
A&A 395, 613–623 (2002)
DOI: 10.1051/0004-6361:20021274
c© ESO 2002

Astronomy
&

Astrophysics

Planetesimal clusters in a Keplerian disk

I. gravitational evolution

P. Tanga1,?, P. Michel1, and D. C. Richardson2
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Abstract. It was recently demonstrated by numerical simulations that a turbulent flow in a rotating system is capable of
efficiently concentrating passively advected particles – having a density larger than the fluid – inside anti-cyclonic vortices. This
process has important consequences on the distribution of solid particles in protoplanetary disks, since dust surface densities
∼1–2 orders of magnitude higher than the background are rapidly reached in vortex cores. However, until now, the role of
self-gravitation of captured solids has been neglected. In this work we study the action of mutual gravitational interactions
– after the gas has dissipated – over the dynamics of planetesimals inside clusters similar to those created in vortex cores.
A comparison is made between the behavior of idealized clusters of planetesimals characterized by ad-hoc velocity profiles,
and more complex initial conditions such as those obtained in previous hydrodynamical simulations. We show here that, within
the explored interval of parameters, mutual scattering of particles can quickly disperse the cluster. Our results are demonstrated
to be not dependent on the resolution employed. It can be concluded that if large planetesimals were formed inside vortex cores,
they would be ejected by mutual perturbations.
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1. Introduction

One of the greatest difficulties in the study of Solar System for-
mation is to understand in detail the growth of planetesimals,
in particular in the phase during which gas drag is efficiently
affecting particle dynamics. In recent years several theoretical
and experimental studies have addressed this problem, starting
from the stage of micrometer- or millimeter-sized dust (see e.g.
Blum et al. 2000; Cuzzi et al. 2001).

It is well known that the presence of gas can strongly in-
fluence the dynamics of particles in the 1 cm – 1 m range,
resulting in radial migration and preventing gravitational in-
stability (see e.g. Weidenschilling 1995; Cuzzi et al. 1993). So
far, the classical approach used to study the accretion process
has mainly been a statistical one: particles are considered to be
uniformly distributed and their velocities are locally isotropic.
The fact that the gaseous nebula is partially supported by pres-
sure determines a rotation profile that is not Keplerian. Since
pressure does not affect dust particles, these will tend to rotate
at the Keplerian rate. The gas-solid velocity differential then
causes small particles to drift toward the Sun and, due to their
motion through the gas, small-scale turbulence is generated.
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When more realistic models of the effect of turbulent flows
over gas and solids are taken into account, the distribution of
transported particles does not remain uniform. Over several
years, different studies have shown the properties of turbulent
transport in both two and three dimensions. The particular case
of particles much more dense than the surrounding fluid has
been investigated in different contexts, suggesting particle seg-
regation depending upon the local value of vorticity (see e.g.
Squires & Eaton et al. 1991; Crisanti et al. 1992; Dobrovolskis
et al. 1993; Cuzzi et al. 1996). It has thus been verified that
the presence of rotation inside coherent structures (vortices)
is capable of deeply affecting a distribution of passively ad-
vected solids. This is true both in typical 3D scenarios, and in
the case of large-scale vortices observed in rotating systems,
where turbulence has the tendency to become essentially two-
dimensional (McWilliams 1999).

The possible survival of large-scale vortices in the
Keplerian shear has been recently demonstrated by numerical
simulations. In particular, it was shown that anti-cyclonic vor-
tices could be present on the disk plane at large scales (with an
upper limit typically of the order of the scale height of the disk,
H), and survive over several revolutions, both in incompress-
ible (Bracco et al. 1998) and compressible cases (Godon et al.
2000).

The role of vortices in Keplerian disks was revealed by nu-
merical simulations performed using simple analytical models,
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either exact solutions of the incompressible Navier-Stokes
equation (Tanga et al. 1996) or ad hoc representations (Barge
et al. 1995). It was thus shown that centimeter– to meter-scale
planetesimals can be efficiently captured by anti-cyclonic vor-
tices and concentrated in their cores. Theoretical studies have
further supported this scenario, clarifying the role of the fric-
tion parameter over the rate of mass capture (Chavanis 2000).
The capture in vortices is due to the appearance of addi-
tional accelerations due to the global disk rotation, namely the
Coriolis apparent force in a frame locally Co-rotating with the
nebula.

Moreover, the study of convective motions perpendicular to
the disk plane has shown that these kinds of circulation cells
can also strongly affect the vertical dust distribution (Klahr
et al. 1997), although by a completely different mechanism,
based on the interplay between gravity and the vortical motion
on a plane perpendicular to the disk.

It is thus clear that, in this context, simple assumptions such
as uniformity and isotropy of the distribution of planetesimals
are no longer valid, and that the usual statistics should be revis-
ited in order to incorporate more complex effects. Of course,
the real existence of these effects in the case of the Solar System
has to be evaluated and supported in light of all the observa-
tional constraints. Nevertheless, particle capture in vortices is
seen as an efficient mechanism for increasing particle growth
rates, one that could really be active in some protoplanetary
systems.

The construction of this scenario for planetesimal growth
requires detailed studies of the gravitational interaction of cap-
tured particles. In fact, the motion of particles strongly cou-
pled to the gas in vortices is fairly different from that of the
highly chaotic, isotropic system of (locally) homogeneous den-
sity usually employed to study accretion rates. Relative trajec-
tories of massless particles inside vortices have been found to
be characterized by low values of the Lyapunov exponents, typ-
ical of regular systems (Babiano et al. 1994), due to the system-
atic, ordered motions that characterize vortex cores.

We can expect, however, that the presence of inter-particle
gravity can break this order by mutual perturbations, introduc-
ing a diffusion that could eventually lead to the escape of par-
ticles from vortices. In fact, mutual gravitational scattering of
particles has the tendency to destroy the memory of the ini-
tial velocity profile. Depending upon the relative contribution
of gas drag and scattering, the competition between these two
processes could lead to different results, such as the ejection
of particles from the vortex or, on the contrary, a concentration
in their core with an enhanced growth rate. Several complex
processes have thus to be considered in order to derive a con-
sistent scenario: beside mutual scattering, the contribution of
gas-particle interactions, statistics of mutual collisions and rel-
ative velocities and impact outcomes have to be considered. In
order to understand the role of each of these components, in this
work we move a step forward by considering the effect of pure
gravity on particles in clusters one or two orders of magnitude
more dense than the disk background. Such cluster densities
are consistent with the observed capture efficiencies. In a forth-
coming paper, we will address the problem of a more complex
scenario, taking into account gravity and gas at the same time.

In Sect. 2 we will describe an “ideal” cluster of planetes-
imals on a circular orbit around the Sun. We will show that,
in the absence of mutual gravity between particles, it would
never dissipate or change its structure. In Sect. 3 its dynamical
evolution under the effect of mutual particle gravity will be in-
vestigated by means of N-body simulations. Finally, in Sect. 4
we will present a comparison with simulations in which initial
conditions are provided by a more complex scenario.

2. Model of a cluster of planetesimals:
The ideal case

A stability analysis of density fluctuations was performed
by Safronov (1969) and Goldreich & Ward (1973) in their
classical model of planet formation. Later, Weidenschilling
(1995) showed that the velocity dispersion in the typical “Solar
Nebula” environment is far too high to allow gravitational in-
stability to take place. However, it must be noted that in all
those cases planetesimal velocities are considered to be com-
pletely uncorrelated.

On the other hand, when clustering is determined by trap-
ping in vortices, we can expect a strong velocity correlation
in the motion of planetesimals in high-vorticity domains. For
this reason, we study here self-gravitating clusters whose ini-
tial velocities are strongly correlated. In the following, the term
“cluster” (of planetesimals) will identify the peculiar density
fluctuation generated by capture in vortices.

We assume, as a first step, that particles have already been
captured in a vortex, and that, subsequently, they evolve under
the effect of their pure mutual gravitational attraction, no longer
affected by any gas drag. We assume also that the cluster of
planetesimals resulting from this capture is in a circular orbit
around the Sun.

The first challenge is to identify a simple velocity distri-
bution satisfying two conditions: (a) the cluster has to remain
constant in size, shape and total mass over several revolutions;
(b) the distribution of planetesimals and their velocities must
reflect the fundamental properties of the dynamics of particles
captured in vortices.

Of course, if all planetesimals in the cluster have exactly the
same value of their semi-major axis, their relative positions will
be the same after each orbit (assuming here that their mutual
interactions are negligible) and thus, for a very limited fraction
of the orbit itself, the original clustering will be reproduced.
However, in general, this solution remains unsatisfying since
mutual gravitation between particles belonging to the cluster
acts on some very short arc along the orbit. Furthermore, if
orbital angles are not correlated, a “vortex-like” velocity profile
cannot be identified, (as required by [b]). Also, such a cluster
will reproduce its shape each revolution period, but it will not
preserve it all along the orbit (condition [a]).

Therefore, if we want to reproduce the situation of particles
that remain confined in a restricted region of space all along
their orbit, appropriate choices of their eccentricities and or-
bital angles are required.

A simple solution can be easily found in a rotating refer-
ence frame centered on the cluster (in a circular orbit of ra-
dius ac from the Sun) with average period Tc = 2π/Ω, where



P. Tanga et al.: Planetesimal clusters in a Keplerian disk. I. 615

α

β

Sun
x

y

Fig. 1. The geometry of the solution for a particle trajectory in a local
reference frame. The Sun is on the left. α and β represent the semi-axes
of the ellipse of the elliptical patch containing the cluster, indicated by
dots.

Ω is the orbital frequency of the center of the cluster. The coor-
dinate plane (x, y) is coincident with the invariant plane of the
system, with the x axis oriented opposite to the Sun direction.
If the cluster diameter is dc � ac, all particles belonging to it
will have x � ac. In such conditions their equations of motion
can be linearized.

Neglecting here the vertical component, the trajectory of
an unperturbed particle on a Keplerian orbit obeys the equation
(see e.g. Wisdom & Tremaine 1988):



u̇ − 2Ωω = 0

ω̇ + 1
2Ωu = 0

ω = v + vk

(1)

in which u and v are the velocities along x and y, respectively,
and vk is the linearized Keplerian shear vk = 3

2Ωx.
A particle that does not leave the cluster during its orbital

motion will describe a closed trajectory in the chosen frame.
For example, if at a given time an unperturbed particle with
semi-major axis a has y = 0, x = −β (with β > 0) and ẋ = 0
(see Fig. 1), then it will be at perihelion. With passing time, it
will move toward larger values both in x and y, until x = 0.
The motion along y will then be inverted, and the particle will
arrive at aphelion (x = β) after a time Tc/2.

System (1) can be integrated analytically to find velocities
and positions, as a function of time t. The first step provides:


u = 2ω0 sin(Ωt)

ω = ω0 cos(Ωt)
(2)

where ω0 is an integration constant. The general solution for
the trajectory is:

x = x0 +
2ω0
Ω

[1 − cos(Ωt)]

y = y0 − 3t
(

x0Ω

2 + ω0

)
+

4ω0
Ω

sin(Ωt)
(3)

in which we introduce the initial position (x0, y0). From (2)
and (3), for a given initial position there exists a single veloc-
ity assignment that produces a closed trajectory in the rotating
frame, similar to that plotted in Fig. 1. This particular solution
has ω0 = −x0Ω/2. It can be easily shown that the flattening
ratio of the trajectory is α/β = 2. This solution corresponds to
the so-called Guiding Center Approximation (see e.g. Murray
et al. 1999).

Thus, if a cluster of particles with α/β = 2 is created, as-
signing to particles the velocities defined in Eq. (2), and mutual
gravitational interactions are neglected, all particles will “or-
bit” around the cluster center with a systematic motion. The ve-
locity profile mimics the rigid rotation usually observed inside
vortex cores in 2D turbulence. If an initial dispersion along z is
imposed, at the same time the particles will oscillate vertically
with frequencyΩ.

Since the projection of the cluster shape over the nebula
plane will remain constant in time, we can say that this ideal-
ized solution corresponds to a stationary cluster for massless
particles.

As a verification we performed an N-body simulation us-
ing massless particles, in the heliocentric frame. The size of
the cluster (semi-major axis) was Rc = 0.1 AU. Any departure
from the given cluster shape could then be attributed to the lin-
earization approximation, but none was observed over several
tens of orbits. The cluster kept its shape and size throughout
the simulation. Further, a rotation rate equal to Ω corresponds,
if interpreted as the rotation of a vortex, to the low Rossby num-
ber (close to unity) necessary for efficient trapping (Tanga et al.
1996). We have thus used these idealized clusters as initial con-
ditions of N-body simulations in which mutual gravitation was
taken into account.

3. Gravitational evolution of “ideal” clusters

In this section we consider “ideal” clusters whose initial sur-
face density is uniform. The most important parameter studied
here is the amplitude of the density fluctuation η, given by the
ratio between the surface density of the cluster (Σc) and the av-
erage surface density of a uniform disk at the same distance
from the Sun (Σd): η = Σc/Σd. The rate of dispersion of such
structures and its dependence upon both the resolution (number
of particles) and the initial local density amplification has been
studied.

In order to perform simulations at the highest possible
resolution, we used a parallel N-body hierarchical tree code
(Richardson et al. 2000), previously ported to various plat-
forms and fully tested1. This code is capable of detecting mu-
tual collisions of particles considered as rigid spheres. In the

1 In particular, simulations were performed on the 4-processor al-
pha machine SIVAM at Nice Observatory and the Cray T3E of IDRIS,
France.
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Table 1. Simulations of cluster evolution and resulting dispersion
times. Ncl and N are the number of particles in the cluster and in the
background disk. N in parentheses correspond to simulations in which
the background disk was neglected. T70% represents the time required
to disperse 70% of the cluster particles, and expressed in yr(2π)−1.

# η ac Rc N Ncl

〈
z2

H

〉1/2
T70%

1 10 5 0.1 104 22 3 329.8
2 10 5 0.1 (104) 22 3 339.9
3 10 5 0.1 (105) 223 3 270.2
4 10 5 0.1 106 2232 3 278.3
5 10 5 0.1 (106) 2232 3 280.2
6 10 5 0.1 (107) 22333 3 280.2
7 20 5 0.1 (105) 446 3 180.3
8 50 5 0.1 (105) 1130 3 109.9
9 50 5 0.1 105 1130 3 109.3
10 100 5 0.1 103 23 3 74.8
11 100 5 0.1 (103) 23 3 69.7
12 100 5 0.1 (104) 236 3 69.7
13 100 5 0.1 105 2354 3 65.3
14 100 5 0.1 (105) 2354 3 69.7
15 100 5 0.1 (106) 23560 3 66.0
16 10 5 0.1 (105) 2354 3 219.9
17 10 5 0.1 (105) 2354 15 430.4
18 10 5 0.1 (105) 2354 30 500.1
19 10 5 0.1 (105) 2354 60 500.1
20 10 5 0.05 (107) 5584 3 210.0
21 50 5 0.05 (105) 283 3 65.2
22 100 5 0.05 (106) 5890 3 44.9
23 100 5 0.025 (106) 1473 3 32.0

simulations presented here each collision between two parti-
cles results in merging, i.e. in a single sphere having a mass
equal to the sum of the involved masses and the same density.
This is a physically reasonable choice since relative velocities
of colliding particles are typically smaller than the mutual es-
cape velocity. Nevertheless, since the rate of physical collisions
during the time scales of interest remains very low, the particle
growth rate is not studied at this stage.

The parameters of the different simulations are summa-
rized in Table 1. Our results show that the cluster dissipate
in all simulations. This could have been suspected by analyz-
ing the dispersion relation of density fluctuations of size λ in
a Keplerian disk (written here following the notation of Ward
1976), in which the relative importance of angular momentum,
self-gravity and velocity dispersion c are considered:

F(λ) = 4π2c2 − 4π2GηΣdλ + λ
2Ω2. (4)

The numerical estimate of Eq. (4) shows that, for η ∼ 1, the
gravitational instability can be reached for perturbations hav-
ing wavelengths several orders of magnitude smaller than the
typical size (Rc ∼ 0.1 AU) of our clusters (Weidenschilling
1995).

In order to allow the gravitational term to prevail, thus
reaching gravitational instability, a density of the order of
η ∼ 103 is necessary, provided a negligible velocity disper-
sion c, and Rc ∼ 0.1. Nevertheless, it must be noted that Eq. (4)
is derived for small density fluctuations (η ∼ 1); furthermore,
it is valid for isotropic velocity dispersions only, that is for a

situation very far from that considered here. Despite these lim-
itations, we can consider it to be still valid for the simple order-
of-magnitude estimate given. If now we consider relative ve-
locities initially dominated by the profile in Eq. (2), they will
be small but not negligible. Furthermore, the most dense cluster
we consider will have η ∼ 100 thus, as a consequence of the
estimate above, its self-gravity will not be sufficient to reach
gravitational instability.

Since the cluster collapse is not possible, the mutual grav-
itational perturbations between particles break the strict order
of the initial velocity distribution through an increase in c and a
consequent diffusion in orbital elements, resulting in the cluster
dissipation.

We have thus studied the timescales of dispersion as a func-
tion of resolution, initial density amplification η, and vertical
dispersion. We also give some hints about the role of cluster
size (Rc). All simulations were run for a total time correspond-
ing to several tens of revolutions of the cluster, thus allowing
the study of the short-term dispersion of clusters of trapped par-
ticles. In general, the cluster is eventually dispersed in a ring of
size ∼Rc, slowly spreading all along the orbit and becoming in-
creasingly uniform in heliocentric longitude. The study of the
long term evolution of this purely radial feature, no longer con-
nected to the original vortex capture, is outside the scope of this
paper.

We distinguish between two classes of simulations: (1) a
disk with a cluster at ac = 5 AU from the Sun; (2) an isolated
cluster at the same distance. The comparison between class (1)
and (2) allows us to study the effect of the background disk
on cluster dispersion. Class (2) simulations will be character-
ized by a fairly small number of particles Ncl, typically up to
Ncl ∼ 2×104. Simulations of isolated clusters having Ncl ∼ 105

could be performed by the N-body code without any particular
difficulty, but at the price of a much longer computation time
spent in data reduction, when building the statistics that will be
presented below. Furthermore, their significance for the con-
clusions reached below would be very limited. On the other
hand, it was possible to reach the practical limits of the N-body
simulations for class (1), with N = 106.

For the largest part of the simulations we located the clus-
ter at ac = 5 AU from the Sun, and we imposed a size
β ≡ Rc = 0.1 AU, with uniform surface density; this is consis-
tent with the vortex dimensions used in Tanga et al. (1996). The
amplification factor η was chosen to correspond to a moderate
concentration in the vortex, and was computed relative to a disk
of average density Σd = 1.2 g cm−2, close to to the density of
solids in the standard “Minimum Mass” Solar Nebula at 5 AU.
Particle bulk density was assumed to be 2.7 g cm−3. For mod-
els with N = 106 these parameters correspond to a planetesimal
radius of ∼116 km. Of course, this planetesimal size is needed
to reproduce the desired surface density, given the maximum
practical limit to N, and must not be considered strictly repre-
sentative of the size of particles efficiently captured in vortices.
Nevertheless, as we will show in the following, the particle size
(i.e. the “resolution” of our N-body simulations) does not affect
appreciably our results.

In Table 1 the vertical dispersion is represented by the
dispersion in the direction z, perpendicular to the disk plane,



P. Tanga et al.: Planetesimal clusters in a Keplerian disk. I. 617

normalized to the reduced Hill radius:
〈
z2

H

〉1/2
. The reduced

Hill radius for the mutual interaction of particles of mass mp

and average distance a from the Sun is:

h =

(
2mp

3 M�

)1/3

· (5)

The Hill radius is then given by RH = ah.
In the range of parameters explored, due to the large clus-

ter size, the average spacing between particles is always much
larger than RH. Assuming that the cluster is a cylinder of ap-

proximate height 2 ah
〈
z2

H

〉1/2
, its volume can be written as

V ' 2πR2
cah

〈
z2

H

〉1/2
. The average inter-particle distance is

< d >' (V/Ncl)1/3, where Ncl is the number of particles inside
the cluster. Even for the cluster for which the ratio < d > /RH

is the lowest (case 6) we have:

RH = 4.42 × 10−4 AU,

< d >= 3.02 × 10−3 AU.
(6)

The average time interval required for a single particle to en-
counter another one at a distance smaller than RH (assum-
ing that the cluster does not disperse) can be estimated from:
τce ' V(πR2

HvrelNcl)−1, in which vrel is the relative velocity
of the two interacting bodies. Under the hypothesis of a slow
(quasi-stationary) evolution, we can use the rigid profile (2, 3)
to estimate the relative velocity of two particles separated (on
the plane) by the distance 2RH:

vrel ' ΩRH. (7)

This simple relation will be valid, at least, at the beginning of
the evolution of the system. From the example above we get
τce ' 0.016 yr � Tc, indicating that, despite the large distance
< d >, the system cannot be considered as strictly collisionless.
We thus expect the cluster to evolve under the effect of the grav-
itational perturbations between particles. This result is obtained
by considering the horizontal velocity only, thus discarding any
contribution coming from the motion on a direction perpendic-
ular to the disk plane. Anyway, if we also take into account an
additional vertical component, the quantitative estimate could
still change, but only in the direction of even smaller values
of τce.

3.1. Results

The typical evolution of a cluster is shown in Fig. 2. In the fol-
lowing we detail the effects of mutual perturbations. They in-
duce a dispersion in the semi-major axis values, resulting in a
progressive cluster dissipation, due to the Keplerian shear. The
dissipation rate of the cluster can be estimated by the rate of
mass loss, i.e. by the fraction of particles leaving the original
cluster boundaries. The value of T70% (the time required for dis-
sipating 70% of the original particle number Ncl) gives a useful
indication of the dispersion rate, and is listed in Table 1. Other
parameters could be chosen as indicators, but it can be verified
that the results exposed in the following would not change.

First, we have found that in the parameter space explored
the presence of a background disk is completely negligible dur-
ing the short-term evolution of the cluster. For this reason a
large fraction of our simulations concerns a system including
only the Sun and an isolated cluster. When included, the disk
has been simulated by an annulus of planetesimals extending
from 4.5 to 5.5 AU, with a vertical dispersion equal to that of
the cluster, and a radial surface density profile Σ(r) ∼ r−1.5.

A first remarkable result is that the dispersion rate T70% is
essentially independent of the chosen resolution (number of
particles N), as long as all the other parameters (vertical dis-
persion, cluster mass) are kept constant. This has been checked
for η = 10 (simulations 1–6) and η = 100 (simulations 10–15).
In both cases the number of particles in the cluster was varied
over four orders of magnitude, without noticeable changes. The
only small discrepancy (a difference of 20%) for cases Nos. 1
and 2 is not significant since the number of particles in the clus-
ter is too small (Ncl ∼ 20) to provide meaningful statistics.

Even a more detailed analysis of the cluster dispersion does
not reveal any significant difference. We plotted in Fig. 3 (upper
panel) the number of particles remaining in the cluster (nor-
malized to the initial value Ncl(0)), as a function of time, for
three different resolutions, for a cluster having η = 10 at the
beginning. The behavior of the three systems is substantially
identical, and systematic differences are negligible if compared
to the overall trend.

In order to test the dynamics more deeply, we computed
the average quadratic velocity deviation relatively to the initial
velocity profile (2). In other words, calling up, ωp the radial and
tangential components of the velocity of a particle at a given
time, referred to the cluster center, we define the corresponding
dispersions and the total dispersion, as:

〈
u2

〉1/2
=

(∑
(up−u)2mp∑

mp

)1/2

〈
ω2

〉1/2
=

(∑
(ωp−ω)2mp∑

mp

)1/2

〈
u2

tot

〉1/2
=

(∑[
(u2

p+ω
2
p)1/2−(u2+ω2)1/2

]2
mp∑

mp

)1/2

(8)

where u, ω are the radial and tangential velocities referred to
the cluster center that a particle obeying to the profile defined
by Eq. (2) would have. The sums are performed over all par-
ticles inside the cluster. Correctly, the graph in Fig. 3 (middle
panel) shows that at t = 0, no dispersion is present relative to
the theoretical profile. The subsequent evolution again does not
show any dependence upon resolution.

Finally, the dispersion in semi-major axis a, inclination and
eccentricity of particles inside the cluster was computed. While
inclinations and eccentricities remain always close to their ini-
tial values, the evolution of a presents some interesting features
(Fig. 3, lower panel). At t = 0 for all particles we have a = ac,

as imposed by initial conditions, so
〈
a2

〉1/2
= 0. The increase

of
〈
a2

〉1/2
at the beginning of the evolution is closely related

to the most rapid growth of the velocity dispersions (middle
panel). The population of particles whose semi-major axis is
more distant from the original ac will leave the cluster area
more rapidly. The dynamical evolution thus gradually selects
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Fig. 2. A portion of the planetesimal disk of simulation No. 9 centered on the cluster, at the indicated times (in units of yr(2 π)−1). The total
number of particles in the disk is 105. The first phase of the evolution is shown (running left to right, top to bottom). The origin of the x axis is
at the Sun position, while that of y is fixed to a point co-rotating with the cluster center.
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Fig. 3. Time evolution of some statistically relevant quantities in simu-
lations Nos. 3 (dotted line), 5 (dashed), 6 (solid line). The upper panel
shows the number of particles inside the original elliptic area, centered
on a circle at distance ac and having the corresponding Keplerian ve-
locity around the Sun. The value is normalized to the initial value N0.
The middle panel shows the behavior of the average deviation from the
initial velocity profile as defined by (8). The three curves correspond
(upper to lower) to the deviations of the radial and total components
(referred to the cluster center), and to that of the norm, respectively.
Despite a variation in N of over two orders of magnitude, the dynamics
of the system is only marginally affected by the change in resolution.
Finally, in the lower panel, the semi-major axis dispersion is plotted.
At the beginning, for all particles a = ac.

those particles that have a value of a that remains progressively
closer to the original ac. For this reason, after the initial “heat-
ing”, the dispersion of semi-major axis decreases. It becomes
nearly stationary toward t = 103 (not shown in the figure), at a

value
〈
a2

〉1/2
= 10−3. However, the behavior of the three sim-

ulations is again very similar, the slight discrepancies visible
at the right end of the plot being due to a transient statistical
fluctuation of the less populated simulation.

A deeper insight into the evolution of the velocity distribu-
tion can be obtained by constructing statistics concerning the
relative velocity of particles as a function of their mutual dis-
tance r at a given time: 〈∆Vrel(r)〉. The average is performed
over all couples of particles inside the cluster. Calling rij the
distance between particles i and j, we can write:

〈∆Vrel(r)〉 =
∑N(r,∆r)

ri j∈(r,r+∆r)

∣∣∣ui − u j

∣∣∣
N(r,∆r)

, (9)

where ∆r represents an appropriate binning over distances,
and N(r,∆r) is the number of particles contained in the bin at
distance r. As can be seen in Fig. 4 (upper panel), initial condi-
tions impose the linearity of 〈∆Vrel(r)〉. The gravitational scat-
tering of particles gradually changes the slope, increasing ve-
locity dispersion and gradually diminishing the dependence of
〈∆Vrel(r)〉 on r. Short times (corresponding to lower curves in
the top panel) clearly show that velocity dispersions have the
tendency to increase faster at small values of r, due to short-
range mutual perturbations. Also shown in Fig. 4 (lower panel)
is the velocity correlation, at a given time, as a function of r,
defined as:

C(r) =

∑N(r,∆r)
ri j∈(r,r+∆r)

2(ui ·u j)
u2i +u

2
j

N(r,∆r)
, (10)

using the same notation as in Eq. (9). The correlation in ini-
tial conditions tends obviously to unity for vanishing distances.
During the evolution, its value decreases at a rate that, again, is
not dependent on the resolution.

To make a tentative interpretation of this result we must es-
timate the cumulative effect of all the encounters as a function
of the model parameters.

The number of encounters with impact parameter be-
tween b and b+db during a time interval τ can be estimated by:

dN =
πvrelΣcτ

σzmp
b db, (11)

where mp is the mass of a planetesimal and for simplicity

σz =
〈
z2

〉1/2
(we assume here G = 1 in all computations). The

change of velocity normal to the trajectory for each encounter
is then written as:

|δv⊥| ' 2mp

bvrel
· (12)

Considering that:

mp =
πΣcR2

c

Ncl
, (13)
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Fig. 4. Velocity difference (upper panel) and correlation (lower panel)
between two particles as a function of their distance, for simulation 6.
Each quantity is averaged over all couples inside the cluster. Different
curves correspond to different times. For the velocity difference, ini-
tial conditions are represented by the lower curve, showing a linear
relation. Further evolution increases values and corresponds to curves
having progressively shallower slopes. For the correlation, initial con-
ditions correspond to higher values, reaching unity in the limit r → 0.
The time span represented here corresponds to the first four orbits.

and using again the same approximation as in (7) for vrel we
obtain:

|δv⊥| ' 2πΣcR2
c

Ωb2Ncl
· (14)

The total velocity change in a time interval τ will then be
given by:

∆v2⊥ =
∫ bmax

bmin

|δv⊥|2dN =
∫ bmax

bmin

4π2Σ2
cτ

σzNclΩb2
db (15)

=
4π2Σ2

cτ

σzNclΩ

(
1

bmin
− 1

bmax

)
· (16)

Since bmax can be taken to be of the order of the largest scales of
the system (for example bmax = Rcl), the global behavior of the
solution is in fact controlled by the choice of bmin. Following

Fig. 5. The characteristic time T70% is plotted vs. η. The four points
represent the values measured for simulations having identical number
of particles (Nos. 3, 7, 8, 14). The result of the fit with the power law
T70% ∼ η−3/5 is shown by the straight line.

the choice by Athanassoula et al. (2001), we can take bmin to
be the value of the impact parameter which would cause, on
average, an angular deflection equal to π/2: bmin = mp/ < v >

2,
where < v > represents an average value of the relative veloc-
ity. Expressing mp as a function of Ncl as above, we observe
that bmin ∼ 1/Ncl. As a consequence, ∆v2⊥ is not dependent on
the resolution Ncl. In fact, the enhanced encounter frequency
resulting from an increase of Ncl is exactly compensated by the
decrease in particle mass.

Nevertheless, the above analytical estimate is too simplicis-
tic to capture the whole dynamics of the cluster.

A more careful – but complex – analysis, taking into ac-
count the evolution of the three-dimensional velocity disper-
sion and the gradual particle loss would better represent the
dynamics of the clusters. In any case, we think that the re-
sult (16) offers a possible justification of the observation that,
given the peculiar geometry and velocity profile, the dynamics
is not closely related to the resolution.

Concerning the role of the density amplification, simula-
tions Nos. 3, 7, 8, 14 suggest that a simple law relates T70% and
η (Fig. 5), of the kind:

T70% ∼ η−3/5. (17)

A dependence of T70% upon the initial vertical dispersion can
be derived from simulations Nos. 3, 16, 17, 18. The decrease in
mutual particle scattering with vertical dispersion is obvious,
due to the reduction in collision frequency. At high dispersions

a “saturation” of T70% is observed for
〈
z2

H

〉1/2 ≥ 30. This is
probably due to the onset of another regime, in which verti-
cal velocities dominate and close encounters only happen in a
restricted fraction of the orbit, close to the nodal intersections.

Concerning the role cluster size, it must be noted that a
reduction in Rc has the effect of decreasing the role of the
Keplerian shear, thus approaching the cluster to the limit of
the gravitational instability. Since this regime determines a
completely different behavior of the density fluctuations, its
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numerical study will be treated in detail in a separate pa-
per. Here we just list in Table 1 some additional simulations
(Nos. 20–23) giving the cluster dispersal time in a limited
range of sizes. It can thus be seen that T70% ∼ Rc. This can
be explained as a geometric effect. In fact, as we verified in
our results, the dispersion of the semi–major axis remains ap-
proximately the same. In this conditions, being the Keplerian
shear the main dispersion mechanism, the dispersal time de-
pends upon the distance that a particle has to travel in order to
cross the cluster boundary. This distance is proportional to the
cluster size, Rcl, thus explaining the linear relationship above.

Finally, we have checked the dynamics of particles in some
restricted domains inside the cluster. In particular we computed
all the previous statistics in a more restricted elliptical area,
having semi-axes of sizes α/2 and β/2, i.e. in the central core
of the over-dense region (25% of the original cluster area). All
statistics concerning velocity dispersions and cluster dispersion
remain essentially unchanged, thus hinting at a general homo-
geneity of the dynamics inside the cluster. Nevertheless, an ini-
tial transient increase in cluster concentration is detectable and
especially prominent in the most massive ones. In fact, as can
be observed in Fig. 2, a cluster can show the tendency to de-
crease its size during the first orbit. This transient phase sug-
gests that the cluster is not at equilibrium and that self-gravity
prevails for a short interval of time, during which the central re-
gion identified above reaches surface densities that are∼4 times
larger than the original value of Σc. This phase, anyway, does
not last longer than a fraction of the first orbit, during which the
transfer of gravitational potential into kinetic energy prevents
any further collapse and induces the subsequent dispersion of
particles.

4. Complex initial velocity distributions

The results presented above have been obtained by considering
a particular velocity profile, defined in order to eliminate the
initial contribution of the velocities of particles on the disper-
sion of the cluster. In fact, as already noted, in the absence of
interparticle gravity the “ideal” velocity profile would provide
elliptical patches of particles that never disperse. In this sense,
we can say that cluster dispersion is the result of the action of
gravity over an initially stable concentration of particles.

On the other hand, if the initial conditions corresponded
to a velocity distribution deviating from the “ideal” profile, an
additional source of cluster dispersion, independent from mu-
tual gravitational interaction of particles, would be present. Of
course, this is the situation that can be expected in general,
since the velocity distribution of particles captured in a vor-
tex will more or less deviate from the “ideal” one. As a conse-
quence, in this case a purely gravitational evolution will induce
cluster dispersion even if the role of scattering was negligi-
ble. In order to investigate the interplay of the two components
(gravity plus a “non-ideal” initial velocity distribution), a more
complex scenario, derived from the hydrodynamical simulation
of an entire disk, was employed.

In fact, the mechanism of trapping in vortices has been
verified in several studies by different approaches. Bracco
et al. (1999) showed that anti-cyclonic vortices are the natural

outcome of the evolution of random vorticity perturbations of
a Keplerian velocity profile. Vortices thus created evolve, in-
teract and dissipate with the complex dynamics typical of bi-
dimensional turbulence. Bracco et al. (1999) also integrated the
trajectories of dust particles, showing that even in this chaoti-
cally evolving system, the particles are trapped on timescales
of the order of one revolution period.

Under the hypothesis that planetesimals collided in high
density regions, grew to larger sizes, and that the nebula dis-
sipated, we investigated the purely gravitational evolution of
planetesimals in the model of Bracco et al. (1999). In order to
do that, the positions and velocities of particles after a given
time (20 orbital periods at distance r = 5.5 AU from the
Sun) were extracted from their simulations and used as initial
conditions for the N-body code. Particles outside the interval
4 < r < 6 AU were rejected (Fig. 6).

We then performed two kinds of simulations in which par-
ticle velocities are assigned following two different criteria:

1. “B” simulations: velocities taken from the simulations of
Bracco et al. (1999), i.e. with the memory of the effect of
the past presence of the fluid flow;

2. “K” simulations: pure Keplerian velocities, corresponding
to circular orbits at the distance of each particle.

The second option offers a possibility of comparison with a
more “ordered” situation than the complex dynamics obtained
in the B simulations. Vertical dispersions were imposed to be,

in both cases, equal to
〈
z2

H

〉1/2
= 3 in order to compare results

with other simulations presented in Sect. 3.
In order to build a quantitative estimate of the dispersion

times, we isolated some clusters to be studied in detail. It must
be noted that clusters in simulations B and K differ by their val-
ues of Rc, ac and η from those studied in previous sections. We
thus ran both the evolution of the cluster starting with the K or
the B profile, and a small set of simulations of idealized clus-
ters, having the corresponding characteristic parameters.

Our simulations clearly show that, in all cases, the concen-
trations of planetesimals dissipate faster than the previous “ide-
alized” clusters. This result could be expected since the velocity
profile of each cluster does not correspond to the profile of the
idealized clusters.

We show here the results concerning one of these concen-
trations; they are representative of the behavior observed for
all other selected clusters. The cluster studied here is visible
in Fig. 6, (left panel) around coordinates x = 1.8, y = −5.3.
In order to improve statistics, the two-dimensional density
field of the particle distribution was first reconstructed on a
square grid, and then re-sampled using the “Triangular Shaped
Cloud” (TSC) method, that ensures continuity of values and
first derivatives of the field (Hockney et al. 1988). By a re-
sampling of the density field, the total number of particles was
thus increased to 6 × 104. Since we are not interested here in
the evolution of small filaments of particles, the smoothing in-
duced by the field reconstruction method is not relevant.

Figure 6 (right panel) shows the resulting particle distribu-
tion in the region of the cluster, in a local coordinate frame
equivalent to that of Fig. 1. The cluster has size Rcl ∼ 0.4 AU,
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Fig. 6. Final state of the simulation of about 17 000 particles in the presence of vortices after 20 orbits of the disk (at a distance of 5.5 AU from
the Sun), obtained by Bracco et al. (1998). The plotted positions (left panel) were used as initial conditions for the gravitational evolution in
the absence of gas drag. The right panel shows the region of the selected cluster after resampling.

its average distance from the Sun is ac = 5.49 AU, and its sur-
face density corresponds to η = 15 assuming Σd = 1.2 g cm−2.
As in Sect. 3, we studied the gravitational evolution of the clus-
ter. For comparison, we ran a similar simulation using an ide-
alized cluster having exactly the same η, a and Rcl, whose el-
liptical contour is represented in Fig. 6 (right panel).

The two cases were repeated both with and without the
background disk, represented by particles whose initial posi-
tions, projected on the (x, y) plane, fall outside the ellipse of
Fig. 6 (right panel). A qualitative inspection of the cluster evo-
lution reveals no apparent relevance of the surrounding disk,
since interactions with other large density fluctuations happen
well after the dispersal over a large area of the original con-
densation. The advantage of the isolated cluster is to allow an
easier quantitative analysis of the dispersion rate (Fig. 7).

A comparison between B, K cases and the “ideal” simu-
lation clearly shows that gravity is not the only cause of dis-
persion of the cluster of planetesimals shown in Fig. 6 (right
panel). The concentration decay of B is characterized by a rapid
fall (faster than that of the “ideal” case) at the beginning of the
evolution, thus pointing out the role of an initial velocity dis-
tribution far from that of the “idealized” cluster. Nevertheless,
initial velocities impose the signature of the anti-cyclonic vor-
tex that trapped particles in this region. The result is a disper-
sion still slower than in the case of the purely Keplerian profile
used in K.

5. Conclusions

We studied the dynamical evolution of an idealized, self-
gravitating cluster, composed of equal-sized particles, whose
initial velocity profile was chosen to allow a direct examina-
tion of the long-term stability of the structure. Its density am-
plification in comparison to the background density (which is

Fig. 7. A comparison between the dispersion rate of the cluster in
Fig. 6 and an ideal cluster similar in size, in its distance from the Sun
and in density (solid line). The two lines correspond each to the dif-
ferent velocity assignments of cases K and B (see text). Even if the
“ideal” case is the most long-lived, the B case preserves the cluster
longer than in the K simulation, thanks to the velocity pattern imposed
by the vortex.

considered to be uniform) was high (η > 10), and its vertical
dispersion was of the order of the Hill radius of the particles.

Our results indicate that:

1. Mutual perturbations induce a dispersion in semi-major
axis values, that in turn allows Keplerian shear to gradually
extract the particles from the region of the original cluster.

2. The cluster dispersion is not dependent on the size of
the planetesimals, over a large range of masses (at least
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4 orders of magnitude), provided that the density ampli-
fication η is constant.

3. A simple relation holds between the local density amplifi-
cation and the dispersion rate of the cluster.

4. Denser clusters dissipate faster. In general, the dispersion
of cluster components outside the original domain requires
a few revolutions only.

5. The initial velocity of cluster members is critical in de-
termining the evolution. The “ideal” clusters have allowed
us to study the cluster dispersion with the effect of initial
velocities minimized, i.e. under the effect of pure mutual
gravity.

Due to the independence of these results from the resolution of
the N-body simulations, it seems natural to extrapolate the con-
clusions to much smaller particles than those employed here,
down to the size range in which vortex trapping is efficiently
concentrating particles. Given a rigid profile such as that used
as initial particle velocities, we can conclude here that, in the
absence of gas, a local high concentration is rapidly dissipated.
On the other hand, we want to underline that this does not ex-
clude the possible existence of other velocity profiles capable
of preserving the local concentration of at least some parts of
the original cluster for a longer time. Nevertheless, even in
the case of a cluster collapse under gravitational instability,
we can state that a stable cluster configuration has not been
reached. In general, velocity randomization has the tendency to
disperse the cluster by de-correlating orbital parameters: a col-
lapsing cluster could thus be gravitationally unstable on short
timescales, such that it merges into a massive compact core
before the velocity dispersion could destroy the initial concen-
tration. Such an efficient collapse has not been observed in the
range of parameters explored here.

Another mechanism capable of maintaining a compact
shape of the cluster could be provided by the presence of gas.
Gas drag, in fact, translates into the dissipation of the cluster
kinetic energy, preventing an increase in velocity dispersions.
This is particularly true inside a vortex, but it is strictly valid
for a system of identical particles only, such as that studied
here. In order for this process to be efficient, the capture time
of the particle must be smaller that the typical timescales of
the gravitational scattering. As shown by Chavanis (2000) the
greatest capture efficiency is attained by particles strongly cou-
pled to the gas, i.e. in the 1–100 cm diameter range. We can
thus formulate a tentative scenario in which, at first, small par-
ticles are gradually concentrated inside vortices, where they
begin to grow by mutual collisions. Later, they become large
enough to decouple from gas, and they leave the vortex due to
mutual perturbations. A detailed verification of this conclusion
requires further simulations including the effects of both grav-
ity and fluid drag, in the presence of coherent structures. This
scenario will be the subject of a forthcoming paper.

It must also be noted that self–gravitating clusters of plan-
etesimals, in presence of gravitationally unstable scale lengths,
could have played a role in comets formation (Weidenschilling
1997). However, the cluster evolution in this dynamical regime
is expected to be different from that dominated by the Keplerian

shear, that we explored in this work. For this reason, we will
devote a specific study to the numerical exploration of gravita-
tionally instable disks of planetesimals in the comet formation
regions.
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