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We present analytic and numerical results which illustrate the
effects of Jupiter’s accretion of nebular gas and the planet’s radial
migration on its Trojan companions. Initially, we approximate the
system by the planar circular restricted three-body problem and
assume small Trojan libration amplitudes. Employing an adiabatic
invariant calculation, we show that Jupiter’s 30-fold growth from
a 10M⊕ core to its present mass causes the libration amplitudes
of Trojan asteroids to shrink by a factor of about 2.5 to ∼40% of
their original size. The calculation also shows that Jupiter’s radial
migration has comparatively little effect on the Trojans; inward mi-
gration from 6.2 to 5.2 AU causes an increase in Trojan libration
amplitudes of∼4%. In each case, the area enclosed by small tadpole
orbits, if made dimensionless by using Jupiter’s semimajor axis, is
approximately conserved. Similar adiabatic invariant calculations
for inclined and eccentric Trojans show that Jupiter’s mass growth
leaves the asteroids’ eccentricities and inclinations essentially un-
changed, while 1 AU of inward migration causes an increase in
both of these quantities by ∼4%. Numerical integrations confirm
and extend these analytic results. We demonstrate that our pre-
dictions remain valid for Trojans with small libration amplitudes
even when the asteroids have low, but nonzero, eccentricities and
inclinations and/or Jupiter has an eccentricity similar to its present
value. The integrations also show that Trojans with large libration
amplitudes, including horseshoe orbits, are even more strongly af-
fected by Jupiter’s mass growth and radial migration than simple
scaling from our analytic results would suggest. Further, the nu-
merical runs demonstrate that Jupiter’s predicted mass growth is
sufficient to cause the capture of asteroids initially on horseshoe
orbits into stable tadpole orbits. Thus, if Jupiter captured most of
its Trojan companions before or while it accreted gas, as seems
probable, then Jupiter’s growth played a significant role in stabiliz-
ing Trojan objects by systematically driving them to lower libration
amplitudes. c© 2000 Academic Press

Key Words: asteroids, dynamics; celestial mechanics; Jupiter;
origin, Solar System; resonances.

1. INTRODUCTION
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The Trojans are a distant group of asteroids dynamic
linked to Jupiter by a 1:1 mean motion resonance which ca
them to librate about stable Lagrangian equilibrium points
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orbit. Because Trojans orbit far from the Sun and also have
albedos, they suffer from a low discovery rate and hence are
derrepresented among numbered asteroids. Extrapolating
the identified Trojan objects, Shoemakeret al. (1989) estimate
that the total Trojan population contains nearly half as many
teroids as the main belt. The large number of Trojans and t
strong dynamical connection to Jupiter make determining t
origins an important goal; by understanding the early histor
the Trojans, we may also gain insight into Jupiter’s format
and early evolution.

Clues about the origins of the Trojan asteroids may be fo
in their current physical and orbital properties, which inclu
the overlapping signatures of mechanisms which captured t
into librating orbits, as well as processes which have contribu
to the population’s evolution over time. Some distinctive ch
acteristics of the current Trojan asteroids include a small m
eccentricity of∼0.06, a small mean libration amplitude of∼29◦,
and a large mean inclination of∼18◦ (Shoemakeret al. 1989,
Levisonet al.1997). Also, nearly twice as many asteroids ha
been observed librating about the L4 point as about the L5 p
This, however, may simply be the result of observational se
tion effects (Shoemakeret al.1989).

There are many competing theories for the origin and e
lution of the Trojan asteroids. It has been suggested tha
Trojans may have originally been comets (Rabe 1972) or n
Jupiter planetesimals (e.g., Shoemakeret al. 1989, Kary and
Lissauer 1995). A number of mechanisms have been con
ered for capturing these objects into Trojan orbits, includ
collisions between objects, drag forces, and mass accretio
Jupiter. Shoemakeret al. (1989) theorized that collisional em
placement of fragments of near-Jupiter planetesimals during
dispersion of the planetesimal swarm may have provided mo
the Trojan objects. More recently, numerical modeling of the c
lisional evolution of the Trojan population (Marzariet al.1997)
has shown that collisions are largely responsible for shaping
current size distribution of the smaller Trojans, as well as hav
caused the escape of some of the Trojan objects into chaot
bits. Long-term numerical integrations by Levisonet al.(1997)
have also shown that the Trojan population is dynamic
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TABLE I
Effects of Jovian Accretion and Migration on Trojan

Libration Amplitudes

If planetary mass If inward radial
increased migration

Rabe (1954) A increases X
Horedt (1974a,b, 1984) A unaffected X
Yoder (1979) A decreases A decreases
This work A decreases A increases

unstable and that dynamical diffusion has contributed and c
tinues to contribute to the loss of Trojan objects. This diffusi
would have been enhanced in the early solar system if Jup
and Saturn were closer together than they are currently (Go
1998).

Various types of drag forces acting on Jupiter and/or
Trojan precursors have also been examined. Kary and Liss
(1995) showed numerically that Solar nebular gas drag co
cause planetesimals to be captured into 1:1 resonance w
protoplanet. Interestingly, they found that such capture is r
for planets on circular orbits, but quite common for planets w
appreciable eccentricities. Gas drag may also have played a
nificant role in evolving the Trojan population into its prese
form, provided that the Trojan precursors were captured be
the dispersion of the solar nebula (Peale 1993). Yoder (19
looked at the effects of dynamical friction during Jupiter’s d
persal of the planetesimal swarm, which caused a slight inw
migration of Jupiter. He argued that this migration would cau
a decrease in the libration amplitudes of Jupiter’s Trojan co
panions (see, however, Table I).

The possibility that a change in Jupiter’s mass could be
sponsible for the capture of the Trojan asteroids was inve
gated by Rabe (1954), who argued analytically that a decre
in Jupiter’s mass could cause its satellites to move onto Tro
orbits. More recently, Marzari and Scholl (1998) showed num
ically that an increase in Jupiter’s mass could cause the cap
of planetesimals into librating orbits. They used a proto-Jup
on a “best guess” orbit growing simultaneously with Saturn o
a period of 104 or 105 years and found that a large fraction
the planetesimals initially on horseshoe orbits and a small
centage of those initially orbiting near the 1:1 resonance w
captured into tadpole orbits.

Past changes in Jupiter’s mass have also long been consid
a potentially significant evolutionary mechanism for creati
the current distribution of Trojan asteroids; however, attem
to predict the exact form of the effects of Jupiter’s growth
the Trojans have thus far been contradictory. For an incre
in Jupiter’s mass, Rabe (1954) theorized that the Trojan lib
tion amplitudes would increase, Horedt (1974a,b, 1984) arg
that they would not be appreciably affected, and Yoder (19
predicted that they would decrease (Table I).
In this paper, we focus on the changes which Jupiter
derwent early in its history. We investigate the significance
HAMILTON
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Jupiter’s mass growth and radial migration as Trojan capt
mechanisms and especially as mechanisms for evolving
Trojan population. We focus on these two processes in is
tion in order to fully characterize their behavior. Other pote
tially important processes including gas drag, the gravity of ot
planets and/or protoplanets, and collisions among Trojans
not considered here, because models which include all of th
effects would have a large number of poorly determined f
parameters. For example, with gas drag, what is the gas de
as a function of distance from the Sun? When and exactly h
does Jupiter form a gap in the gas distribution? How sensitive
Trojan asteroids to different gas drag models? These ques
are important and need to be studied in depth. There are m
open questions like these in the full Trojan formation proble
probably more than can be addressed in a single paper. Acc
ingly, we have chosen to study individual processes first for la
incorporation into a more general model. A strong advantag
this approach is that investigating individual processes in de
will ultimately lead to a deeper physical understanding of res
from more complicated models.

Adopting this approach, we first present consistent anal
and numerical results which show the effects of Jupiter’s gro
and radial migration on its Trojan companions in the limit o
slowly changing Jupiter, thus settling the previous controve
We then explore the working of these mechanisms for a w
range of time scales, initial Trojan libration amplitudes, Jupi
eccentricities, and asteroid eccentricities and inclinations.

2. ANALYTIC RESULTS

2.1. Libration Amplitude

Consider the planar circular restricted three-body proble
in which two massive bodies move about each other in circu
orbits due to their mutual gravitation and a third body of i
finitesimal mass moves in the orbital plane of the two mass
objects. This system admits five equilibrium points where a
particle can have zero velocity and zero acceleration in the fra
which corotates with the primary masses about their comm
center of mass (Danby 1988). Three of these points lie al
the line through the two primaries and are unstable. The o
two, L4 and L5, lie at the tips of the equilateral triangles who
bases are the line connecting the primary masses (see Fig
These are called the triangular Lagrangian equilibrium po
and are stable to small oscillations so long as the mass rat
the primaries,µ = M2/(M1+ M2) (whereM1 and M2 are the
larger and smaller of the primary masses, respectively), satis
µ∼< 0.0385 (Murray and Dermott 1999). This condition is m
for all Sun–planet and planet–moon pairs in the Solar Syst
with the exception of Pluto and Charon.

The planar circular restricted three-body problem is a reas
able approximation for the system consisting of the Sun, Jup
and a Trojan asteroid, since the asteroid’s mass is insignifi
un-
of
in comparison to either Jupiter or the Sun, and Jupiter’s ec-
centricity is relatively small (∼0.0483 currently). If we make
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FIG. 1. Three sample Trojan asteroid orbits are plotted in the frame w
corotates with Jupiter about the center of mass of the Sun–Jupiter system
L4 (leading) and L5 (trailing) Lagrangian equilibrium points are each indica
by the symbol×. The orbits shown, which enclose either the L4 or the L5 po
but not both, are called tadpoles due to the shape of their librations. The ta
around the L4 point was integrated with Jupiter at twice its present mass, w
makes it wider and thus easier to view. The libration amplitude,A ' 40◦, is
indicated for this orbit. The two tadpoles about the L5 point are the initial (lo
thin tadpole withA ' 85◦) and final (short, fat tadpole withA ' 60◦) orbits for
a Trojan as Jupiter’s mass grows slowly from one-half to twice its current va
The tadpole both shortens and widens as Jupiter’s mass increases.

the further approximations that the Trojan’s oscillations ab
its equilibrium position are small and that the asteroid is o
nearly circular orbit, then, noting that

µ = MJ

MS+ MJ
≈ 0.001¿ 1, (1)

whereMS is the mass of the Sun andMJ is the mass of Jupiter
the motion of the asteroid is well approximated by the equa

φ̈∗ +
(

27

4

)
µn2

Jφ∗ = 0 (2)

(Brown and Shook 1964). Here an overdot signifies differen
tion with respect to time,φ∗ = φ − φeq, whereφ is the angular
position of the asteroid andφeq is the angular position of th
Lagrangian equilibrium point about which the asteroid librat
both measured with respect to Jupiter. Finally, Jupiter’s m
motion is given by

[ ]1/2
nJ = G(MS+ MJ)

a3
J

, (3)
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whereaJ is Jupiter’s semimajor axis andG is the gravitational
constant. The observed librational motions of the Trojan as
oids are well described by the solution of Eq. (2),

φ∗ = A

2
cos(ωt + B), (4)

where

ω2 = 27

4
µn2

J, (5)

t is time, andA andB are constants. Note thatA/2 is the ampli-
tude of theφ oscillations. The libration amplitude,A, is defined
to be the total angular extent of these oscillations (see Fig
Equivalently, the system can be described by the Hamiltoni

H = 1

2
a2

J φ̇
2
∗ +

1

2
ω2a2

Jφ
2
∗, (6)

which has units of energy over mass. We use this rather tha
full Hamiltonian with units of energy since the Trojan’s ma
is ignored in deriving Eq. (2). The canonical variables for t
Hamiltonian areq = aJφ∗ and p = aJφ̇∗, so that∂H

∂p = q̇, and
∂H
∂q = − ṗ reproduces the equation of motion (Eq. 2).

When changes are made to external parameters governin
system (e.g., mass growth of Jupiter or the Sun or an exte
torque on either of them), the Hamiltonian is no longer co
served. However, if these changes are slow enough, relat
smooth, and not in resonance with the system, then it ca
shown that the action,J = ∫ p dq, is approximately conserve
(Landau and Lifschitz 1960, Arnold 1978, Corben and Ste
1957). Such changes are called adiabatic changes andJ is an
adiabatic invariant. To have physical relevance, the adiabati
variant J must be derived from a Hamiltonian which gives t
correct energy of the system (to within a constant). Using
expressions forp, q, andφ∗ above, we determine the action fo
the three-body system:

J3body=
∫

a2
J φ̇∗ dφ∗ =

∫ 2π/ω

0
a2

J A2ω2 sin2(ωt + B) dt

= π

4

√
27G

4
A2M1/2

J a1/2
J = constant, (7)

where we have evaluated the integral by using the adiab
approximation thataJ, A, andω are constant over one libratio
period.

The conservation of the action can be written in the use
form

Af

Ai
=
(

MJf

MJi

)−1/4(aJf

aJi

)−1/4

, (8)
where the subscripts i and f indicate the initial and final values
of the variables, respectively.
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For radial migration of Jupiter, we can find the resulti
change in the Trojan’s libration amplitude directly from Eq. (
since changingaJ has no effect onMJ, the factor (MJf/MJi)−1/4 is
equal to 1. Then, for a physically reasonable inward radial mi
tion of Jupiter from approximately 6.2 to 5.2 AU (see Section
Eq. (8) predicts an increase in the Trojan’s libration amplitu
of only∼4%.

Determining the effects of Jupiter’s mass growth on
Trojan’s libration amplitude is a bit more subtle, since incre
ing MJ may affectaJ as well asA. The problem of how the
semimajor axis of an orbit adjusts to mass accretion onto
member of a binary system has a long history, which goes b
at least to Str¨omgen (1903), who considered what effect m
accretion by the Earth would have on the orbit of the Mo
Jeans (1961) provides a nice derivation of the effects of m
loss from a binary system via stellar radiation or stellar win
For both of these cases, mass gain (or loss) is isotropic in
frame in which the affected body is at rest. With the isotro
assumption, Jeans (1961) shows that

(MS+ MJ)aJ = constant. (9)

Although the accretion of solar nebular gas by Jupiter may
have been perfectly isotropic, this is a reasonable approxima
We will return to investigate anisotropic mass changes sho
Equation (9) predicts that if the mass of either Jupiter or the
were slowly decreased, Jupiter’s orbit would drift outward. T
effect is well known (e.g., Horedt 1984) and was observed
cently in numerical simulations by Duncan and Lissauer (19
in which the orbits of the outer planets were seen to expan
the mass of the Sun was decreased to a small fraction of its
inal value. Similarly, if either Jupiter or the Sun slowly accre
mass, Jupiter’s semimajor axis will decrease. Note that Eq
implies that adding a Jovian mass of material to either Jup
or the Sun produces the same change in the semimajor ax
the system.

Returning to our discussion of the effects of Jupiter’s m
growth on its Trojan companions, we see from Eq. (9) that if
mass of Jupiter is changed adiabatically and isotropically,
semimajor axis of Jupiter’s orbit will be altered according to

aJf

aJi
= MS+ MJi

MS+ MJf
. (10)

Substituting this into Eq. (8), we obtain the full effect whi
alteringMJ has on the Trojan’s libration amplitude:

Af

Ai
=
(

MJf

MJi

)−1/4(MS+ MJf

MS+ MJi

)1/4

. (11)

SinceMJ¿ MS, the second term in parentheses is very ne
equal to 1, and the change inA is given sufficiently accurately

by Eq. (8) if we simply take (aJf/aJi)−1/4 = 1. We can generalize
this result to anisotropic forms of mass accretion if we know h
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much radial migration results from the accretion. For exam
if accretion of gas exerted torques on Jupiter which force
1-AU shift in its distance from the Sun, then the first term on
right-hand side of Eq. (8) still dominates the second. In fact,
effect of Jupiter’s radial migration is comparable to its∼30-fold
growth in mass only if the planet moves inward by a factor
∼30, e.g., from 150 to 5 AU.

Thus, for all reasonable mass accretion and radial migra
scenarios, accretion dominates, and we find that the growt
Jupiter from a∼10M⊕ core to its present mass of∼320M⊕
causesA to decrease by a factor of∼2.5 to∼40% of its original
value. If librating Trojan asteroids were already present w
Jupiter was a 10M⊕ core, then their orbits were substantia
stabilized by Jupiter’s growth.

There has been some significant confusion in the litera
about the effects of Jupiter’s mass growth on the libration a
plitudes of its Trojan companions (see Table I). Our analy
result for the effects of Jovian mass growth disagrees with
findings of Rabe (1954) and Horedt (1974a,b, 1984), but ag
exactly, in both direction and magnitude, with the conclusio
of Yoder (1979). Our prediction for the effects of Jupiter’s r
dial migration, however, disagrees with Yoder’s 1979 result (
Table I). Statements in Yoderet al.(1983) about the tidal evolu
tion of the saturnian satellites Janus and Epimetheus, how
are inconsistent with Yoder’s 1979 calculations, but agree
least in sign, with our radial migration results. In order to dis
this confusion, we carefully verify our analytic predictions wi
numerical simulations in Sections 3 and 4 below.

We can make use of Eq. (9) to gain additional insight in
the meaning of the three-body adiabatic invariant (Eq. 7). W
A andµ are both very small, low inclination and eccentrici
Trojan orbits, viewed in the frame which corotates with Jupi
look like little ellipses centered on the Lagrangian equilibriu
points with the ratios of their semimajor to semiminor axes eq
to

a

b
= 2√

3µ
(12)

(Murray and Dermott 1999). The area within this ellipse is

area= πab= π

2
a2
√

3µ. (13)

For a small tadpole orbit, the libration amplitude times the se
major axis of Jupiter’s orbit is approximately equal to the ma
axis of the ellipse (AaJ ' 2a). Thus we can rewrite Eq. (13) a

area=
√

3π

8

(
MJ

MS+ MJ

)1/2

A2a2
J (14)

and then use Eq. (7) to eliminateA in favor ofaJ:
ow

area

a3/2
J

= J3body

3
√

G(MS+MJ)
= constant (15)
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The final equality holds for pure radial migration whenMS and
MJ are both constant. For isotropic mass changes to eithe
Sun or Jupiter, we use Eq. (9) to eliminate the mass depend
and find

area

a2
J

= constant (16)

Thus, during isotropic adiabatic mass accretion, the dimens
less area of small-amplitude Trojan orbits (i.e., the area enclo
by the orbit divided by the square of Jupiter’s semimajor ax
is exactly preserved (Eq. 16). The response to direct radial
gration induced by torques on Jupiter is only slightly differe
(Eq. 15). If Jupiter accreted its mass in an anisotropic way, a c
bination of the above two equations would apply. In the act
Solar System, the multiple doublings of the jovian mass p
dicted by the core-accretion model dominates the likely∼10%
changes inaJ. Thus, to an excellent approximation, as Jupi
accretes mass,A decreases and the radial width of the Troj
orbit increases so that the area enclosed by the orbit remains
stant (see Fig. 1). Note that the large libration amplitude of
tadpole in Fig. 1 violates one of our assumptions, and there
departures from perfect area conservation are evident.

Finally, we can use Eq. (9) to determine what effect chang
the mass of the Sun has on the libration amplitudes of Jupi
Trojans. The dependence ofAonMS is present in Eq. (8) through
the factor (aJf/aJi)−1/4. If the mass of the Sun is altered slow
and isotropically, Eq. (9) shows thataJ will change according to

aJf

aJi
= MSi+ MJ

MSf+ MJ
. (17)

Combining this with Eq. (8), we find

Af

Ai
=
(

aJf

aJi

)−1/4

=
(

MSf+ MJ

MSi+ MJ

)1/4

. (18)

Thus, slowly and isotropically adding mass to the Sun increa
the libration amplitude of the Trojan, which is the opposite
the effect onA caused by adding mass to Jupiter.

2.2. Trojan Inclination and Eccentricity

Additional adiabatic invariant calculations determine the
fects of changing Jupiter’s mass and semimajor axis on a Tr
asteroid’s eccentricity,ea, and inclination,ia. For the case when
ia 6= 0, we approximate the orbit of the Trojan as an inclin
circle. Then, the motion of the asteroid in thez-direction can
be well represented by simple harmonic motion with a restor
force equal to the sum of thez-components of the gravitationa
forces of the Sun and Jupiter acting on the asteroid. If we
sume that the asteroid’s inclination and libration amplitude

small, the distances between Jupiter, the asteroid, and the
are all approximately equal toaJ. Then, the restoring force per
OJAN ASTEROIDS 483
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unit mass acting on the asteroid is

f = −G(MS+ MJ)

a3
J

z, (19)

wherez is the distance of the Trojan asteroid above the plane
Jupiter’s orbit. Notice that the vertical oscillation frequency
the same as Jupiter’s orbital frequency (Eq. 3). The Hamilton
for the vertical motion is

H = 1

2
ż2+ 1

2

G(MS+ MJ)

a3
J

z2, (20)

which has canonical variablesq= zandp= ż. As in Section 2.1,
for an adiabatic change to the system, the action is conser
Noting that here adiabatic means that changes to the system
negligible over one orbital period, we find

Jincl =
∫

ż dz= π i 2
a

√
G(MS+ MJ)aJ = constant, (21)

where we have used the relationzmax= aJ sinia ' iaaJ and in-
tegrated over a full orbital period. From this result, we see t
if an external force adiabatically changes the semimajor axi
Jupiter’s orbit about the Sun, the inclination of the Trojan w
change according to the relation

iaf

iai
=
(

aJf

aJi

)−1/4

. (22)

If instead the mass of Jupiter or the Sun is varied, Eq. (
tells us that some combination ofia andaJ must change to keep
the action constant. For an isotropic mass loss or gain, we
use Eq. (9) to determine how the variation is shared betweeia

andaJ. Combining Eq. (21) with Eq. (9), we find

ia = constant, (23)

which holds for changes in eitherMJ or MS.
The adiabatic calculation for an eccentric asteroid orbit p

allels that for an inclined orbit; however, the radial oscillatio
frequency is given by

nradial=
[

G
(
MS− 27

4 MJ
)

a3
J

]1/2

(24)

(Murray and Dermott 1999, p. 94) rather than by Eq. (3). A
cordingly, the action, evaluated for small eccentricities, has
form

Jecc=
∫

ṙ dr = πe2
a

√
G

(
MS− 27

MJ

)
aJ = constant,
Sun 4
(25)
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TABLE II
Reaction of Orbital Parameters to Imposed Adiabatic Changes

in aJ, MJ, and MS

If aJ slowly If MJ slowly If MS slowly
decreased increased increased

ThenaJ X Decreases (Eq. 10) Decreases (Eq. 17)
ThenA Increases (Eq. 8) Decreases (Eq. 11) Increases (Eq. 18
Thenea Increases (Eq. 26) Slightly increases Slightly decreases

(Eq. 27) (Eq. 27)
Thenia Increases (Eq. 22) Is unaffected (Eq. 23) Is unaffected (Eq.

andea will respond to an adiabatic change inaJ according to the
relation

eaf

eai
=
(

aJf

aJi

)−1/4

. (26)

This result agrees, at least in sign, with analytic work by Gom
(1997), who showed thatea would increase whenaJ was de-
creased. For variations inMS and/orMJ, we combine Eqs. (9)
and (25), and find that

ea

(
1− 31

16

MJ

MS

)
= constant. (27)

Thus, an isotropic increase in Jupiter’s mass should lead
slight increase in a Trojan asteroid’s eccentricity.

In summary, for adiabatic changes to the Sun–Jupiter–Tr
system, we find that if the semimajor axis of Jupiter is decrea
the asteroid’s libration amplitude (Eq. 8), eccentricity (Eq. 2
and inclination (Eq. 22) will all increase. Furthermore, if w
increase Jupiter’s mass isotropically,aJ will decrease (Eq. 10)
and the Trojan’s libration amplitude will decrease (Eq. 11),
eccentricity will increase slightly (Eq. 27), and its inclinatio
will remain unchanged (Eq. 23). Finally, if the Sun’s mass
increased isotropically,aJ will be decreased (Eq. 17) and th
asteroid will be dragged inward with Jupiter,A will increase by
the same amount it would wereaJ altered by an external torqu
(Eq. 18),ea will decrease slightly (Eq. 27), andia will not change
(Eq. 23). These results are summarized in Table II.

3. NUMERICAL WORK: JUPITER’S MASS
GROWTH BY ACCRETION

In this section and the next, we confirm the analytic res
above and explore their range of validity by numerically in
grating the three-body system consisting of the Sun, Jupiter,
a massless asteroid. The full equations of motion, consistin
the gravitational force of each body acting on the other tw
are integrated in inertial coordinates. We use Bulrisch–S
and Runge–Kutta methods with adaptive stepsize (Presset al.

1987), having initially decided against faster symplectic me
ods (Wisdom and Holman 1991) because of the difficulty
HAMILTON

3)

es

o a

jan
ed,
),
e

its
n
is

e

lts
e-
and

of
o,

oer

handling close approaches with Jupiter. Although fast symp
tic methods for handling close approaches do exist (Duncanet al.
1998), the speed of our routines was adequate. We ran exte
tests on our code, including checking that the Bulrisch–S
and Runge–Kutta integrators converged to the same solut
producing plots which matched specific Trojan asteroid or
illustrated in Murray and Dermott (1999, p. 97 and 98), and v
ifying that the Jacobi constant was conserved to sufficient a
racy for the circular restricted three-body problem with const
Jupiter mass and semimajor axis.

We begin our numerical exploration by integrating the thr
body system as Jupiter grows from∼10M⊕ to its current mass
We experimented with growing Jupiter both exponentia
(MJ = MJieαt) and linearly (MJ = MJi+ βt), whereMJi is the
initial mass of Jupiter andα andβ are constants. We found, a
expected from Section 2, that our results were not significa
affected by the form of mass growth so long as the growth
slow enough to be adiabatic; accordingly all results presen
below are for an exponentially growing Jupiter. Additional
orbits librating around the Lagrangian equilibrium point L4 b
haved similarly to orbits around L5, as suggested by our ana
analysis. Thus, the results presented below apply to objec
brating about either of these points.

3.1. Circular Coplanar Orbits

3.1.1. Dependence on mass growth time scales.Placing the
Sun, Jupiter, and the asteroid all on initially circular coplan
orbits, we carry out a set of integrations in which Jupiter gro
on time scales ranging from 102 to 105 years. We monitor the
changes to the asteroid’s libration amplitude and plot our res
in Fig. 2.

For long mass growth time scales (∼104 years), the numerica
asteroid orbits agree well with the analytic prediction. Initial
the numerically determined points track the analytic predict
precisely, but as Jupiter’s mass grows the points begin to s
ter more. The increase in the amplitude of the oscillation
the numerical points about the analytically predicted line is d
to limitations of our method of calculating the libration amp
tude. We use an analytic approximation (Yoder 1983, Shoem
et al.1989) which makes the following assumptions: (1) a p
nar three-body system with all the objects on circular orb
(2) Ma¿ MJ¿ MS, and (3)A is very small. The Sun–Jupiter
Trojan system is reasonably approximated by these assumpt
however, asMJ/MS grows, the error in the approximation in
creases, thereby causing an increased scatter of the calcu
points. Furthermore, the changing mass of Jupiter itself lead
additional effects which are not accounted for in the simple t
ory; these effects are larger for more rapid growth time sca
Runs with slower growth time scales of∼105 years (not shown)
exhibit the same behavior as the 104-year runs shown here, sinc
both of these slow growth rates represent changes to the sy
that are well within the adiabatic limit where Eq. (8) is valid.
th-
in

For the faster Jupiter growth rates (102 and 103 years), the nu-
merical curves deviate substantially from the analytic prediction
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FIG. 2. The Trojan libration amplitude,A (normalized to its initial value,
Ai ) is plotted against Jupiter’s mass,MJ (normalized to its initial value,MJi)
on log–log scale for a series of integrations during which Jupiter grows f
∼10M⊕ to its current∼320M⊕. The initial Trojan orbits are small (A ' 10◦)
tadpoles. The analytic prediction of Eq. (8) is plotted as a solid line. The nu
ical curve for the 104-year growth rate (dotted line) overlays the analytic res
Curves for longer growth time scales (not shown) agree equally well. The cu
for shorter time scales, however, deviate significantly from the analytic curv
a manner which depends on the initial conditions of the orbit. Note that the
curves for the 102-year time scale differ only in the initial librational phase
the orbit.

of Eq. (8) (Fig. 2). In these cases, significant changes in
mass of Jupiter occur on time scales comparable to the l
tion period of the Trojan asteroid,T = 2π

ω
(with ω given by

Eq. 5), which is∼900 years forMJ = 10M⊕ and∼150 years
for Jupiter’s current mass. Thus, the change in the Trojan o
depends on its initial conditions, i.e., exactly where along
tadpole orbit the asteroid starts. The initial conditions for
103-year time scale run shown in Fig. 2 are chosen so
the curve exhibits maximum deviation from the analytic res
Note that the oscillations in this curve are not due to inacc
cies in the analytic approximation used to calculate the libra
amplitude; they are real effects due the asteroid’s libratio
motion and occur at the libration frequency. Unlike the artific
oscillations in the 104-year curve, the physical oscillations in th
103-year curve never causeA to increase.

The dependence of short time scale runs on initial condit
is clearly illustrated by the curves for two extreme choices of
teroid starting point for the 102-year time scale plotted in Fig. 2
The curve which is everywhere above the analytic line co
sponds to an asteroid which was started at the point along
tadpole orbit farthest away from Jupiter (maximumφ, see Fig. 1).

The basic characteristics of this curve can be understood u
a simple harmonic oscillator analogy: we treat the libration
OJAN ASTEROIDS 485
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motion of the asteroid as a one-dimensional oscillation in thφ
direction, and the rapid growth of Jupiter in 102 years is approx-
imated as instantaneous growth. Using this analogy, grow
Jupiter when the asteroid starts at the farthest point from Ju
is equivalent to increasing the restoring force of the harmo
oscillator instantly when the oscillator is at its maximum exte
sion. This affects the period of the oscillations, but leaves
amplitude unchanged. For this reason, the upper 102-year curve
in Fig. 2 is initially horizontal, indicating no change in the libr
tion amplitude. Since increasing Jupiter’s mass over 102 years is
not truly an instantaneous change, the libration amplitude of
Trojan asteroid eventually decreases as it begins to move to
Jupiter.

The 102-year time scale curve in Fig. 2 which is everywhe
below the analytic line corresponds to an asteroid started a
point on the tadpole orbit farthest from the Sun (see Fig. 1) wh
|φ̇| is maximum. Again using the harmonic oscillator analo
this is equivalent to increasing the restoring force when the
cillator has its maximum velocity. This causes the amplitu
of the oscillations to decrease. Thus, we see an initially ra
decrease in the Trojan’s libration amplitude which slows as
asteroid moves closer to Jupiter.

In the adiabatic limit, the effect of the mass change is avera
over all points along the asteroid’s orbit. Thus, the decrease in
asteroid’s libration amplitude for adiabatic growth lies betwe
the two extremes just discussed, as can be seen in Fig. 2.

3.1.2. Dependence on libration amplitude.Next, we ex-
plore the role of the asteroid’s initial libration size in determini
how its libration amplitude will change as Jupiter’s mass gro
Recall that the analytic prediction (Eq. 8) was derived with
assumption of small libration amplitude. We study a set of t
poles with different initial libration amplitudes; in each integr
tion the time scale for Jupiter’s mass growth is 105 years, well
within the adiabatic limit. We find that for initial libration ampli
tudes∼<50◦, our numerical results agree well with the analy
prediction, as expected (Fig. 3). The curve for theAi ' 50◦ tad-
pole shows a slight deviation from the analytic result; tadpo
with larger initial amplitudes show even greater departures
in Fig. 2, the spread of the numerical points is due to the ana
method used to determine the libration amplitude.

The larger tadpole orbits shrink more rapidly than Eq. (8) p
dicts. Furthermore, the larger the libration amplitude is, the fa
it shrinks, as can be seen by examining the initial slopes of
curves for the 110◦, 130◦, and 150◦ tadpoles in Fig. 3. This can
be understood by considering the effective potential in the co
tating reference frame (Fig. 1). The effective potential chan
much more steeply at the head of the tadpole near Jupiter
at the tail which lies further away (Erdi 1997). The larger t
tadpole orbit is, the further it extends away from Jupiter, and
less steep is the potential in which the tail end of the orbit l
When the potential is flatter, the location of the turning point
the orbit changes by a greater amount for the same change i
sing
al
ergy, and so the orbits whose tails lie in the shallowest potential,
i.e., those with the largest libration amplitude, shrink the fastest
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FIG. 3. The Trojan libration amplitude (normalized to its initial value)
plotted on a log–log scale for a variety of different-sized initial tadpole orb
as Jupiter grows from∼10M⊕ to its present mass. Our analytic result (Eq.
is plotted as a heavy solid line. The upper dotted curve, which overlays
theoretical line, is for a tadpole withA ' 50◦ initially. All smaller tadpoles
(not shown) agree even better with the analytic prediction. The lower curve
this figure are tadpoles with (from top to bottom) 110◦, 130◦, and 150◦ initial
libration amplitudes. The large tadpole orbits shrink faster than our ana
work predicts. The oscillations in the numerical curves are a result of the ana
approximation used to calculate the libration amplitude and occur at the libra
frequency.

(see Fig. 4). Once the initially large tadpole orbits become sm
enough, they shrink at the rate predicted by Eq. (8). This is
lustrated in Fig. 3 where, by the end of the integrations, al
the curves are tending to the same slope as the analytic res

3.1.3. Horseshoe orbits.We also examine the effects o
Jupiter’s mass growth on very large “horseshoe orbits” wh
librations encompass both the L4 and L5 equilibrium poin
Figure 4 shows the results of an integration in which the as
oid has an initial libration amplitude of∼330◦. The horseshoe
orbit shrinks slowly until∼1.3× 104 years when it transitions
to an L4 tadpole. The tadpole then continues to shrink.

Although horseshoe orbits are well outside the range o
bration amplitudes described by our adiabatic calculation, t
too shrink under the influence of a growing Jupiter. The rate
decrease in libration amplitude is, however, different for hor
shoe orbits and tadpole orbits. Looking at the lower edge of
plot in Fig. 4, we see that the turning point of the horseshoe o
pulls away from Jupiter at a nearly constant rate for exponen
growth of Jupiter’s mass. Furthermore, the corresponding t
ing point in the tadpole orbit (the tip which lies nearest Jupit
pulls away approximately linearly as well, but with a shallow

slope. For a doubling of Jupiter’s mass, one tip of the horses
orbit recedes from Jupiter by∼4.5◦, while for the same mass
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change, the near-Jupiter tip of the tadpole moves by only∼3.0◦.
In this way, horseshoe orbits shrink even faster than tadp
orbits.

Further integrations demonstrate that the growth of Jupite
its current mass captures most asteroids which were initially
horseshoe orbits into tadpole orbits. Figure 5 shows the res
of a set of integrations which determine the fate of astero
placed into different-sized horseshoe orbits at various po
during the growth of Jupiter. We find that if the asteroids a
placed on horseshoes when Jupiter is a 10M⊕ core, orbits with
initial libration amplitudes as large asA ∼ 346◦ are captured
into tadpole orbits by the time Jupiter has reached its pre
mass. When the asteroids are started on horseshoes after J
has already grown partway to its current mass, fewer of the or
shrink sufficiently to transition to tadpoles; however, even if t
asteroids are started when Jupiter has reached three-quart
its final mass, some of the smaller horseshoe orbits still bec
tadpoles, at least temporarily, during the course of the inte
tion.

In Fig. 5, we can clearly see the chaotic nature of the evolu
of the horseshoe orbits: there is mixing between the orbits wh

FIG. 4. Here we show the behavior ofφ, the longitude of the asteroid in the
frame which corotates with Jupiter, as Jupiter grows from∼10M⊕ to its present
mass in 3× 104 years. Jupiter is atφ = 0◦, and the initial asteroid orbit is an
A ∼ 330◦ horseshoe. At∼1.3× 104 years the orbit jumps to an L4 tadpole wit
0◦ ≤ φ ≤ 180◦. The Trojan’s libration period is initially about∼1200 years and
decreases to∼600 years when the horseshoe transfers to a tadpole. Afterw
the tadpole’s libration period continuously shortens in accordance with Eq.
Note that the tadpole orbit shrinks most rapidly when its tail (i.e., its away-fro
Jupiter turning point) is nearφ = 180◦, since the effective potential is flattes
there. Further, observe that the lower edge of the plot has a steeper slope f
horseshoe orbit than for the tadpole orbit; the straight line overlaying the pl
hoefit by eye to the edge of the horseshoe orbit and has a slope of∼4.5◦ per Jupiter
mass doubling.
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FIG. 5. This plot shows the final state of asteroids started one= 0 horse-
shoe orbits at different points during Jupiter’s growth to its current size
320M⊕. The vertical axis shows the initial libration amplitude of the hors
shoe orbit and the horizontal axis shows the mass of Jupiter when the as
was placed in that orbit. Asteroids which escaped from the 1:1 resonance d
the 105 years of the integration are indicated by open circles. Objects wh
remained in horseshoe orbits for the entire integration are shown as filled t
gles, and asteroids which were captured into tadpole orbits are shown as
Most, but not all, of the orbits which became tadpoles remained tadpoles fo
rest of the integration. The mixing of final states seen here is an indicatio
the chaotic nature of the orbits.

escape the system and those which remain in horseshoe
the entire time. We also observe mixing at the boundary
capture into tadpoles. Small differences in the initial aster
orbits can significantly alter the effects of jovian perturbatio
vastly changing the final asteroid orbit. Additionally, note th
the smallest possible horseshoe orbits occur atA ∼ 312◦, nearly
independent of the mass of Jupiter. This result is in agreem
with the analytic work of Horedt (1984) and Morais (1999). T
transition to a tadpole orbit occurs whenever a horseshoe
shrinks to this minimum size.

Data from the integrations plotted in Fig. 5 confirm that t
observation made from Fig. 4, that each tip of a horseshoe o
recedes from Jupiter at a roughly uniform rate of∼4.5◦ per
Jupiter doubling, holds for general horseshoe orbits. Figu
shows the decrease in the libration amplitudes of the horse
orbits plotted against the number of doublings of Jupiter’s m
The solid line, fit by eye to the data, has a slope of 9.0◦ per
doubling (indicating that each of the two orbital turning poin
recedes at half that rate). The slight flattening of the data po
near (0, 0) on the plot indicates that the horseshoe orbits sh
a bit more slowly when they are near the transition to tadp

orbits. We verified this observation with additional simulation
not shown here. In order to get the best value for the slope
OJAN ASTEROIDS 487
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Fig. 6, we ignored the points in the flattened tail of the plot a
did not insist that our fitted line go through (0, 0).

Next, we look at the final sizes of the tadpoles produced by
transitions from horseshoes shown in Fig. 5 to see if these
jects could, in fact, contribute to the current population of Jup
Trojans. In Fig. 7, we see that a small number of the aster
placed in horseshoe orbits when Jupiter is∼<10% of its final
mass become tadpole orbits which are stable for a signifi
fraction of the age of the Solar System. A substantially lar
number of the horseshoe orbits started when Jupiter is∼<20% of
its final mass become tadpoles that remain stable for at le
hundred million years. Thus, assuming that objects reside
horseshoe orbits when Jupiter was accreting mass, a small
tion of these objects may still survive in the Trojan swarm tod
Furthermore, since these asteroids undergo relatively freq
collisions (Marzariet al.1997), they almost certainly produce
some fragments which were ejected into more stable tad
orbits.

3.2. Eccentric and Inclined Trojan Orbits

To further explore the range of validity of our analytic resu
from Section 2 above, we add eccentricity and inclination
the Trojan orbit, at first leaving Jupiter on a circular orbit. W
integrate the three-body system for a number of different sm
values of eccentricity and inclination (ea∼< 0.1, ia∼< 1◦) with the
Trojan on a small (A ∼ 10◦) tadpole orbit and Jupiter growin
over 105 years. We find that for these low values of eccentric

FIG. 6. This plot shows the decrease in the libration amplitudes of th
horseshoe orbits from Fig. 5 which did not escape the 1:1 resonance p
against the number of secondary mass doublings. A line with a slope of 9.0◦ per
doubling was fitted by eye to the data. The low scatter of the points abou

s
in

line indicates that the decrease inA by 9.0◦ per doubling is a general property
of horseshoe orbits, independent of the mass of the secondary.
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FIG. 7. This plot shows the final libration amplitudes of the asteroids fr
Fig. 5 which were on tadpole orbits at the end of the 105-year integration. The
horizontal axis is the mass of Jupiter at the time when the asteroids were p
into their initial horseshoe orbits. The orbits represented by points below
long-dashed line are stable for more than 109 years, while those below the sho
dashed line are stable for greater than 108 years. These time scales are estima
from the work of Levisonet al. (1997) for tadpoles with zero eccentricity.

and the inclination, our analytic expression for the chang
libration amplitude (Eq. 8) still approximates the behavior
the system well. Figure 8 shows the results of one of our
merical integrations. The asteroid is given an initial eccentri
of ea ∼ 0.01 and an initial inclination ofia ∼ 1◦. The analytic
method of Yoderet al.(1983) for determining the libration am
plitude, A, fails for nonzeroea andia, so we resort to a simple
but more time-consuming method. The values of libration
plitude are determined from the numerical data by taking
average of the local maximum and minimum values ofφ at the
turning points (̇φ = 0) of the tadpole orbit. The range in valu
of φ at the turning points is due to both the eccentricity and
inclination of the orbit. The averaging process takes advan
of the difference in orbital and librational time scales and is
sentially the guiding center approximation for the orbit (Mur
and Dermott 1999). The remaining uncertainty in the numer
points is due primarily to the difficulty in determining the ma
imum and minimumφ values from a sample of discrete poin
Further, as the libration period becomes smaller, we sample
parts of the elliptical orbit during the turning point. Despite th
difficulties, we find that the numerical points in Fig. 8 follow t
analytic curve well.

We also explore the effects of Jupiter’s mass growth on
eccentricity and inclination of Trojan orbits. Figure 9 shows

eccentricity and inclination of the Trojan orbit whose libratio
amplitude is plotted in Fig. 8. We see that, to first order, th
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FIG. 8. The square data points show our numerical measurements o
change in the libration amplitude of a Trojan asteroid withAi ' 10◦, ea ' 0.01,
and ia ' 1◦ as Jupiter (on a circular orbit) grows from∼10M⊕ to its current
mass in 105 years. Representative error bars are shown for two data points
solid line is the analytic prediction forea = ia = 0 (Eq. 8). The numerical points
agree with the analytic curve to within the error bars.

eccentricity and inclination are constant during Jupiter’s grow
as predicted in Section 2.2. A closer inspection reveals a s
increase in the mean eccentricity which is in good agreem
with the analytical predictions of Eq. (27).

FIG. 9. This plot shows the eccentricity and inclination of the tadpole or
whose libration amplitude is plotted in Fig. 8. The mean values of the aster
eccentricity and inclination are essentially unchanged (note the vertical sca
the growth of Jupiter’s mass, although the tiny increase in the mean eccent
is real. The mean eccentricity rises by approximately one small tick mark
105 years, which is consistent with the∼0.2% increase predicted by Eq. (27
The high-frequency oscillations visible in the traces of bothea and ia are due
to the Trojan’s librational motion and thus become more rapid as Jupiter’s m
increases, in accordance with Eq. (5). The low-frequency oscillations in th
clination are correlated to the precession of the asteroid’s pericenter (not sh

n
e
driven by the disturbing effects of Jupiter. Since all the oscillations are caused
by jovian perturbations, they increase in amplitude as Jupiter’s mass grows.
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FIG. 10. These plots compare the orbital evolution of a Trojan aster
(a) without and (b) with jovian mass growth. For both cases, the Trojan aste
start with identical initial conditions and Jupiter has an eccentricity of 0.05.
In (a), the mass of Jupiter is kept constant at∼10M⊕, while in (b) Jupiter’s
mass grows from∼10M⊕ to its current mass in 2× 105 years. Bothea plots
show oscillations about a forced eccentricity equal to Jupiter’s eccentricity.
plots of ia show the free inclination (sincei (forced)a= 0). The high-frequency
oscillations inia are caused by the Trojan’s librational motion, while the lo
frequency ones are correlated to the oscillations inea. The free and forced
eccentricities and inclinations of the Trojan asteroid are essentially uncha
by Jupiter’s growth, as predicted in Section 2.2; however, the frequencies
the observed oscillations inea andia increase as Jupiter’s mass grows.

3.3. Eccentric Jupiter Orbit

Finally, we add eccentricity to Jupiter’s orbit while keepin
the Trojan on an inclined and eccentric orbit. Figure 10a sh
the eccentricity and inclination of a Trojan when Jupiter h
a constant mass and an eccentricity,eJ = 0.05. The asteroid’s
eccentricity oscillates around a constant “forced” compon
which is equal to the eccentricity of Jupiter. The “free” comp
nent of the eccentricity is approximately the amplitude of
oscillations (∼0.05 in Fig. 10a). The Trojan’s forced inclinatio
is zero, since the inclination is measured relative to Jupit
orbit. The high-frequency oscillations visible in the plot ofia

are due primarily to the Trojan’s librations, while the lower fr
quency oscillations inia are correlated to the oscillations of th
Trojan’s eccentricity.

Starting with the same initial orbits for both Jupiter and t
Trojan, but allowing Jupiter to accrete material over 2×
105 years, we obtain the results shown in Fig. 10b. The v

ues of the forced and free eccentricities and inclinations are
significantly altered by Jupiter’s growth; however, the freque
OJAN ASTEROIDS 489
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cies of the oscillations in bothea andia increase as the mass
Jupiter grows, and the strength of its gravitational perturba
increases. The slight upward drift in the mean Trojan incli
tion seen in Fig. 10b is simply part of a periodic oscillation inia

correlated to the drift of the orbital node. So, as predicted in S
tion 2.2, we find that the eccentricity and inclination of a Tro
orbit remain essentially unchanged as Jupiter’s mass grows,
when Jupiter is on an eccentric orbit. Thus, the primordial
centricities and inclinations of some large Trojan objects m
have been preserved during Jupiter’s accretion of mass.

4. NUMERICAL WORK: RADIAL MIGRATION OF JUPITER

We now turn to a series of integrations of the three-b
Sun–Jupiter–asteroid system in which Jupiter undergoes 1
of inward radial migration. For our integrations, we set Jupit
initial semimajor axis to∼6.2 AU and leave its mass consta
at∼10M⊕. Because the effects of Jupiter’s radial migration
independent of Jupiter’s mass and depend only on the rat
the initial and final semimajor axes (see Eqs. 8, 22, and 26)
numerical results are applicable to migration of Jupiter at
point during its history.

The amount of radial migration that Jupiter underwent
a rocky core and growing gas giant due to tidal interacti
with the gas and planetesimal disks is poorly constrained
might be several AU (Ward 1997). Furthermore, after attain
its present mass, Jupiter continued to experience radial migr
due to scattering of planetesimals by the giant planets (dyn
cal friction); recent models for the formation of the Oort Clo
(Fernandez and Ip 1996, Hahn and Malhotra 1999) predict
eral tenths of an AU of radial migration at this stage. Our res
may be scaled to either or both of these scenarios.

We artificially cause Jupiter’s orbit to shrink by applying
drag force of the formF = −kvJ (wherevJ is Jupiter’s helio-
centric velocity andk is the drag constant) which acts only
Jupiter. This form of drag affects Jupiter’s semimajor axis,
not its eccentricity, providing a “simplest case” for studying
effects of Jupiter’s radial migration on Trojan objects. Re
that our analytic work shows that, in the adiabatic limit, chan
in the Trojans’ libration amplitudes are independent of the e
form of the drag force (see Eq. 8); thus our choice for the form
the drag force is reasonable. As in the integrations for Jupi
mass growth, we find no apparent dependence on the cho
Lagrangian equilibrium point, so the results below are equ
applicable to orbits about the L4 and L5 points.

4.1. Circular Coplanar Orbits

4.1.1. Dependence on radial migration time scale.We ini-
tially place the Sun, Jupiter, and the asteroid all on circular co
nar orbits. We carry out a set of integrations with the Trojan o
small tadpole orbit using different drag coefficients,k, to cause
Jupiter to migrate inward by∼1 AU on time scales rangin

2 5
not
n-
from∼10 to∼10 years. For slow evolution, we observe that
the Trojans are always dragged inward with Jupiter. As in the
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case of Jupiter’s mass growth (Section 3.1.1), we find tha
time scales significantly larger than the Trojan libration per
(∼1000 years forMJ = 10M⊕ andaJ = 6.2 AU), the libration
amplitude of the Trojan increases in the manner predicted
Eq. (8). Also, as in the mass accretion case, when the migra
time scale approaches the libration period, the change in l
tion amplitude deviates from our analytic prediction, with t
direction and amount of deviation depending on the astero
initial librational phase.

For very fast migration rates, we find that the asteroid is
pulled inward with Jupiter, but instead is ejected from its t
pole orbit. For migration of Jupiter by∼1 AU in 103 years, one
sample integration shows an initially small tadpole orbit tra
forming into a horseshoe orbit near the end of the integrat
In another example, we change Jupiter’s semimajor axis b
AU in 500 years and find that the asteroid escapes entirely f
the 1:1 resonance after only∼300 years.

4.1.2. Dependence on libration amplitude.Next, we do a
set of integrations starting the Trojan asteroid on different-s
tadpole orbits. In each run, we cause Jupiter to move from∼6.2
to∼5.2 AU over 105 years so that its migration is adiabatic. T
results of several of these integrations are shown in Fig. 1
is difficult to produce a plot similar to Fig. 3 because Yode
(1979) formula for calculating the libration amplitude assum

FIG. 11. This plot shows the ratio of final to initial libration amplitude fo
several different-sized tadpole orbits affected by the migration of Jupiter
∼6.2 to∼5.2 AU over 105 years. Jupiter is on a circular orbit. The results
numerical integrations are shown as solid dots with error bars which reflec
difficulties in measuring the libration amplitude. The horizontal line atAf/Ai =
1.045 represents the analytic prediction of Eq. (8) which is valid only for sm
initial libration amplitudes. The numerical results agree well with the anal

prediction forAi ∼< 30◦, but deviate increasingly from the prediction for large
initial libration amplitudes.
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that there are no drag forces. Thus, we estimate the initial
final libration amplitudes by measuring the difference betwe
the minimum and maximum values ofφ for the first and last
complete librations in the integration. Note that the torque
Jupiter causes the Trojans to librate about shifted equilibr
points; drag on a Trojan produces a similar shift (Murray 199
In Fig. 11 we see that for small tadpoles (Ai ∼< 30◦) the nu-
merical results agree well with the prediction of Eq. (8). T
steplike appearance of the first five points reflects difficult
inherent in our measurement technique. As the initial librat
amplitude becomes larger, however, the numerical points d
ate increasingly from the analytic result. This is expected si
the larger tadpoles break the assumption of small libration
plitude which was made during the derivation of Eq. (8). As
the case of Jupiter’s mass growth, we see that for larger in
tadpoles, the change in libration amplitude is greater in ma
tude but in the same direction as is predicted analytically. A
we see that the deviation ofAf/Ai from the analytic prediction
increases more steeply as the initial orbits become even la
As was discussed in Section 3.1.2, this is caused by the sha
slope of the effective potential near the tail end (the end fart
from Jupiter) of large tadpole orbits.

4.2. Eccentric and Inclined Trojan Orbits

Next, we add eccentricity and inclination to the asteroid
bit, leaving Jupiter on a circular orbit. As in the case of Jupite
mass growth, we find that small Trojan eccentricities and
clinations (e∼< 0.1, i ∼< 1◦) do not cause the behavior of th
libration amplitude to deviate significantly from the analy
prediction of Eq. (8). However, unlike the mass growth ca
Jupiter’s migration does affect the eccentricity and inclination
the Trojan. Figure 12 shows the semimajor axis, eccentricity,

FIG. 12. This plot shows the change in the semimajor axis, eccentric
and inclination of a Trojan asteroid on a slightly eccentric and inclined o
as Jupiter (on a circular orbit) migrates radially from∼6.2 to ∼5.2 AU in
105 years. The Trojan’s eccentricity and inclination increase by a facto
(aJf/aJi)−1/4 = (6.2/5.2)−1/4 = 1.045 as is predicted by Eqs. (22) and (26

rNote that the tiny oscillations inea and ia are due primarily to the Trojan’s
librational motion.
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ORIGIN OF THE T

inclination of a Trojan asteroid on a small tadpole orbit as Jup
migrates from∼6.2 to∼5.2 AU in 105 years. During that time
the asteroid’s inclination increases from 1.000◦ to 1.045◦ and its
eccentricity grows from 0.00999 to 0.01043, giving usiaf/ iai =
1.045± 0.001 andeaf/eai = 1.044± 0.001. These agree we
with the analytic prediction thatiaf/ iai = eaf/eai = 1.045, which
we calculate using Eqs. (22) and (26). These changes in th
teroid’s eccentricity and inclination resulting from∼1 AU mi-
gration of Jupiter are quite small, but are systematic.

4.3. Eccentric Jupiter Orbit

Finally, we explore the most general case of nonzero jov
eccentricity and a Trojan on an eccentric and inclined or
Figure 13 shows the semimajor axis, eccentricity, and inclina
of a sample Trojan asteroid as Jupiter, witheJ ∼ 0.05, migrates
from ∼6.2 to ∼2.6 AU in 3× 105 years. Note that we allow
Jupiter to move by a much greater amount than in our ea
simulations so that the effects of migration can be more ea
observed and quantified. As in Section 3.3, the asteroid h
forced eccentricity equal to Jupiter’s eccentricity and a for
inclination of zero. The asteroid in Fig. 13 also has a free c
ponent of its eccentricity which is initially'0.004 and a free
inclination which is initially'1◦.

As Jupiter migrates inward, the free components of both
asteroid’s eccentricity and its inclination increase system
cally. From Fig. 13, we findi (free)af/ i (free)ai= 1.243± 0.001 and
e(free)af/e(free)ai= 1.32± 0.15. Both of these results agree we
with the analytic prediction thatiaf/ iai = eaf/eai = 1.243
(Eqs. 22 and 26) for an adiabatic change in Jupiter’s semim
axis from 6.2 to 2.6 AU. Thus, our analytic results (Eqs. 22 a
26) hold even when Jupiter has a low eccentricity ifea andia are
interpreted as the free components of the asteroid’s eccent
and inclination.

FIG. 13. This plot shows the semimajor axis, eccentricity, and inclinat
of a Trojan asteroid on a slightly eccentric and inclined orbit when Jup
has an eccentricity of∼0.05 and migrates radially from∼6.2 to∼2.6 AU in
3× 105 years. The forced components of both the asteroid’s eccentricity
its inclination remain constant (e(forced)a∼ 0.05 andi (forced)a= 0); however, the

free components of bothea and ia increase like (aJf/aJi)−1/4, as predicted by
Eqs. (22) and (26).
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5. DISCUSSION

We have shown with both a simple adiabatic calculation
numerical simulations that slow changes to the mass and s
major axis of Jupiter cause the Trojan libration amplitude to v
according to the relation

Af

Ai
=
(

MJf

MJi

)−1/4(aJf

aJi

)−1/4

for Trojans with small libration amplitudes, small eccentriciti
and small inclinations and Jupiter with a small eccentricity.
inclined and eccentric Trojan objects, we find that Jupiter’s m
growth does not significantly affect either the Trojan’s eccen
ity or its inclination; however, Jupiter’s radial migration caus
a change in the free component of both of these quantities
factor of (aJf

aJi
)−1/4.

Applying our results to the core accretion model for the e
evolution of Jupiter, we find that the planet’s growth by gas
cretion from a∼10M⊕ core to its present mass would cau
a decrease in the libration amplitude of any Trojan comp
ions on small tadpole orbits to∼40% of their original size. Ou
representative choice for Jupiter’s radial migration from∼6.2
to ∼5.2 AU would result in an increase in the Trojans’ libr
tion amplitudes, eccentricities, and inclinations of only∼4%.
Even for radial migrations of several tens of AU, the effects
Jupiter’s mass growth dominate over the effects of its migrat
Thus, the combined result of mass accretion and radial m
tion is to stabilize Trojan objects by systematically driving th
to lower libration amplitudes. Also, our numerical integratio
show that the libration amplitudes of Trojans on larger or
shrink at an even faster rate. Further, the shrinking of horse
orbits due to Jupiter’s growth could place additional object
perhaps fragments of objects onto stable tadpole orbits. T
Jupiter’s growth by mass accretion most likely played a sig
icant role in the capture and evolution of the Trojan aste
population.

Our results for the evolution of Trojan libration amplitude
eccentricities, and inclinations are quite general and can b
plied to other objects within the Solar System. For exam
Eqs. (8), (22), and (26) predict thatA, e, and i will all de-
crease substantially if the secondary body undergoes sig
cant outward radial migration. Uranus and Neptune prob
underwent more substantial radial migration due to dyna
cal friction with planetesimals than Jupiter, moving outw
by as much as several AU (Fernandez and Ip 1996, Hahn
Malhotra 1999). This would have caused a decrease inA, ea,
andia of possible Trojan-like companions by about 10%. Ra
migration effects might be even more significant for some p
etary satellites, notably our Moon. The Moon is believed to h
formed via a giant collision which produced a temporary r
of debris around the Earth (Canup and Esposito 1995, Idaet al.

1997). Such a process would have most likely captured some de-
bris in librating orbits about the Moon’s Lagrangian equilibrium
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points. Over the subsequent 4.5× 109 years, the Moon mi-
grated outward to about 30 times its initial orbital radius. I
noring other effects, this migration should have decreased
libration amplitudes, eccentricities, and inclinations of the d
bris particles to∼40% of their original values, stabilizing thes
objects in 1:1 resonance with the Moon. Since we observe
such objects today, either the 1:1 resonance was never p
lated or other effects (such as solar gravity) caused them to
unstable.

Another potential area for study is the satellite system
Saturn. The many resonances in this system are believed to
formed during the significant outward migration of these sat
lites due to both tidal interactions with Saturn and ring torqu
One unexplained characteristic of the current Saturnian sys
is that, of the six largest satellites near Saturn, the middle t
Tethys and Dione, have a total of three Trojan companions
the others, Mimas, Enceladus, Rhea, and Titan, have none.
is curious because there is no obvious reason why the mid
satellites should be the best at capturing Trojan companio
Also, the results of this paper suggest that the objects wh
migrate outward by the greatest amount should be the be
capturing and stabilizing their Trojan companions. This su
gests that the inner two satellites, which have migrated farth
should be most likely to have Trojan companions. It is likely th
the probability of Trojan capture and the stabilization of Troj
orbits is complicated by the presence of resonances betwee
satellites. The inner four Saturnian satellites are all curren
locked in resonances with each other, and they may have pa
through various other resonances in the past. An exploratio
the interactions between the migration process explored in
paper, and the effects of other resonances, discussed by M
(2000), may provide insight into this unexplained characteris
of the Saturnian system. It may also provide insight into h
the unusual pair of coorbital satellites, Janus and Epimeth
which librate on horseshoe orbits, was formed in the Saturn
system.

Our work is also directly relevant to the capture of planeta
satellites during the growth of the giant planets, as was sugge
by Heppenheimer and Porco (1977). Equation (9) clearly sho
that distant satellites would be drawn inward as a planet gro
Their migration would cease when the planet reached its fi
mass. Thus, this mechanism provides a natural way for a g
planet to pull in distant satellites without causing them to colli
with the planet.
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