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Recap: Finite-difference schemes



Finite-differencing tests

FTFS FTCS FTBS



Finite-differencing tests

Lax-Friedrichs Lax-Wendroff Fromm



Issues with finite-difference schemes

• Unstable (sometimes) 

• Diffusing sharp features (stability vs diffusivity) 

• Do not conserve mass/momentum/energy 

• Strictly positive quantities can go negative 

• Cannot handle shocks



Finite-volume (Godunov) schemes



Finite difference vs. finite volume

Zingale 2021
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Godunov 1959

Sergei Godunov



Godunov 1959



Godunov scheme for advection
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The Riemann problem



The Riemann problem
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The Riemann problem (linearized Euler)
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The Riemann problem (for the 1D Euler equations)
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HLL Riemann solver

Harten, Lax & van Leer



Sod shocktube

Made with ULULA



The Riemann problem (1D Euler)

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

D
en

si
ty

True solution
Solution, t=0.20

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

Ve
lo

ci
ty

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

P
re

ss
ur

e

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

In
te

rn
al

en
er

gy

Figure by Frank van den Bosch



Higher-order Godunov schemes



Dimensional splitting

Gasiorowski & Kolerski 2020 • Strang 1968



Advection in 2D

1st-order in space (constant) 
1st-order in time 
αcfl = 0.8
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Example:

Linear Reconstruction

Define:

Central derivative:

Cell edge states:



Linear Reconstruction

Zingale 2021



Slope limiters

Minimum Modulus

Q
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“Minimum Modulus:” 
 
Out of sL and sR, take the one with the smaller absolute 
value, or zero if they have opposite signs.



Linear Reconstruction

Steeper than average

Less than 
shallower slope



Slope limiters
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The Riemann problem (1D Euler)

αcfl = 0.5 αcfl = 0.01



Advection in 2D

2nd-order in space (linear) 
MinMod limiter 
1st-order in time 
αcfl = 0.8



Advection in 2D

2nd-order in space (linear) 
MC limiter 
1st-order in time 
αcfl = 0.8



Parabolic Reconstruction

ii � 1 i + 1i � 2 i + 2

Zingale 2021
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Advection in 2D

2nd-order in space (linear) 
MC limiter 
2nd-order in time (Hancock) 
αcfl = 0.8



ULULA: A 2D python hydro code



Cloud-crushing setup



MinMod van Leer MC
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Popular hydro codes in astrophysics
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Adaptive mesh refinement (AMR)

Antepara et al. 2015



Adaptive mesh refinement (AMR)

Antepara et al. 2015



Adaptive mesh refinement (AMR)

RAMSES (Teyssier et al. 2006)



RAMSES (Teyssier et al. 2006, Agertz et al. 2009, movie page)

RAMSES

https://irfu.cea.fr/Projets/Site_ramses/Movies.html


Block-based AMR

Image: Suhas Jain
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https://flash.rochester.edu/site/movies/index.html


Smoothed Particle Hydrodynamics (SPH)

Image: Wikipedia



Gadget3 / EAGLE (Springel et al., Schaye et al. 2015, movie page)

Gadget 3

https://eagle.strw.leidenuniv.nl/wordpress/index.php/eagle-visualisation/


Grid vs. SPH

Agertz et al. 2007
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Arepo

https://arepo-code.org/visualizations
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GIZMO

https://fire.northwestern.edu/visualizations/


Reading 
• Recommended: Zingale §7.2, §8.1-4


