ASTR. 320
Problem Set 4

Due Thursday, April 17

L. In a rotating disk, the Jeans criterion for formation of stars or planels is modilied.
Asgsume you have a gaseous disk of pure molecular hydrogen in Keplerian rotation around
a star of mass M. Thus, al a given radius v, Lhe gas s orbiling in a crele with an angular
velocity £3(r} = /GM/r3. Assume that the disk is vertically thin, so that at a radius r the
verlical thickness is & < . The disk has a wniform surface density of ¥ g cm 2. Vherefore,
an area A of the disk has o mass ¥4, The disk also has a uniform temperature T

(a}) We derived Lhe Jeans mass in class by requiring Lhal the total energy of a sphere of g
be negative. In the present case, consider a cireular section of radius b < v cul oul of the
disk, and centered on an annulus of the disk that is a distance v from the star (you may
asume Lhal Lhe gravitalional potential of this section is ~ {':"'r.raﬂl."!i, where o is the mass
of the section). What is the equivalent *Jeans mass” criterion in this case? Remember
Lo include the effects of velocity shear as well as of temperature. Justify your criterion
physically.

(b} You should fnd that the disk is stable for very small b and very large b; explain why,
physically. You should also find that below a certain eritical surface density 3, there is no
insLability at all; caleulate ¥y as a function of T, M, v, and the molecular mass gy, o

alternately as a function of the sound speed ¢, = /&7 friny, and disk angular velociby £3(r).
Answers Lo within a factor of 10 are fine.

2. Thinking more aboul giseous disks, consider Lthe following. Let a disk of gas orbil around
astar of mass M. Lel the mass of the gas ilsell be negligible, so that the only gravitational
forees are those from the star. Suppose, as in the previous problem, that the gas is in
Keplerian rotation at every radius, amd leb the disk be vertically thin.

To within a fctor of three, derive the approximate thideness of the disk at a radius v,
asmuming Lhat the gas is an keal gas of temperature T made of pure atomic hydrogen.
By “thickness™ we mean the distance from the midplane of the disk (where the density is
highest) Lo where the density s approximately half ils maxioum. Hint: use arguments
based on statistical equilibrinm Lo estimate how far gas could move oul of the plane al
Lemperature T

3. In this problem we will consider another Lype of equilibrium, that of thermal balance.
Suppose thalt a star is spherically symmetric. Inside the star, various processes generale
energy. Consider a spherical shell inside Lhe star, thal goes from radivs v Lo radius v 4 dr.



Let the density of ges in Lhe shell be p, and the energy generalion rale per unil mass al
raling v be ¢(r) (therefore, ¢ has unils of erg 57 7). AL a radius v, let the nel oubward
Oux of energy be Fir} (with units of erg cm 25 ). The total net outward luminosity at
raling v is therefore Lir) = -'j':ITT'Ef‘1I:T':|', with units of erg 5=,

Using physical arguments based on equilibrium, derive the relation that must hold for
Lhermal balanee, Le., Lo prevent heal from building up ar draining oul of some radius.

4. Dr. L M. N. Sane has turned his hand towards inventions. His newest idea is the “Sane
pipe”. This pipe has water Dowing through b, and Lthe cross seclional area of Lhe pipe is
large, then small, then large again. One is supposed Lo sleep with one’s head on the small
avea portion. Dr. Sane believes that a “squeezing” eflect on Lhe waler will heal up the
waler when it goes Lhrough Lhe small area reglon, producing a nice comily heabed pillow.

You've been asked by the patent office Lo evaluate this invention. Water acts lilke an
ileal Ouid, and its densily s very close Lo constant throughoul the pipe. Use yvour inluilion
and the equations of hydrodynamics to determine, qualitatively, what if anything happens
Lo the bemperature of the water when 1L moves through the narrow portion of the pipe.
Hint 1: the internal energy per mass w of the water is proportional Lo ils Lemperature.
Hint 2: the equation of continuily implies thal if you imagine an area perpendicular Lo the
axis of the pipe, the lofal mass per Lime Dowing through the area is the same everywhere in
Lhe pipe.



