with modest spin in the former case or low elongation with

most remnants lie in the upper left of the plots, that is, they high spin in the latter) was insufficient to allow the vigor-
have both low-to-moderate spin and elongation. In particu- ous reshaping of the bodies needed to attain the minimum
lar, most of the green points (no mass loss) lie to the upperenergy state. It turns out that the red points in question in-
left of the Maclaurin/Jacobi curves, indicating that perfect clude the relatively small number of cases where the mass
rubble piles are capable of retaining a range of shapes (fromloss was between 10 and 50% of the starting mass; most red
spherical to highly elongated) independent of the spin rate, points suffered more than 50% mass loss.

up to a maximunbeyondthe fluid limit that is roughly de- A third trend, fromFigs. 2e and 2fis that fast-spinning
fined by the Holsapple curve. This can be understood by bodies with low elongation had a tendency to shed mass
noting that in coarse configurations of a few large spheres, from their tips whereas fast-spinning bodies with high elon-
in order for a single rubble particle to move toward a lower gation had a tendency to disrupt in a manner reminiscent of
energy state, it must first overcome the potential barrier im- the tidal disruption of Comet D/Shoemaker—Levy 9 (SL9)
posed by its large neighbors (analogously, this is how can- at Jupiter (see, e.gAsphaug and Benz, 19%4ndeed, tidal
nonball stacking works). Without an extra input of energy encounters provide a torque that, under favorable circum-
this is not possible, so the shape is retained, even at zercstances, causes a body to spin up and possibly gently shed
spin. Note extreme elongation at zero spin is also possi- mass or violently disrupt (e.gRichardson et al., 1998;
ble. For example, a single line of perfectly aligned massive Scheeres et al., 2000, 2004However, direct comparison
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of tidal encounters with the present study is only valid for
cases where the encounter can be treated as an impulse. Slow
or deep encounters result in more complicated disruption
scenarios for which the planet’s gravity causes significant
perturbations over an extended interval. Note also that the i ]
starting cases that lose mass are unphysical unless the bod- 2 |- AT .
ies had some cohesion to start with, requiring an impact or - o ]
some other impulse to break them up, after which any reac-
cumulated remnants would be rubble piles.

o \mBn

L D[ED _

Mtinal

3.1.2. Conservation of angular momentum

Bodies that change shape and/or spin without losing mass
(indicated by green lines iRigs. 2e and Jfmust conserve
angular momentum. For uniform rotation about the short
axis, the angular momentum isldlsapple, 2004personal
communication; also se&/ashabaugh and Scheeres, 2002,
Eq. (2) 05— — S

Thinitial
3RM(EDHZ3(L+ g5)wo
= 10. 21/37_[2/3( )2/3 ’ (5) Fig. 3. Initial and final normalized angular momentum as given by(&Q.
9293 for cases irFig. 2that showed significant shape and/or spin change without
where M is the mass of the body ana is the unnormal- mass loss. Conservation of angular momentum requires the points to lie
ized angular speed. Therefore, for constant mass and densny’” the ?)'E‘IQO”T" line, but U”Ze“a'?ty mef‘f“”"t‘g‘olrma“zedzr? a”‘:]% A
conservation of angular momentum requires for a rubble pile can cause deviations at least as large as those shown here.
Angular momentum was actually conserved to better th@&%o in all cases
as determined by summing over the individual particles in each simulation.

(1+¢3w

(9293)%3 thate i , o ,

atw is normalized byp, so this introduces density uncer-
wherew = wo/+/27Gp (from here forward it will be as-  tainty as well).
sumed thatw is always normalized in this wayFigure 3 We conclude that the bodies that suffered no mass loss
shows the final value of vs. the initial value for the green  reshaped themselves along curves of constant angular mo-
cases irFig. 2that moved at least 0.01 units in thé space mentum, within the measurement uncertainties. The fact that
defined in the following section (this lower limit roughly cor-  there is a systematic deviation from perfect conservation for

n = constant (6)

responds to half the distance between tested values @f, a particular group may indicate a bias in the measurement
andgs, i.e., a noticeable displacement on the plotEigf 2). uncertainty for those starting conditions. At any rate, inter-
Ideally data shown irfrig. 3 should lie on the diagonal line  nal conservation of angular momentum for each simulation
Nfinal = Ninitial - was very good, lending confidence that the dynamics were
There are two distinct clumps of points ig. 3, repre- modeled correctly. Since reaccumulated rubble piles seek

senting two populations of starting configurations that un- the minimum energy state (see previous section), it is likely
derwent significant shape and/or spin change without losing that bodies that change shape without mass loss are seeking
mass. The central clump corresponds to the group that be-a lower energy state, but cannonball stacking causes them
gan withw ~ 0.6-0.7 andgz, g3 ~ 0.9—-10, while the clump to encounter multiple local minima along the way in which
to the right, noticeably~{ 20%) below the diagonal line, be-  they may get trapped.

gan withw ~ 0.5 andgy, g3 ~ 0.5. The actual magnitude

of the change in angular momentum, checked by explic- 3.1.3. Resolution effects

itly summing over individual particles, averaged 0.09% over  In addition to theN ~ 1000,¢, = 0.8 case discussed to

all simulations shown irFig. 2 (i.e., including those with this point, we also testety ~ 100 with e, = 0.8 and with
mass loss), with a maximum of 3.2%, standard deviation of ¢, = 0.5. We found no significant difference in outcome be-
0.31%, and median of 0.012%. Hence the fact that some par-tween the latter two cases, despite the different restitution
ticles lie well off the diagonal line irFig. 3 appears to be  coefficients. This is probably becausgis only important

due to the uncertainties in measuriagg», andgs for these during reaccumulation, when impact speeds are in excess of
rubble piles (cf. Sectio.3.1). By inspection, we have es- the sliding limit discussed in Sectiéh2, and in such cases
timated that errors in axis measurement could be as largerepeated collisions would tend to occur. In the limit of many
as one particle radius along each axis. Bor- 1000 this collisions per particle, so long as < 1, the end result is
translates to~ 10% measurement error. When propagated significant dissipation in all cases. Since we evolved all sim-
through to the expression far, deviations from the diago-  ulations to equilibrium, the fact that there is little difference
nal line inFig. 3at least as large as 20% are expected (recall between the two restitution cases tested is not surprising.
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Table 1
Statistical summary of runs
N €n m % (o) Owp maxw ) {ef) O maxe r) Y E2/ny
1000 08 [0, 1] 100 Q32 015 066 071 024 099 013
1000 08 1 619 0.27 016 066 069 026 099 010
1000 08 [0,1) 381 0.39 010 065 Q75 020 098 017
1000 08 [0.9,1) 158 041 010 065 088 009 098 018
1000 08 [0,0.9) 22.3 0.38 010 052 066 020 097 016
1000 08 [0.5,0.9) 7.2 0.35 013 052 074 014 097 014
1000 08 [0,0.5) 15.1 0.40 008 050 061 022 097 017
100 Q8 [0, 1] 100 Q34 016 067 065 027 097 014
100 Q8 1 667 0.29 017 067 061 030 097 012
100 a8 [0,1) 333 0.43 009 063 073 017 093 020
100 Q8 [0.9,1) 14.9 0.48 007 063 081 010 093 023
100 08 [0,0.9 184 0.40 009 054 067 019 093 017
100 08 [0.5,0.9) 6.0 0.38 011 051 065 018 089 017
100 08 [0,0.5) 125 041 007 054 068 019 093 018
100 Q5 [0,1] 100 Q033 016 067 066 027 097 014
100 Q5 1 689 0.29 017 067 061 030 097 012
100 Qa5 [0,1) 311 042 009 063 077 014 095 019
100 Q5 [0.9,1) 130 047 006 063 082 010 095 022
100 Qa5 [0,0.9 181 0.39 010 055 073 015 092 017
100 Q5 [0.5,0.9) 6.5 0.37 013 055 073 015 092 016
100 a5 [0,0.5) 116 041 007 051 073 016 092 018

Here N is the requested number of rubble pile particles (the actual number may be slightly less to satisfy the desired,sisape)normal coefficient of
restitution;m is the remnant mass range considered when computing the statistics, in units of the starting mass; % is the percentage of final remnants in mass
rangem; w is the remnant’s final angular speed of rotation in units/@r Gp, wherep is the bulk densityg is the remnant’s final shape eccentricity; and

>"&%/ny is a measure of the phase space distance between all final configurations and the nearest fluid configunatsmestext for details), normalized

by the number of bodies. Angle brackets indicate averages andshepresent standard deviations.

However, there is a noticeable trend between Ahe- for the ¢, = 0.8 case, possibly indicating that these cases
1000 andN ~ 100 cases. The rationale for these tests was (for ¢, = 0.5) “froze out” earlier by virtue of the enhanced
that with fewer particles it was expected that resolution ef- dissipation; however, the trend is well within the standard
fects would play a greater role. In particular, we might expect deviations of the measurements. On the other hand, both
that the coarser resolution (i.eV, ~ 100) would make it N ~ 100 cases tend to have systematically higher mean and
harder for final configurations to reach the fluid limit (in maximum spin and lower mean and maximum elongation
the case of reaccumulation after disruption, for example), than the~N ~ 1000 case for the majority of mass bins, as
in much the same way that it is easier to knock over a might be expected if the coarse¥ (~ 100) piles are more
stack of many small cannonballs than a stack of fewer larger resistant overall to reshaping, by the cannonball stacking ar-
cannonballs. To see this, we constructed the métfie- gument given earlier. This trend, though weak, seems to be
w2 + (@243)2, which measures the distance (a, %) borne out by examining plots analogousRiy. 2 for the
phase space between the largest remnants in each simulatiof ~ 100 cases (not shown). Finally, té statistic is uni-
and the fluid limit curves (the average in the second coordi- formly lower in all mass bins for thev ~ 1000 case com-
nate is used as a proxy for the constraint thatindgs are pared to the other models, showing that on average higher
not actually independent for fluids). Dividing the data into resolution gives rise to more remnants near the fluid limit.

various remnant mass bins ) for eachN—e, model,Table 1 However, the interpretation of these results is complicated
shows this statistic summed over the remnants in each binPY the fact that lower resolution remnants have larger axis

and normalized by their total number, along with the mean, length measurement uncertainties. A better approach would

standard deviation, and maximum final values of the normal- P& t0 test configurations with resolution significarttigher
. . . o than theN ~ 1000 cases, rather than lower, but this is cur-
ized spin p) and eccentricityq; recalle = ,/1 — ¢g5) ineach

; ) / rently computationally prohibitive.
bin. Also shown is the percentage of remnants in each mass

bin (the column labeled “%”), where the masses are normal- 3.2, Case study: Amalthea

ized to the total mass of the system (so a remnant mass range

of [0, 1] includes 100% of the mass). A separate investigation we conducted offers more in-
From Table 1it can be seen that there is little signifi- sight into resolution effects on rubble pile dynamics. In

cant difference between the tw® ~ 100 cases, with the 2002, the Galileo spacecraft obtained a bulk density mea-

possible exception thaf) for the three last mass bins of surement of 85@ 200 kgnT3 for Amalthea Anderson

the ¢, = 0.5 case appear systematically higher than those et al., 2002 NASA JPL Solar System Dynamics web-
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Critical density for rubble piles of varying N
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Fig. 4. Critical bulk densities for various configurations located at Amalthea’s orbit around Jupiter. The top dotted line indicates the Razbalkrdiigsity

of at least this value is required for a perfect fluid to remain stable). The long-and-short-dashed line is the best measured value of Amalthesithdensit

the gray region indicating the &-uncertainty in the measurement. The long-dashed line is the limit for a test particle oh-ax&-ratio, synchronously

rotating proloid. The bottom short-dashed line is the limit for a test particle on a sphere. The filled diamonds show the measured limits forlpefhtesub

of increasingV. The filled squares show the same for a spherical rubble pile. The squares and diamonds are connected by solid lines to aid the eye (the firs
segment for the spherical pile is dotted to represent the fact that a sphere made up of 2 particles does not really resemble a sphere).

site!%), a ~ 160 km moon located- 1.8 x 10° km from Figure 4summarizes the results of this study in a plot of
Jupiter. Previous to the encounter it was largely assumedmodel resolution (number of particlég) vs. critical bulk
Amalthea would have a density perhaps comparable to lodensity (minimump to resist disruption). The figure shows
(~ 3500 kg nT3). Amalthea’s anomalously low density led the best estimate of Amalthea’s density (gray region centered
it to be characterized as a “rubble piléAnderson et al.,  around 850 kg m®), with fiducials at 1100 kg m? (the crit-
2002) although it is also possible the moon instead has ical density for a Roche fluid at Amalthea’s present distance
tensile strength with large microporosity. We consider the from Jupiter), 230 kgm? (the limiting density for a test
rubble pile model here. particle to remain on the surface of a synchronously rotat-
The classical Roche limit for an infinitesimal, homo- ing rigid sphere at Amalthea’s mean distance from Jupiter),
geneous fluid body of Amalthea’s mean density to main- and 440 kgm? (the corresponding limiting density for a
tain an equipotential surface in a circular orbit around test particle on the tip of a 21-axis-ratio proloid with long
Jupiter is~ 2 x 10° km (Roche, 1847also sed.ang, 1986, axis pointing toward Jupiter). The latter two values were ob-
Eq. (3-246) Jupiter parameters from JPL website above), tained by adding the first-order tidal term2G M, /r3 to
which is outsideAmalthea’s present orbit. Within the mea- ¢, right-hand side of EqA.3) in Appendix A whereM;
surement uncerFainties, _this suggests, if Amalthea rga!ly IS A5 the mass of Jupiter and, is Amalthea’s mean distance,
rubble pile, that its constituent fragmen_ts may be su_fﬁqently and settingg, — 1 andg, = 0.5, respectively. We exam-
coarse that they do not behave collectively as a fluid in their ined models withV varying between 2 ane 3 x 10%. The

p_rese][]t _con;ﬁq[yratlon._ To tef]t th|sl|dez(ij, welc:)ndubctt)?d a_lse'proloids had the same axis ratios as measured for Amalthea,
ries of simufations using spherical and profate rubbl€ plies \inin numerical limitations (cf. Sectio@.3.]). All bodies

(Amalthea has a- 2: 1 axis ratio) to determine whether we . . :
. ! 4 ; were synchronously rotating, with longest axis (for the pro-
could rule out certain configurations for Amalthea (with the | . - . .
. L . loids) pointing toward Jupiter, as is the case for Amalthea
usual caveats that we are only simulating idealized rubble : o
today. For each model, the bulk density was varied in in-

iles). . :
piles) crements as small as 5 kgthin some cases until breakup
occurred; these points are shown on the plot with errorbars
10 hitp://ssd.jpl.nasa.gov/ corresponding to the transition between onset of tidal distur-


http://ssd.jpl.nasa.gov/
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bance (reshaping without mass loss) to complete disruption.rier presented by individual particles (cannonball stacking);
Cases with largev are less well sampled due to the compu- (2) for the same reason, rubble piles can spin faster than a
tational expense of those models. Por~ 3 x 10, only a perfect fluid without losing mass, up to a limit in our case
rough upper limit to the critical density for the spherical case that appears to be well represented byktwdsapple (2001)
was established. limit for granular material in a prolate configuration with a

It can be seen frorkrig. 4 that asN increases, both the friction angle of 40; (3) reaccumulating rubble piles tend to-
spherical and prolate cases initially become more resistantward the fluid/granular limits; and (4) coarse configurations
to disruption but then gradually become less resistant. This of a few large particles are more resistant to reshaping than
transition can be understood by noting that it is twice as easyfine configurations of many small particles.
to separate two equal-size spheres from each other using The implications of this study are that: (1) numerical
tides (theN = 2 case; note that the “spherical” model in this  rubble piles appear to behave in a manner consistent with
case is identical to the prolate model) than it is to remove an theoretical expectations for real granular material, lending
infinitesimal test particle from the surface of a single sphere sypport to their validity as analogs for real bodies, though we
using tidesfor the same total mass and bulk diametas caution that this only applies to the yield limits (the point at
N grows, the model starts to approach the test particle caseyyhich material starts to flow); and (2) observing the shapes
in the sense that a single particle on the periphery becomesand spins of small bodies in the Solar System can place lim-
small compared to the overall size of the body, yet the con- jts on their possible internal configurations. We also confirm
stituent particles are still large enough to not behave like Ho|sapple’s (2001pssertion that asteroid shapes and spins
a granular continuum at equilibrium, owing to cannonball re consistent with rubblized and/or granular configurations.
stacking. Eventually howeveN becomes large enough that pyther, only a tiny amount of strength would be required
individual particles no longer present a significant potential o, 4 body to survive beyond the limits shown fig. 2
barrier, so the body can react more easily to the tidal torquing 1,5 bodies found in that region cannot be assumed to be
and start to flow. Evidently large¥ than we were able 10 «yqnglithic.” One possibility is that geometrical interlock-

aghieve is needed to determine the. crjtic_al density at which ing between (necessarily non-spherical) fragments could be
this trend saturates, though other limitations of the numer- providing strength in these cases, a notion that we will in-

ical model may cause the upwardly rising curves to flatten vestigate in future work (see below).

out p_rematurely. - , It is important to note that most asteroid configurations
. W'thm the Lo uncertainties of Am_althegs bulk den- are inconsistent with fluid shapes (e.Bravec et al., 2002;
sity it is evident that none of the conflgurqnons we tesFed Washabaugh and Scheeres, 200ich might seem to sug-
can .actuaIIy be ruled out. Only the theo_reucal fluid config- gest asteroids are less likely to beaccumulatecrubble
uration exceeds the d-range, but only just barely. HOW'h piles. However, in their lifetime, asteroids undergo many

2\;?;“\;]\’:;3\}5“526‘2;22i;\f{\'%'fp?\;(')dei;r?tng?(;ggonré;nu;’nvr;'bcl non-disruptive but nonetheless energetic collisions that can
9 P Y alter their spin states and shap@ssphaug et al., 1998;

i o 500 o) ortlss s & MO e o, 0o n st vy
y Y “from the fluid curves. In addition, the YORP thermal effect

anversely, configurations conS|st|nglof tens tq hundreds of (Bottke et al., 2002 can dramatically alter spin states over
solid components have the lowest critical density. We might T i o
an asteroid’s lifetime, at least for those bodies with diame-

therefore speculate that Amalthea has the highest proba- .
bility of being a shattered body that is largely composed ters below a few tens of kilometers. Indeed, YORP has been

of hundreds of competent fragments. But we cannot ex- invqked.as a possible formation mephanism for asteroid.t?i-
clude finer granular configurations, or the possibility that naries via mass shedding as the spin rate exceeds the critical

Amalthea is microporous with tensile strength. Regardless, threshold(Bottke et al., 2002)Although we did not explic-

we have demonstrated that perfect rubble piles vary in their 'Y S€&rch for binaries in our simulations, the fact that many
response to tidal stress depending on the number of pam_outcomes are qualitatively similar to tidal disruption, and

cles and that, given accurate measurements of bulk densityhat such events can lead to binary format{@&ichardson
the resulting limits from simulations have promise to place 2nd Scheeres, 2002; Walsh and Richardson, 2Ggests

some constraints on the internal configurations of real bod- NS iS @ plausible mechanism. With large, bulky, interlock-
i ing components, or a little bit of cohesion between smaller

ies.
components, a slowly spun-up fragmented body could avoid
mass shedding (which would cause it to restabilize as it loses

4. Conclusions angular momentum) until the body has made it some dis-

We have carried out simulations investigating the spin and 11 The Yarkovsky-O'Keefe-Radzievski-Paddack or YORP effect is

shape IImItS_Of |n|t|aIIy prol_ate, perfect r'jjbble plles. \_Ne f_md caused by anisotropic re-radiation of thermal energy following solar heat-
that: (1) unlike perfect fluids, rubble piles can maintain a ing of a non-spherical body, resulting in a net torque on the body relative to
range of shapes even at zero spin, due to the reshaping batrits spin axis.
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tance past the cohesionless breakup limit, whereupon it maymass elemenim = pdV, so the gravitational acceleration
catastrophically disruVeissman et al., 2003) is [[[,, GodVs/|s|®, whereG is the gravitation constant

The present study was intended to assess the relationshi@ndsis a vector pointing between the mass element and the
between numerical idealized rubble piles and fluids/granular test particle (se®anby, 1992, Section 5,%or an alterna-
media. We have made a first step toward that goal. Futuretive approach; alselarris, 2002, Appendix Expressing the
studies could investigate a greater range of starting shapegriple integral in cylindrical coordinate¢, ¢, z), with the
(e.g., obloids or simply random triaxial shapes) and spin ori- particle located at = +ay, the equilibrium condition may
entations (the present study was restricted to spin around thebe written as
largest inertia moment), use higher resolution (more parti-
cles), search for binary formation following mass shedding, ay 92y 1-22/af 5
look for asymmetric final shapes (we assumed triaxial sym- - —Gp / / / r(z —ai)

s J 1

metry), and explore the effect of surface friction (we did “ma z—ap)?+r2)32

not include this in our models). Perhaps of even greater —a1 0

interest however is to move away from idealized monodis- x dpdrdz, (A1)
perse spherical particles to a range of particle sizes (which ) .

can affect the bulk density via drainage of small particles Where we have exploited the symmetry of the ellipsoid, cen-
through the cracks between large particles) and ultimately to {€r€d at the origin with the long axis directed along the
a range of particle shapes. One approach to the latter goal i<<-@Xis, and taken just the magnitude of the net acceleration
to implement composite shapes consisting of spheres fusedit Would be directed toward the center of the ellipsoid).
together, such as dumbbells, cubes, pyramids, etc., which 1h€ integrals ove andr are straightforward, leaving
would require solving the Euler equations of rigid body mo-
tion with torques (see, e.gRichardson, 1995 but which “ma
would allow the simpler methods of collision detection be- a Gz —ayd
tween spheres to be retained. This facility has been incorpo- X |:2a1 - / < adx }
rated intopkdgr av and testing is currently underway. Zm \/(z —a1)?+ a%(l — zz/af)

a1 =2nGp
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