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Chapter 8 ¢ Computational hydro lll: Finite-volume schemes



Recap: Finite-difference schemes
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Finite-differencing tests
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Issues with finite-difference schemes

e Unstable (sometimes)

 Diffusing sharp features (stability vs diffusivity)

Do not conserve mass/momentum/energy
e Strictly positive quantities can go negative

e Cannot handle shocks



Finite-volume (Godunov) schemes




Finite difference vs. finite volume
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Godunov scheme
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1959 MATEMATHYECKHM CBOPHUK T. 47(89), Ne'3

Pa3HOCTHBI/I METOJ YHCJEHHOrO pacyeTa pa3pbIBHbIX
pelmleHUit ypaBHeHUil THUIPOJAUHAMUKH

C. K. T'oaynoB (Mocksa)
BBenenue

MeTox XapaKkTepHCTHK, NMPHVECHS OWMACS AJISL YHCJIEHHOTO pacueTa pelueHHii
YPaBHeHH. TMAPOM2XaHWH, OTJH4AeTCSl GOJIbLIOA H2CTAHAAPTHOCTBLIO W MO3TOMY
Heylo0eH AJsl  aBTOMAaTH3HPOBAHHGLIX BBbIYMCJICHAH HA 9JEKTPOHHLIX CUETHBIX
MawmnHax, occOCHHO B 3ajauax ¢ COJbLUHM YHCJIOM YJApHbIX BOJH H KOHTAaKT-

HBIX Pa3pbiBOB,
B 1930 r. Heiimasom u Puxrtveitepom B paGote [1] Obl10 npeaoxeHo

NPUMEHSITh NSl pacyeTa YPABH2HHA TFHADOM2XAHHKH PA3HOCTHHI®  ypaBHEHHMS, .
B KOTOp.[e MCKYCCTBEHHO BROJMJIACH BA3KOCTb, PAa3MA35iBABILAS YAAPHble BOJIHbI Sergel GOdunOV
Ha HeCKOJIbKO cueTHbX Touek. [Ipu 3TOM cyeT mpejnoJiarasoch BECTH CIJIOLI-
HbIM 00pa3oM uepe3 VJapHble BOJIHbI.
B 1954 r. Jlakc [2] onyOGanKoBaJ MPUrOJHYIO ANl cy2Ta yepe3 yJapHble
BOJIHBI CXeMy «TpeyroJbHux». HejpoctaTkoM 3Toif cxeMbl SIBASISTCSI TO, YTO
OHa He JIONYCKaeT CYeTa CO CJIMLIKOM MEJIKHM LLaroM 1o BpeMeHW (1o cpaBHe-
HHIO C 1UaroM No MPOCTPaHCTBY, JEJEHHBIM Ha CKOPOCTb 3BYKa), IpeBpaias
B 3TOM cCJayuae JioOble HauyaJibHble JaHHble B JHHeiHble ¢yHKUunH. Kpome Toro,
9Ta CXeM3 pPa3Ma3blBaeT KOHTAKTHbLIE PalpbiBbl. :
Hacrogwast paGota craBiT CBO2H Lesbio B5I60p B HEKOTOPOM - CMBICJIE
Hauyduwed cxembl, AOMYyCKAOI[2H CUYT uepe3 YAapHsie BOJHSL. IrOoT BbIGOp
NPOU3BOJUTCS Sl JIMHEHHbLIX YpaBHeHHH, a 3aTeM M0 aHAJOrMH CXeMa IepeHo-
CHTCA M Ha OGuWMY YPAEHEHUS] I'MJAPOJVHAMHUKH.
[To upepnaraemoii cxeme Obiio MpoBefeHO GOJbINO2 YHIJIO pacyeToB Ha
COBeTCK KX 3JIEKTPOHHBIX BBIUMCJIMTEJIbHBIX MawuHax. [lyist KOHTPOJIst H2KOTOpble
H3 STHR PAacyeTOB CPABHHBAJIWCH C PacueTaMu MO MeToAy XapakTepucTHK. Cos-

najiende pe3yJbTATOB OblJIO BIIOJIHE YAOBJIETBOPHTENbHbLIM.
Kak mue crano ussectHo Gaaropaps mo623Hoct H. H. flHenko, oH Toxe

83HUMAJICSI HCCJIE/IOBAHHEM CXeMbl pacyeTa FMAPOAMHAMHYECKHX 3ajay, OJN3KOil
K npejiylaraeMoil B 3Toil paGote.

Fanasa l

Pa3HOCTHBIE CXeMbl AJs1 JHHEHHBIX ypaBHEHHH

§ 1. OnHo Ho3z0e TpeGoBaHWE K Pa3HOCTHBIM CXemMaM

JAns  peweHust  aupdepeHunasbHBIX  YPaBHEHHE MareMaTHuecKoil (U3NKH
4acTo NMPUMEHSI2TCST MEeTOJ KOHeYHbIX pasHocTeil. EcrtecTBeHHO TpeGoBaTh OT
pelleHns, MOJIy4eHHOro MpuOJIHIKeHHO, uTOObl KauyecTBeHHOEe ero MoBeleHHe
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Godunov scheme for advection
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The Riemann problem




The Riemann problem
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Rightdata U ,
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The Riemann problem (linearized Euler)
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The Riemann problem (for the 1D Euler equations)
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HLL Riemann solver

’

Fi, V S5, >0
F 5?1172 = 9 SRfL_SLf§R+_S§fR(UR_UL) otherwise (9.11)
Fr vV Sr<0

We have adopted a common notation of L and R subscripts, which indicate the cells to the left and
right of an interface (cells ¢ and ¢ + 1 for the ¢ + 1/2 interface, for example). Similarly, Fr, is the
cell-centered flux in the left cell, and so on. Moreover, S;, and Sg are the velocities of the fastest
possible waves going left and right, which we approximate as St, = ur, — ¢s and Sgp = ur + ¢s. If
St, > 0, all waves are traveling to the right and we can use the flux corresponding to the left state
(as in the advection equation with positive velocity). The opposite case is that Sg < 0, meaning
that all waves travel to the left. In the majority of cases, we will end up in the intermediate
“star region,” where use the averaged HLL flux (Equation 9.11). Importantly, we have ignored the

Harten, Lax & van Leer
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Higher-order Godunov schemes




Dimensional splitting

Gasiorowski & Kolerski 2020 e Strang 1968



1st-order in space (constant)
1st-order in time
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Advection in 2D
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Linear Reconstruction

_Vi-Via _Viaa =V _sLtsr_ Vi1 -V
Define: L= "4 R=""A0 =" T 2Ax
Central derivative: V(z)=V;+sclr — x;)

Example:

Cell edge states:




Linear Reconstruction

Piecewise Linear Method for Linear Advection

initial state (cell averages)

i—2 i—1 i i+1 i+2

Zingale 2021



Slope limiters
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Linear Reconstruction
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The Riemann problem (1D Euler)
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2nd-order in space (linear)
MinMod limiter
1st-order in time
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2nd-order in space (linear)
MC limiter
1st-order in time
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Parabolic Reconstruction

Zingale 2021



Time




Time




2nd-order in space (linear)
MC limiter
2nd-order in time (Hancock)
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ULULA: A 2D python hydro code

Quick start

The easiest way to execute Ulula is via the runtime function run() (see documentation below).
The main input to this function is a Setup , a class that contains all data and routines that describe

a particular physical problem. The following example runs a simulation of the Kelvin-Helmholtz test:

import ulula.setups.kelvin_helmholtz as setup_kh
import ulula.run as ulula_run

setup = setup_kh.SetupKelvinHelmholtz()
ulula_run.run(setup, tmax = 4.0, nx = 200)

This code will set up a domain with 200x200 cells and run the Kelvin-Helmholtz test until time 4.0
using the default hydro solver. If you want control over the algorithms used, the HydroScheme class

contains all relevant settings, e.g.:

import ulula.simulation as ulula_sim

hs = ulula_sim.HydroScheme(reconstruction = 'linear', limiter = 'mc', cfl = 0.9)
ulula_run.run(setup, hydro_scheme = hs, tmax = 4.0, nx = 200)

The run() function takes a number of additional parameters, many of which govern various
possible output products such as interactive and saved figures as well as movies. For example,
these code snippets would produce a series of density and pressure plots at time intervals of 0.5 or
a movie of the evolution of density:
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Cloud-crushing setup
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Popular hydro codes in astrophysics
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Adaptive mesh refinement (AMR)
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Adaptive mesh refinement (AMR)

Antepara et al. 2015



Adaptive mesh refinement (AMR)

RAMSES (Teyssier et al. 2006)
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RAMSES (Teyssier et al. 2006, Agertz et al. 2009, movie page)


https://irfu.cea.fr/Projets/Site_ramses/Movies.html
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FLASH
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FLASH (Fryxell et al. 2000, movie page)


https://flash.rochester.edu/site/movies/index.html

Smoothed Particle Hydrodynamics (SPH)
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Gadget3 / EAGLE (Springel et al., Schaye et al. 2015, movie page)


https://eagle.strw.leidenuniv.nl/wordpress/index.php/eagle-visualisation/

Grid vs. SPH

SPH NORMAL

Agertz et al. 2007
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https://arepo-code.org/visualizations

GIZMO
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https://fire.northwestern.edu/visualizations/

Reading

e Recommended: Zingale §7.2, §8.1-4




