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The Euler Equations
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Adiabatic and steady flows



Adiabatic compression

Boyd Edwards (youtube)

https://www.youtube.com/watch?v=6LFEU0QvlUY&ab_channel=PhysicsDemos


Venturi Tube

University of Padova (youtube)

https://www.youtube.com/watch?v=9OKS3IEJmFE&ab_channel=AulaRostagniUniPadovaDFA


Bernoulli at home



Potential flow



Potential flow
An immersed boundary lattice Boltzmann approach for microscopic blood flows
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Figure 6. The flow field passing over a circular cylinder.

simulation results (symbols) were in good agreement with the
analytical description (solid line) for both the oscillation and
decay.

3.3. Drag coefficient for circular cylinders

Next, we extended our method to another extreme case to
simulate solid objects. Here we placed a circular ring in the
fluid and treated the membrane as Hookean elastic, with a
relatively large modulus. To hold the ring in place, each
membrane node was also linked to a fixed virtual node, which
was not involved in the force distribution and position updating
in IBM. Periodic boundary conditions were applied in both
directions of the square domain, and hence the system we
were simulating was actually a square array of cylinders. To
generate the fluid flow, a body force was employed. According
to Sangani and Acrivos [32], the drag coefficient CD can be
accurately approximated by

CD ≡ F

ρνU

= 4π

ln c−1/2 − 0.738 + c − 0.887c2 + 2.038c3 + O(c4)
(12)

for creeping flows and dilute arrays (c # 1). Here F is the
drag force experienced by the cylinder and U is the mean flow
velocity. Parameter c is the fractional area occupied by the
cylinder in the domain, i.e.,

c = πR2/L2, (13)

where R is the cylinder radius and L is the domain size. In our
simulation, we set R = 10, L = 100 and F = 9.69 × 10−5.
The resulting mean flow velocity U = 1.581 × 10−5. The
Reynolds number was Re = 2UR/ν = 6.32 × 10−4, thus
satisfying the creeping flow requirement. The drag coefficient
from LBM simulation was CLBM

D = F/ρνU = 12.254, while
the analytical value from equation (12) by inserting c = 0.0314
was CD = 12.325; the relative error was only 0.58%.
Figure 6 also shows the flow field passing around the cylinder.

This figure demonstrates that the cylinder deformation was
negligible and the no-slip boundary condition over the cylinder
surface was well satisfied.

4. Simulations of RBCs in flow fields

4.1. RBC model and cell–cell interactions

RBCs are an important component of blood because of their
high density (∼5×106 mm−3) and their critical role in oxygen
transport. Typically, a human RBC has a biconcave shape,
which can be described by the following equation proposed
by Evans and Fung [33]:

ȳ = 0.5(1 − x̄2)1/2(c0 + c1x̄
2 + c2x̄

4), −1 ! x̄ ! 1, (14)

where c0 = 0.207, c1 = 2.002 and c2 = 1.122. The non-
dimensional coordinates (x̄, ȳ) are normalized by the radius
of a human RBC (3.91 µm). The interior fluid (cytoplasm)
has a viscosity of 6 cP, which is about five times of that of the
suspending plasma (∼1.2 cP). The cell membrane is highly
deformable, so that, with a large degree of deformation, RBCs
can pass through capillaries with an inner diameter as small
as 4 µm [34, 35]. Experiments have shown that the RBC
membrane is a neo-Hookean, highly deformable viscoelastic
material [36]. It also exhibits a finite bending resistance that
becomes more profound in regions with large curvature [37].
For the two-dimensional RBC model in this work, following
Bagchi et al [6, 38], the neo-Hookean elastic component of
membrane stress can be expressed as

Te = Es

ε3/2
(ε3 − 1), (15)

where Es is the membrane elastic modulus and ε is the
stretch ratio. In addition, the bending resistance can also be
represented by relating the membrane curvature change to the
membrane stress with [6, 39]

Tb = d
dl

[Eb(κ − κ0)], (16)

where Eb is the bending modulus and κ and κ0

are, respectively, the instantaneous and initial stress-free
membrane curvatures. l is a measure of the arc length along
the membrane surface. Therefore, the total membrane stress
T induced as a result of the cell deformation is a sum of the
two terms discussed above:

T = Tet + Tbn. (17)

Here n is the local normal direction on the membrane.
RBCs can also aggregate and form one-dimensional

stack-of-coins-like rouleaux or 3D aggregates [34, 40, 41].
This process is reversible, and the rouleaux and aggregates
can be broken by, for example, increasing the flow shear
rate. This phenomenon is particularly important in the
microcirculation, since such rouleaux or aggregates can
dramatically influence blood flow in microvessels. However,
the mechanisms underlying this aggregation are still the
subject of investigation. At present, there are two theoretical
descriptions of this process: the bridging model and the
depletion model [34, 41]. The bridging model assumes
that macromolecules, such as fibrinogen or dextran, can
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Potential flow

van Dyke 1982



Potential flow

cradle-cfg.com

http://cradle-cfg.com
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Boundary layers



Boundary layer experiment

Wu et al. 2015



Boundary layer simulation

Stanford Center for turbulence research



Reading 
• Recommended: CC §4.2, §5.1-3, §9.1 

• Additional: Shu 5, 6§ §


