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ABSTRACT

Schuster’s mechanism is reexamined for the case of a gray atmosphere, and the conditions under
which emission can occur are given. No strong lines are expected to appear in emission, although this
mechanism could contribute to emission in line wings under extreme conditions

I. INTRODUCTION

Coherent scattering in stellar atmospheres gives to the source function a non-LTE
character which makes it possible for spectral lines to appear in emission, even though the
line source function does not deviate from LTE. This possibility was first considered by
Schuster (1905). The mechanism was studied in detail by Gebbie and Thomas (1968),
who found that a necessary but not sufficient condition for emission was that the line oc-
cur at a wavelength greater than X = 9010 A (10~ T,)~, where T is the surface temper-
ature of the atmosphere. More restrictive conditions were obtained which depend on the
atmospheric and line parameters. Their analysis, however, assumed that the Planck func-
tion B,(7) varied linearly with optical depth, and the slope and intercept of this linear ap-
proximation was obtained by evaluating dB,/d at the surface. The Planck function in a
gray atmosphere has, in fact, a monotonically decreasing slope as we go deeper into the
atmosphere. If a linear approximation is used, it should represent the gross behavior of
the Planck function over the region of the atmosphere where the emergent photons
originate. Even in a discussion of strong lines, which do originate near the surface, it
is necessary to consider the continuum, for it provides the reference level in the defi-
nition of an emission feature. Now the spectral distributions of the continuous radia-
tion from two atmospheres having the same effective temperature but different ratios
of scattering to absorption are not the same, even in the gray case where there is a
unique 7'(7) relation. The addition of scattering to the atmosphere can raise or lower
the continuum. The continuum, however, originates at 7 ~ 2—or 7 > % if the con-
tinuous absorption is small compared with the scattering, since then the thermalization
length in the continuum increases, and photons can diffuse from deeper layers. Be-
cause the linear approximation which represents B,(r) near the surface is not ade-
quate for the continuum, the criteria derived by Gebbie and Thomas are too stringent.
We will first obtain improved criteria, and then consider whether conditions for
emission have been relaxed enough to make the Schuster mechanism a practical
possibility.

II. THE COHERENT-SCATTERING LINE SOURCE FUNCTION
We consider a coherent-scattering line source function of the form
Sl — Jv + er
14 ¢

This contains the LTE line source function as the special case L; = 1. The total source
function can be written as

= (1 - Ll)]v + Lle . (1)

Sv = (1 - Lv)Jv + Lva ’ (2)
913
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where L r,,L, + I, .
* T 1+,

Here, 7, = I,/k, L. = «/k, k = x + o, and [,, k, and ¢ are the line absorption, the con-
tinuous pure absorption, and the continuous scattering, respectively. The optical depth
in the line, 7,, is related to the continuum optical depth, 7., by dr, = (1 4+ 7,)d..

We assume that L, is not a function of optical depth. In the Eddington approximation
the transfer equation is

d2J,
%d'r,z = Ly(],, - B,) ’ (4)
which can be solved by standard methods. With the surface boundary condition
[22] = 3r.00) = 320,0), (5)
dTV ‘l'v=0
we may write the solution for the emergent flux in the form
4 L\»
=<
where
¢ = L), = [3(1 + r,,) (r,Li + L)Y, . (7)

Note that the character of the emergent radiation is affected by values of B, down to
¢~ 1 ie., 7, ~ (3L,)12
We will consider a gray atmosphere with the temperature gradient

T(r.) = 3"*To[r. + q(r)I'*, (8)
so that the exponent in the Planck function, y = hc/NkT, is
y = {3 rc + q(r)]} 7, (9)

where yo = hc/NkT .
For a line to appear in emission, it is necessary that F,(0) increase with an increase in

line opacity:
pactty dF,(0)/dr, > 0. (10)
Taking the derivative of equation (6), we obtain

dF,0) _ 4 2 Li— L
ar, ~ V31 + L Trrm B (f)gzL,a T LD T 7

_ Yy [Tc(l + d(I/ch)] (1 + er)Ll + L,
41— ev) e+ ¢ 2(1 + rn)(nLi + Lo)

It is clear that this expression cannot be positive unless L; > L., so this is a necessary
condition for emission. This condition is equivalent to equation (40) of Gebbie and
Thomas (1968). Furthermore, inspection of equation (6) shows that the integral will
decrease with increasing 7, for any monotonically increasing temperature law, so L; > L,
is necessary for emission in any such situation.

For a given wavelength, which fixes y,, the transition from conditions for absorption
to emission will occur at the value of L, for which dF,/dr, = 0. This condition is most
easily satisfied for a weak line or line wing where 7, << 1. Equation (11) was integrated
numerically, using an accurate representation of ¢(r.), for enough values of L. and y, to
map the locus of dF,/dr, = O for the case L; = 1. This locus is the upper solid curve in

(11)

}e‘fdg‘ .
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Figure 1. Emission cannot occur by the Schuster mechanism in a gray atmosphere with
a value of L. above this line. If L; < 1, then the curve will be pushed to smaller values
of L.

Let us consider the case in which inequality (10) is satisfied for r, < 1. If we have a
strong line, 7, will vary from 7, << 1 in the wings to r, >> 1 at the line center. As 7, in-
creases, dF,/dr, will decrease and may become negative, so that the emission will be
self-reversed. For the purpose of this discussion, let us say that a strong line is in emission
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Fic. 1.—Maximum value of L. for which emission can occur in a gray atmosphere for weak LTE -
lines (upper solid curve) and strong LTE lines (lower solid curve) as a function of y¢ = ke/NeT,. Dotted
lines are approximations explained in text.

if the flux at the center is greater than the continuum level, regardless of the sign of
dF,/dr, at the line center. Now in the limit 7, — =, F,(0) is just

4 % -

F;(O) = %Al—cz— [exp (yo) b 1] 1 ’ (12)

where A; = L#?/(1 + L;?). The continuum flux is given by

4 [oo)
= — —

F.0) = 3 A S B)eds (13)
where { = (3L,)"?r, and A, is defined analogously to A;. We will thus say that a strong
line is in emission if F;(0) > F.(0). Thelocus of F;(0) = F.(0) was determined for L; = 1

by numerical integration of equation (13) and is shown as the lower solid curve in Fig-
ure 1.
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To understand the behavior of these criteria for emission, we consider a simple ap-
proximation: we evaluate equation (13) by assuming that the integral has the value
B,(¢ = 1). If we further take ¢(7) >~ 1/4/3, the condition for F;(0) > F.(0) is

Adexp (v0) — 1] < Aifexp (3oAM4) — 1] . (14)

The solution of the equation corresponding to inequality (14) for L; = 1 is shown by the
lower dashed curve in Figure 1. The agreement with the solid curve is rather good.
Applying the same approximation to equation (11) leads to the requirement that the
quantity in braces must vanish at { = 1 in order that dF,/dr, = 0. If we also assume
that dg/dr ~ 0, then the condition for the onset of emission in weak lines becomes

YocAt L — L,

1 — exp (—yodH) 4 L+ L./ (15)

The solution of this equation for L; = 1 is the upper dashed curve in Figure 1. While the
values of L. given by equation (15) are too low, the variation with y, is reproduced well.
Alternatively, we could obtain expressions of greater accuracy by following Gebbie and
Thomas (1968) and using a linear approximation to the Planck function, taking care,
however, that this representation reflects the behavior of B,(r) to a depth of 7, =
(3L,

We observe that, in principle, there is no limit to the wavelength at which an emission
line can occur in an atmosphere of a given boundary temperature, provided we make L,
small enough—in the limit of large y,, the solution of equation (15) becomes L, =
(3.92/9,)8. But to go to short wavelengths requires L. to be too small to be of any practi-
cal interest.

We can best illustrate how the amplitude of emission varies with 7, by a few examples,
shown in Figure 2. We plot F,(0)/B,(0) as a function of 7, for specific values of L, and
ye = hc/NeTess (Tets is the effective temperature; yo = 1.233 y,). These curves were ob-
tained by numerical integration of equation (6).

The conditions necessary for the appearance of emission lines remain extreme, even in
the most favorable case of the LTE line source function. Consider a line frequency of
~4000 A in an atmosphere with an effective temperature of 30000° K. We then have
v. = 1.2 as in Figure 2, ¢. If « is due to the continuous absorption of H and He and if «
is due to electron scattering, then L. < 0.15 requires that #, < 1.2 X 10" cm™2 (on the
assumption of LTE). Furthermore, the assumption of constant L. implies that this value
(and the corresponding low density) must persist to optical depths in the continuum
greater than ~(3L,)~'72, in this case 7. > 1.5. But at this density, a layer of unit optical
depth has a thickness of 1.5 Ry, an appreciable fraction of the radius of an O-type star.
Such an extended envelope is quite different, for example, from the structure of an O-type
atmosphere in hydrostatic equilibrium under an effective gravity of 10%-10* cm sec™2. In
the latter case, L, can be very small for 7, << 1, but because of the increasing density this
situation does not persist to appreciable optical depths in the continuum.

III. THE COMPLETE-REDISTRIBUTION SOURCE FUNCTION

The preceding section detailed the conditions for emission in the most favorable case,
that of the LTE line source function. If a line transition occurs between two levels main-
tained in LTE by collisions, the criteria in Figure 1 will be applicable. Such conditions
could perhaps occur for a very weak subordinate line, but it will be particularly difficult
to obtain the necessary collision rates at the low densities associated with small values
of L. Such a weak line would imply a correspondingly weak emission feature. It is also
possible for populations close to LTE to be maintained by radiative transitions other
than those of the line itself, but each specific case would have to be examined in detail.
We might also apply the L; = 1 criteria to emission associated with discontinuities in the
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continuous absorption, provided that such absorption is close to LTE at the levels where
the continuum is formed.

We now turn to strong or moderately strong lines. It is well known that the appropri-
ate values of L; are much less than unity. The coherent scattering source function given
by equation (1) is not strictly applicable, however, since the line-broadening mechanisms
in a stellar atmosphere lead to a sitaution close to complete redistribution. The simplest
realistic case is the source function for the “two-level atom”:

Si=(1-1L) B/'J,,¢>,du + LB, . (16)

If we consider the center of a strong line (r,,>> 1), the total source function will be es-
sentially the line source function. Now the most favorable case for emission will occur
for small values of y, where the gradient of B,(7.) is small. For a sufficiently strong line
we can then consider the Planck function to be constant at the surface value B,(0) over

|.4 T TF Ilr[lI T T

T llllllll I T T T Ty

(&
Illlllllrlrlllll|
g
1

llllllllllllll

IT]Illll

......continuum_

L,=1.0

bevoadaogeadoeasl

lllllll?llllllll

1.3 (c)

Illllllll

1erlTll7: l_rlT1llll]

i llllll' 1 i lllllll II' llr

ol 1.0 10 100

0.9 :

°

F16. 2.—Ratios of line flux to the surface value of the Planck function, plotted against the ratio of
line extinction to continuous extinction. The cases shown are: (@) y. = 2.0, L. = 0.05; (b) y. = 2,
L. = 0.15; (¢) v = 1.2, L, = 0.15. Dotted line is F.(0)/B»(0).
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the region which affects the formation of the line (down to 7. ~ (r,,L;)~'if ¢, is a Doppler
profile). The problem is then that of a line formed in an isothermal atmosphere, which
has been investigated in detail (see Jefferies 1968). Both the complete-redistribution
source function and the coherent-scattering source function have the same surface
value, S:(0) = (L;)?B,(0), but the former relaxes less quickly to the Planck function
B,(0) than the latter. It follows that the flux at the center of a line formed by complete
redistribution will be less than or equal to the expression for coherent scattering given by
equation (12). So we must at least satisfy inequality (14) for emission. For example,
with a typical value of L; = 1074 at yo = 1 we require L. < 1.4 X 10=¢! Even the
requirement that L. < L; will rule out the Schuster mechanism as a realistic possibility.
Thus, near the line center, the redistribution will only tend to make emission more
difficult, which is the conclusion reached by Gebbie and Thomas.

The situation is different, however, in the wings of a strong line, which may be formed
deep enough that the (noncoherent) line source function has relaxed to S; >~ B,. At
least, this would seem to occur in normal stellar atmospheres where one can use the LTE
source function to calculate line profiles which fit the observations away from the line
center. In this case, the appropriate criteria for emission would be those for L; = 1
presented above. Indeed, this may be the most likely situation in which the Schuster
mechanism could contribute to emission, if it is of any real importance at all.

We may conclude that, although we have relaxed the conditions for the Schuster
mechanism somewhat, it can still only operate in an abnormally extended, tenuous
atmosphere where scattering dominates the continuous opacity to large optlcal depths.
Even under such conditions, the mechanism would only be able to produce emission in
line wings, or perhaps very weak lines; we cannot expect strong lines as a whole to appear
in emission.
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of Maryland.
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