ASTR. 320
Problem Set 2

Due Thursday, February 27

L. Practice derivations. When we did the two-body problem we delined
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R=r —ry, My =my+ g, and g = myme M, where y and mg are the bwo masses
amd ¥y and ro are Lhe positions of the masses in some inertial coordinalbe system.

(a) Show that the Lotal energy,
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can be written in the form
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(b} Show that the total angular momentum,
L=vwur) X Ty sl X Ta , (4)
can be written in the form
L=Mugrxf+puR xR. (5)

2. Black holes in globular clusters are an exciling Lopie of current astrophysics. One
question relates to whether interactions between single black holes and binary black holes
can lead to mergers that may be detectable with gravitational wave instruments. Consider
bwo 10M g black holes in a binary of semimajor axis o, interacling with a single 10 Mg
black hole that comes from a lavge distanee with an initial speed of essentially zero. Such a
Lhree-body inberaction will Lighlen Lthe binary; typically, Lhe semimajor axis a will decrease
by roughly 0%, This will cause the bl e v I:H.:ul single blaclk h:'.tlvl:]- Lo recoil. A black hole
binary of this type must reach a = 10" ¢m to merge by gravitational radiation.

(a} Caleulate the recoll speed of Lhe binary as a function of o, msuming a change of 209 in
1/a (not a itself; the change in 1/a makes the algebra easier). Let M = 10Mg be the mass
of each of the three black holes.

(b} The escape velocily from the center of a globular cluster is about 50 km 77, whereas
Lhe escape welocity from the center of a larre galaxy can be 500 km 57", Assume the binary



black holes start ab a large separation amd tighten by repeated encounters with single black
holes. Will the binary blaclk holes merge limst (ie., tghten Lo a separation of 10% em} or be
kicked out frst in a globular? Whal aboul in the center of a galacy?

Hint: use conservation laws for this problem, and work in the center of mass frame
between the binary and single black holes!

3. Dr. L M. N Bane, daring theorisl extraonlinaive, has been inleresbed in different
generations of stars: Population 1 11, and 111 stars. He proposes “Pop IV™ stars thal are
currently forming from Lhe intergalactic medivm. He thinks thal these stars Lypically have a
mass of 1 Mg, Leslie Sage, sstronomy editor of Nefure, has asled you Lo review Lhis paper.
Leslie tells you that the intergalactic medium has an average density of p= 1073 g cm ™
and that hydrogen molecules in the IGM Ly pically move al aspeed v = 100 lan 571, Leslie
also says that the minimum mass that can form from s medium is determined by the
mass of Lhe smallest sphere that s sell-bound, meaning thal the Lotal energy (kinelic plus
potential} of matber in it is negative. Assuming only gravitational potential energy malters,
eslimale Lhis minimnm mass Lo within an order of magnitude and henee evaluate Dr. Sane's
ilea.

4. In the far fulure, a remarlable double planet has been discoverad, where the two
masses are almeost equal: Lhe first planel has a mass of my and the second has o mess
iy = iy (1 €), where |¢f < 1. They arbil each other in a cirele of semimajor axis a. The
local gowmment wants Lo pub a space station ab the Ly point, between the two planels.
They have consulbed you as Lo rowghly where Lhey should put the station. Your Lask is Lo
delermine Lhe location of the Ly poinl Lo lowest nonzero onder in ¢ Assume Lhal in the
rotating frame, the two planets and the station are all on the z axis, that planet 1 s at
< 0, that planet 2 is ab 2 > 0, and that the center of mass is al 2 = 0. Chede the unils,
limits, and symmetries of your answer!

Hint: assume thal Lthe L poinl is al a location z, where |z < a. When you do your

expansion, keep berms of onler & and ¢, bul drop higher-order berms, such s .12, 1'.2, amd xe.



