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a b s t r a c t

Stellar-mass black holes and neutron stars represent extremes in gravity, density, andmag-
netic fields. They therefore serve as key objects in the study ofmultiple frontiers of physics.
In addition, their origin (mainly in core-collapse supernovae) and evolution (via accretion
or, for neutron stars, magnetic spindown and reconfiguration) touch upon multiple open
issues in astrophysics.

In this review, we discuss current mass and spin measurements and their reliabil-
ity for neutron stars and stellar-mass black holes, as well as the overall importance of
spins and masses for compact object astrophysics. Current masses are obtained primar-
ily through electromagnetic observations of binaries, although future microlensing obser-
vations promise to enhance our understanding substantially. The spins of neutron stars
are straightforward to measure for pulsars, but the birth spins of neutron stars are more
difficult to determine. In contrast, even the current spins of stellar-mass black holes are
challenging to measure. As we discuss, major inroads have been made in black hole spin
estimates via analysis of iron lines and continuum emission, with reasonable agreement
when both types of estimate are possible for individual objects, and future X-ray polar-
ization measurements may provide additional independent information. We conclude by
exploring the exciting prospects formass and spinmeasurements from future gravitational
wave detections, which are expected to revolutionize our understanding of strong gravity
and compact objects.
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1. Introduction

Neutron stars were thought to be objects of mostly academic interest until the discovery of pulsars by Jocelyn Bell
and Antony Hewish [1]. The acceptance of black holes as real sources was much more gradual. The decades since the first
proposals that quasars and other AGN were powered by supermassive black holes [2,3] and the discovery of Cyg X-1 [4–7]
and other stellar-mass black hole candidates have seen progressively more definitive identification of some objects as black
holes. Now the discussion has turned from the reality of these objects to their properties and what they can tell us about
fundamental physics and astrophysics.

In this review we will explore what has been learned about the masses and spins of neutron stars and stellar-mass
black holes, and what insights the methods and results have yielded. We begin in Section 1.1 by giving context to these
measurements, then present an overview of the general theory in Section 1.2. We discuss how masses are measured in
Section 2, how spins are measured in Section 3, and what we can anticipate from future gravitational wave measurements
in Section 4. We present our summary in Section 5. This collection of topics has not previously appeared in a single review,
but there are several excellent previous articles that discuss someof the individual subjects. Formore detail about themasses
and other properties of binary andmillisecond pulsars we recommend the review by Lorimer [8]; for additional information
about themasses of stellar-mass black holes we suggest the recent work by Kreidberg et al. [9]; for a summary of the physics
of Fe Kα lines a good reference is the review by Reynolds and Nowak [10]; for a discussion of the continuum fitting method
of spin determinations we recommend the review byMcClintock et al. [11]; and formore technical details about the physics
and astrophysics of gravitational waves we suggest the reviews by Blanchet [12] and Sathyaprakash and Schutz [13].

1.1. Why do we care?

Fundamental physics. Neutron star and black holes are excellent probes of strong gravity and dense matter. For example,
although Einstein’s theory of gravity, general relativity, has been confirmed in every experiment and observation yet
performed, all such data are restricted to weak gravity, in the sense that GM/rc2 (where G and c are respectively Newton’s
gravitational constant and the speed of light, M is the gravitational mass of an object, and r is size of the source, e.g., the
separation between the two neutron stars in a binary) is less than∼10−5 (e.g., Fig. 1 in [14]). Thus the predictions of strong-
field gravity with GM/rc2 ∼ 1, such as the existence of unstable circular orbits, are not easily tested. Neutron stars, with
GM/Rc2 ∼ 0.1–0.3, and black holes, with GM/Rc2 ∼ 1 at their event horizons, are thus natural laboratories for strong
gravity.

Neutron stars are also invaluable objects for the study of cold dense matter. Their cores are believed to reach densities
that are several times nuclear saturation density ρ0 ∼ 2.6 × 1014 g cm−3 (the density of atomic nuclei on Earth), and their
composition could be anything from mainly neutrons and protons to condensates or quark hybrid matter (see [15] for a
recent review). The boundary in mass between neutron stars and black holes, and the radii of neutron stars, would provide
key hints to the nature of this high-density matter [16].

Astrophysics As astrophysical sources, stellar-mass black holes provide prototypes for the supermassive black holes in
active galactic nuclei (AGN), with the advantage that we receive much greater flux from stellar-mass black holes and their
characteristic timescales are much shorter than in AGN. Thus the study of state changes and quasi-periodic variability in
stellar-mass black holes can yield unique insights into AGN. Moreover, jets from accreting neutron stars and stellar-mass
black holes can serve as probes ofmagnetohydrodynamics and plasma physics in relativistic conditions and as prototypes for
the wide range of jets in the universe, from protostellar systems to supermassive black holes. These jets are believed to have
a significant impact on their environment, especially on the evolution of galaxies and galaxy clusters and the formation of
structure [17], so the relatively nearby neutron stars and stellar-mass black holes give us an invaluable close up opportunity
to study jet phenomena.
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As the remnants of core-collapse supernovae, neutron stars and black holes are also windows into the collapse and
explosion processes. The further evolution of these systems in accreting binaries can tell us about the accretion process,
e.g., the total amount of mass that is typically deposited on the compact object. As we discuss in Section 1.2, black holes
that are currently in a binary cannot have accreted enough mass from their companion to change their mass substantially.
It is also difficult for a stellar-mass black hole to accrete enough mass to change significantly the magnitude of its angular
momentum. Thus the current mass and spin magnitude of a stellar-mass black hole is a relatively faithful record of its birth
mass and spin magnitude, which in turn tells us about the conditions in the pre-supernova star just before the collapse. In
contrast, there is an ongoing debate about whether the spin direction of black holes can be altered substantially by accretion.
As we will see, this has a significant impact on the reliability of some types of spin measurement.

In distinction to black holes, neutron stars can have their mass changed substantially by accretion from a companion,
and the spin magnitudes and directions of accreting neutron stars are essentially wholly determined by the accretion in
low-mass X-ray binaries, and probably also in high-mass X-ray binaries. It is not possible at this time tomeasure themasses
of isolated neutron stars except perhaps by microlensing (and then the identification of the object as a neutron star is not
certain). The current spins of pulsars are obviously straightforward to measure, but these spins have been affected strongly
by magnetic spindown. However, as we discuss in Section 3, there are indirect ways to guess the birth spin of isolated
pulsars based on the spindown energy injected into the surrounding supernova remnant, and such studies have somewhat
surprisingly pointed towards relatively long birth periods (a few tenths of a second) being typical.

Neutron stars and black holes in dense stellar systems such as globular clusters and the Galactic center are also probes of
the dynamics in such systems. For example, millisecond pulsars are thought to be spun up by accretion from a companion
(and what limits their spin is another issue we will address). This can happen in an isolated binary, but millisecond
pulsars are much more common per total stellar mass in dense stellar systems. This is thought to be because dynamical
interactions, particularly binary-single encounters, can allow previously isolated neutron stars to swap into binaries and
acquire companions that later donate mass and spin up the neutron star. As a result, one would expect that such stars
are systematically more massive than neutron stars that have not accreted and spun up. There is, likewise, a debate about
whether there should be a substantial number of stellar-mass black holes in globular clusters.Work formany years has found
that the holes would sink into a dense subcluster and self-eject [18–22], but the recent discovery of black hole candidates in
several globular clusters [23–28] has led to re-examination of globular cluster black hole dynamics [29–32]. It could be that
black holes in globular clusters (where they have billions of years to eat other stars) or low-metallicity environments (where
winds and hence mass loss are weaker) will tend to have higher mass than other black holes. If so, this gives us valuable
information about the evolution of these objects.

Thus, overall, the study of neutron stars and stellar-mass black holes, and especially their masses and spins, connects to
many frontier issues of fundamental physics and astrophysics. We now discuss some of the general theory of these objects,
from their formation to their later evolution.

1.2. General theory of neutron stars and black holes

In the current universe, neutron stars and stellar-mass black holes are most commonly created via core-collapse
supernovae. More rarely, black holes could be formed due to themerger of two neutron stars, and it has been suggested that
the accretion-induced collapse of a white dwarf could create neutron stars (see [33] and subsequent references), although
observational confirmation remains elusive. It has also been proposed that in the early universe primordial black holes
might have formed, particularly during periods of phase change such as the quark–hadron transition [34–42], but there is
no evidence for such primordial black holes. We thus focus on the core-collapse formation route after we lay out some basic
physical scales.

Basic scales. The range of known neutron star masses is 1.25 M⊙ − 2.01 M⊙ (PSR J0737−3039B [43] and PSR J0348+
0432 [44], respectively; hereM⊙ = 1.989×1033 g is the mass of the Sun). Here, and throughout this review, we use ‘‘mass’’
to refer to the gravitational mass of the object (i.e., the mass that would be inferred using Kepler’s laws and observations
of the orbit of a distant satellite) instead of the baryonic mass (the mass one would obtain by adding together the separate
masses of every constituent particle in the star). The difference between the two is the gravitational binding mass-energy
of the star; for a neutron star, the baryonic mass is expected to be 20%–30% larger than the gravitational mass.

Neutron star radii are not well known; estimates from nuclear theory suggest radii in the range of∼10–15 km [45]. Here
wemean the circumferential radius, i.e., the radius obtained by dividing a localmeasurement of the equatorial circumference
by 2π , rather than other measures of the radius such as the proper distance from the center of the star (which can be
different by tens of percent). Precise measurements of the radius are coveted by nuclear physicists, because a well-known
radius and mass for a neutron star would provide important clues about the nature of the matter in the core. Unfortunately,
the systematic errors in current radius estimates are so large that they do not provide useful inputs to nuclear theories
([16]; see [46] for a discussion in the context of quiescent low-mass X-ray binaries). As we will discuss more in Section 3,
the known spin frequencies of neutron stars range from millihertz to hundreds of Hertz, with the current record holder
at 716 Hz (PSR J1748−2446ad, in the globular cluster Terzan 5 [47]). Interestingly, the maximum possible spin frequency
of a typical neutron star, beyond which a gravitationally-bound object would fly apart due to centrifugal acceleration, is
probably ∼1500–2000 Hz [48]. Thus, as we will explore further in Section 3, something limits the spin (probably magnetic
torques during accretion).
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Black holes, being objects of pure gravity, have no characteristic mass. For example, a sufficiently dedicated and powerful
alien species could presumably create mountain-mass black holes, and as we said above such holes might have been
produced in the early universe. The masses of known black holes range from a few to tens of solar masses (the stellar-
mass black holes that are our focus) to the galactic central black holes that are millions to billions of solar masses. There is
an intriguing gap at hundreds to thousands of solar masses that might be filled by intermediate-mass black holes [49], but
currently there is no dynamicalmeasurement of such a mass, unlike in the other two mass ranges.

Isolated black holes have only three possible parameters: mass, angular momentum, and electric charge. The net charge
is always negligible for astrophysical black holes, as it is for any macroscopic object, because so many free charges exist in
astrophysical settings that they would quickly accrete to cancel out the charge. The angular momentum J of a black hole is
usually parameterized by the dimensionless combination

â = cJ/GM2. (1)

For a black hole, 0 ≤ |â| ≤ 1. This is necessary for the hole to have a horizon, but note that it is not an overall limit for all
objects: for example â for the Earth is ∼103. The value of â for a maximally rotating neutron star is ∼0.7 [48], assuming
that the mass is below the stable mass for a nonrotating star. A value of â = 0.998 is sometimes used as an ‘‘astrophysical
upper limit’’ for black holes, after work by Kip Thorne [50] showed that matter spiraling into a more rapidly rotating black
hole would be spun down by photons emitted retrograde to the spin. This apparently small change, from âmax = 1 to
âmax = 0.998, has substantial consequences for the maximum efficiency of energy generation (lowering it to ∼32% from
∼40%) and other properties. When magnetic fields in accretion disks are taken into account, the maximum spin could be
lowered yet further, to perhaps âmax ∼ 0.9 [51,52]. Any spinning object drags reference frames around with it, and near a
black hole this can produce pronounced effects.

In standard Boyer–Lindquist coordinates, where the angles θ and φ are as usual the colatitude and azimuth, the radius r
is the circumferential radius, and intervals in the time t are the intervals between events as measured by a distant observer
in flat spacetime, the radius of the event horizon is

rH =

1 + (1 − â2)1/2


GM/c2. (2)

Another important radius, which features prominently in estimates of the spins of black holes, is the radius of the innermost
stable circular orbit (ISCO). In general relativity, unlike in Newtonian gravity, orbits with less than a certain radius around
a point mass are not stable. Heuristically, one can think of this as stemming from the greater gravitational accelerations
that exist in general relativity; a particle in a circular orbit must go faster (in some sense) closer to the hole than it would
in Newtonian gravity. Thus the angular momentum of a circular orbit as a function of radius has a minimum (unlike in
Newtonian gravity, where the angular momentum decreases monotonically with decreasing radius). Inside the ISCO, then,
small perturbations tend to move fluid elements in a rapidly-opening spiral towards the hole. The circumferential radius of
the ISCO is given by [53]

rISCO = GM/c2

3 + Z2 ∓ [(3 − Z1)(3 + Z1 + 2Z2)]1/2


where
Z1 ≡ 1 + (1 − â2)1/3


(1 + â)1/3 + (1 − â)1/3


Z2 ≡ (3â2 + Z2

1 )1/2.

(3)

Here the − sign in the expression for rISCO is for prograde orbits with respect to the black hole spin, and the + sign is
for retrograde orbits. Thus a maximally spinning black hole with â = 1 has rISCO = GM/c2 for prograde orbits and
rISCO = 9GM/c2 for retrograde orbits, and a nonspinning, or Schwarzschild, black hole has rISCO = 6GM/c2. The heuristic
explanation for the role of spin is that frame-dragging gives prograde orbits a free centrifugal boost, so that the angular
momentum of a circular orbit at a given radius is less than it would be around a nonspinning black hole. Thus the minimum
angular momentum orbit is pushed in for prograde orbits, and is likewise pushed out for retrograde orbits. See Fig. 1 for
a plot of the horizon radius, ISCO radius, and specific binding energy at the ISCO for the range of possible black hole spin
parameters.

Core-collapse supernovae. As roughly five decades of supernova simulations attest, it is difficult to include all the relevant
physics in such a simulation. For example, new phenomena emerge in three dimensions compared to two dimensions
(e.g., the direction in scale of turbulent cascades reverses; see [54] for a recent discussion of this and other issues in core-
collapse theory and simulations). Neutrino transport, rotation, magnetic fields, and accurate nuclear networks all play an
important role. One way to understand the delicacy of this seemingly indelicate phenomenon is to note that the photon
energy from core-collapse supernovae is ∼1048–1049 erg, and the kinetic energy observed from core-collapse supernovae
is commonly ∼1051 erg, whereas the total gravitational binding energy released in the formation of a neutron star is a few
times 1053 erg. Thus only a small fraction of the energy, which is released mainly in neutrinos, couples to the matter. Thus,
rather surprisingly for such an energetic event, this is a finely tuned process.

One consequence of the uncertainty in the simulations is that we do not have a firm first-principles grasp of the location
of the ‘‘mass cut’’ (the boundary between matter that falls back and matter that escapes in a given collapse/explosion),
or the expected rotation rate, or the expected strength of the magnetic field in a neutron star (which affects subsequent
spinup and spindown). A common argument still found in textbooks is that the typical birth spin rate andmagnetic moment
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Fig. 1. This figure shows the dependence of the radius of the innermost stable circular orbit (ISCO, cast in units of GM/c2) on the spin parameter
(â = cJ/GM2) of a compact object, as well as the radius of the event horizon and the specific binding energy of a test particle in orbit at the ISCO. Typically,
the object of concern is a black hole, but as the hatched region shows the size of neutron stars relative to their ISCO is an open and interesting question;
here the darker hatching shows a plausible range of radii and spin magnitudes for observed stars, and the lighter hatching extends to the possible range
of spin magnitudes. In this plot, positive values of the spin parameter correspond to prograde orbits, whereas negative values correspond to retrograde
orbits.

of a neutron star can be obtained by imagining that the Sun collapses and conserves its angular momentum and magnetic
flux. Noting that helioseismology suggests a Solar angular momentum of J⊙ ∼ 2 × 1048 g cm2 s−1 (e.g., [55]) and that a
reasonable guess for the moment of inertia of a neutron star is I ∼ MR2

∼ few×1033 g(106 cm)2 ∼ few×1045 g cm2 gives
an angular velocity of ω = J/I ∼ few × 103 rad s−1, or a rotation rate of several hundred Hz, consistent with the inferred
birth spin rate of, say, the Crab pulsar. Similarly, magnetic flux conservation during the collapse of the Sun to a 10 km
radius object would imply a current surface dipolar field of B ∼ 1012 G, pleasingly close to the inferred fields of young
pulsars.

Unfortunately, this agreement is spurious. The Sun will not collapse to form a neutron star. Instead, it is the core of
a massive star that will collapse. This core is approximately only the size of a white dwarf (i.e., at most a few thousand
kilometers), which means that even if magnetic flux has been generated it is likely to be insufficient to explain what we see
in neutron stars. In addition, the likely coupling of the core to the envelope of the pre-supernova giant [56] suggests that the
core might actually rotate quite slowly, on year timescales, meaning that when it contracts from ∼103 km to the ∼10 km
neutron star the star would be rotating much more slowly than we see in practice. Thus other processes are involved at
birth, e.g., off-center kicks [56] for the spin, and probably some dynamo action for the magnetic field [57], although here
unfortunately the natural field strength is near equipartition, which would imply B ∼ 1017–18 G! Thus supernova simulators
still rely heavily on observational guidance.

Accretion processes. After the initial core collapse, neutron stars and black holes can acquire additional mass via accretion.
Accretion from the interstellar medium will be negligible in almost all circumstances. To see this, note that the standard
Bondi–Hoyle rate of accretion from a medium with a density ρ, sound speed cs, and relative bulk speed v at infinity is

Ṁ = λπρ


G2M2

(c2s + v2)3/2


(4)

where λ is an eigenvalue of order unity that depends somewhat on the equation of state of the gas. One might think that
this rate could be substantial; for example, a 10M⊙ black hole in a dense and cold molecular cloud (ρ = 10−20 g cm−3 and
cs ∼ v ∼ 1 km s−1) has an accretion rate of ∼10−6 M⊙ yr−1, enough to cause e-folding of the mass in ∼107 yr. However,
the accretion will produce a large amount of luminosity that will strongly heat the accreting matter (thus increasing cs) and
pressure balance will then decrease the density (see [58,59] and many other references).

Significant accretion therefore requires a companion. In some cases the neutron star or black hole might spiral into
the companion, producing a Thorne–Żytkow object [60–62]. Then the accretion rate can be far above the usual Eddington
limit

ṀEdd ≡ LEdd/(ηc2) =
4πGMc

κ


(ηc2) ∼ 1018 g s−1(M/M⊙)(η/0.1)−1, (5)
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where κ is the opacity, η is the radiative efficiency, and for our numerical estimate we have assumed fully ionized matter
and a Thomson opacity; η ∼ 0.1 is reasonable for moderately rotating black holes. A rate of accretionmuch larger than ṀEdd
can lead to radiation that is trapped by the advecting flow [63,64] in black holes, or can lead to the production of a large
number of neutrinos that then escape [65,66] in neutron stars. A process like this must happen during supernova fallback,
and presumably can change the mass or the spin of a neutron star or black hole on short timescales. However, this process
does not leave the neutron star or black hole with a companion unless the compact object was in a triple system. We will
ignore this possibility henceforth.

Mass and spin evolution due to accretion. Stable mass accretion from a companion to a neutron star or black hole comes in
two flavors, depending on themass of the companion. In a low-mass X-ray binary (LMXB), the companion’s mass is typically
M < 0.5 M⊙, and the mass is transferred via Roche lobe accretion. In a high-mass X-ray binary (HMXB), the companion’s
mass is typically several solar masses, and the mass is transferred when the neutron star or black hole captures part of the
wind from the companion.

The distinction is in part because, if all the angular momentum is retained in the system, transfer of mass from the lighter
to the heavier member of a binary widens the binary, whereas transfer of mass from the heavier to the lighter tightens the
binary. To see this, note that if we have a binary with masses M1 and M2, which therefore has total mass M = M1 + M2

and reduced mass µ = M1M2/M , the angular momentum in a circular orbit of radius r is L = µ
√
GMr . Transfer from

the less massive to the more massive object keeps M constant but reduces µ, which thus requires that r must increase to
compensate. Transfer from the more massive to the less massive object increases µ, so r must decrease. One consequence
is that in a binary in which the donor star is more massive than the neutron star or black hole, if the mass donation were
through the Roche lobe then the system would shrink, leading to a very large (and thus short lived) mass transfer episode
unless the donor shrank rapidly as it lost mass. LMXBs, in contrast, are stable accretors and can last for hundreds of millions
of years. Theoretically a compact object could capture mass from the wind of a low-mass companion, but other than during
the giant phase these winds are negligible.

HMXB lifetimes are limited to the lifetime of the high wind loss portion of the already short lifetime of a massive star.
Thus HMXBs likely live for only tens to hundreds of thousands of years, and transfer < 10−2 M⊙ [67]. In contrast, LMXBs
can transfer up to the original mass of the companion, which might reach ∼1 M⊙ in some cases. Another difference is that
Roche lobe accretion is accretion with reasonably high angular momentum, so the mass flows in an accretion disk. Winds,
in contrast, emerge at roughly the escape speed of the star, because the radiative acceleration that drives them will do so
until the wind escapes, and the acceleration is less effective at larger distances so when the speed reaches approximately
the escape speed the wind is already far from the star. Given that the companion in a HMXB can dominate the total mass
of the system, the escape speed from the companion is at least as large as the orbital speed, and it can be much larger if the
separation between the companion and the compact object is many times the radius of the companion. Thus the donated
matter need not have enough angular momentum to form a disk, and stochastic changes in the wind can alter the direction
of the accretion flow [68]. Hence the short lifetimes of HMXBs mean that they transfer less total mass than LMXBs do, and
the mass that is accreted may not be as ordered in its flow.

These considerations have led X-ray astronomers to believe for decades (see [69] for a recent discussion) that themasses
and spin magnitudes of stellar-mass black holes are at best moderately affected by accretion from a binary companion. The
argument is that even the∼0.5M⊙ maximum that could be accreted in an LMXB is a small fraction of the∼10M⊙ canonical
black holemass, and integration of the angularmomentumequations at the ISCO indicates that the spinmagnitude also does
not changemuch (although purely retrograde accretion of 0.5M⊙ onto a maximally spinning∼10M⊙ black hole could spin
it down to â ∼ 0.8). Thus the masses and spin magnitudes of stellar-mass black holes are close to what they were after the
supernova.

In contrast, neutron star masses and spin magnitudes could be changed dramatically by accretion. A neutron star of
initial massM ∼ 1.5M⊙ that accreted ∼0.5 − 1M⊙ might even be pushed over its limit and become a black hole. The spin
will change even more substantially. Unlike uncharged black holes, neutron stars have large magnetic fields, so the ionized
matter that accretes onto them will couple to the fields. The accretion thus has a large effective lever arm. The coupling
radius (sometimes called the Alfvén radius or magnetospheric radius) is

rmag ≈ 4 × 108 cm(B/1012 G)4/7(Ṁ/1017 g s−1)−2/7 (6)

assuming a dipolar magnetic field. This is enormously larger than the ∼106 cm radius of the star, so accretion can very
rapidly spin the star up or down, and what we see now is unrelated to the spin of the neutron star at birth. Isolated neutron
stars also spin down, by magnetic braking, which in the pure dipolar case causes the spin period P to evolve as

P2
= P2

0 + 2PṖT . (7)

Here T is the age of the pulsar, P0 is its initial period, and PṖ ∝ B2 in the magnetic dipole model. Thus PṖ is constant if the
field strength and geometry do not change. When 2PṖT ≫ P2

0 , the characteristic age is thus τ = P/(2Ṗ). Thus the current
spin frequency of an isolated neutron star is only a lower limit on its birth frequency. As we discuss further in Section 3,
estimates have beenmade of the birth frequencies of some neutron stars based on the observation that the spindown energy
would have to go into the surrounding nebula, so initial frequencies that are too high would lead to nebulae that are too
bright.
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The direction of the spin of an accreting neutron star is determined by the accretion, for the reasons indicated above. The
case is not as clear for accreting black holes. Another consequence of the frame dragging around spinning black holes is that
matter orbiting in a different plane than the black hole spin plane will have its orbital axis precess around the black hole
spin axis. When there is dissipation, this will lead to a gradual settling of the matter’s motion into the spin plane of the hole
(the orbits could be prograde or retrograde, depending on the conditions; see [70]), a process called the Bardeen–Petterson
effect [71]. The black hole spin direction is thus also changed in response. The relatively small size of the black hole means
that its specific angular momentum is small compared to the specific angular momentum of the disk; a rough ratio is
ℓBH/ℓdisk ≈ â(rBH/rdisk)1/2. Thus for a few×1010 cm disk around a 106 cm black hole, the integrated angular momentum
of the matter that flows through the disk will be greater than in the black hole even if total accreted mass is only ∼1% of the
black hole mass (i.e., about 0.1 M⊙).

The reason that this does not guarantee alignment is that much of the disk angular momentum actually flows outwards,
where it is ultimately transferred to the orbital angular momentum of the companion. The relevant radius for black hole
alignment is where the disk inclination bends towards the black hole spin plane. There is considerable discussion of where
this is [72–82], with typical estimates being hundreds to thousands of times the gravitational radius rg ≡ GM/c2, but it
may also be that alignment is less effective when the accretion rate approaches Eddington [83]. Thus the current orientation
of the black hole spin might retain some memory of its birth orientation rather than being fully aligned with the orbit. As
we will discuss in Section 3, this consideration, and the disputed evidence that misalignment is seen in some systems, has
significant implications for spin estimates using X-ray continua.

We now discuss the methods of estimating the masses of neutron stars and black holes, and the implications of the
results.

2. Masses

Ever since the 1767 suggestion by John Michell, the intellectual grandfather of black holes, that some visually close
stars are actually physically associated with each other [84], binaries have been prime sources for the determination of
the masses of their components. This is because Kepler’s laws can be used directly for such systems. Other techniques are
sometimes applied; for example, asteroseismology has been used to find the masses of some white dwarfs, main sequence
stars, and giants [85–88]. But neutron stars and black holes have neither observed oscillations nor confirmed surface atomic
lines (which provide critical information for ordinary stars). Future mass measurements using microlensing are promising
(see [89] for a recent review, including the discussion of several black hole candidates), particularly if precise astrometric
measurements can break degeneracies between the mass, proper motion, and distance to the lens. However, the current
sample of measured masses is dominated by compact objects in binaries.

In this section we begin with a theoretical discussion of the maximummass of a neutron star. We then describe themass
function, which places a lower limit on the mass of the companion to an observed object in a binary, then discuss some of
the post-Keplerian observables that can be seen in binary pulsar systems. We finish by giving references for the masses and
estimated uncertainties for a number of neutron stars and black holes.

2.1. The maximum mass of a neutron star

Themass boundary between neutron stars and black holes is important for two reasons. First, it is sensitive to the state of
coldmatter beyond nuclear density; laboratory experiments cannot access this realm, and nuclear models disagree strongly
about the likely properties of such matter. Second, as we discuss at the end of this section, a mass measurement above
the neutron star maximum is the best way to establish that a compact object is a black hole, because other proposed
discriminants are unreliable. Here we focus for simplicity on nonrotating neutron stars, with some comments at the end
about the role of uniform and differential rotation.

As our first guess about the maximummass of a neutron star we can use the elementary Landau [90] derivation of Chan-
drasekhar’s [91] maximummass for white dwarfs. Suppose that we have a fermion (an electron for white dwarfs, a neutron
for neutron stars) whose degeneracy pressure holds up a cold, dense, spherical object. If the number density of this fermion
is n then a given fermion is localized within a region of size ∆x ∼ n−1/3 and its Fermi momentum is

pF ∼ h̄/∆x ∼ h̄n1/3. (8)

The Fermi energy per fermion is EF ≈ p2F/2mF in the nonrelativistic case (i.e., when pF ≪ mF c), wheremF is the mass of the
fermion, and EF ≈ pF c in the relativistic case. Now suppose that there areµF massive particles (protons and/or neutrons) per
fermion; thusµF ∼ 2 forwhite dwarfs andµF ∼ 1 for neutron stars. In a star of totalmassM and radiusR, thismeans that the
average number density is n ∼ M/(µFmnR3), wheremn is the mass of a neutron. Thus EF ∼ (h̄2 /2mF )


M/(µFmnR3)

2/3
∼

1/R2 for nonrelativistic degeneracy, and EF ∼ h̄c

M/(µFmnR3)

1/3
∼ 1/R for relativistic degeneracy.

Ignoring general relativistic corrections and structural details of the star, the gravitational potential energy per degener-
ate fermion is

Egrav ∼ −
GMmnµF

R
. (9)
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Thus when we highlight the dependences on the mass, radius, and µF , the total energy per degenerate fermion in the non-
relativistically degenerate case is

Etot = EF + Egrav =
C1M2/3

µ
2/3
F R2

−
C2MµF

R
(10)

where C1 and C2 are dimensional constants. From this expression we see that minimization of the energy leads to a sta-
ble configuration; too large a radius asymptotes the energy to zero (contrasted to the minimum energy, which is negative
because the star is bound), and too small a radius yields a positive energy. We also see from energy minimization that at
equilibrium, R ∝ M−1/3, so we recover the result that degenerate objects are smaller when they are more massive.

In the relativistically degenerate case,

Etot =
C3M1/3

µ
1/3
F R

−
C2MµF

R
. (11)

Both terms have the same R dependence, so if the expression is positive at any R the star will expand to lower its energy
until it becomes nonrelativistic, at which point it can settle into a stable equilibrium. In contrast, if the energy is negative,
it can contract indefinitely to reach lower and lower energies, so the star is not stable. We see that higher masses lead to
lower energies at fixed R, so the limiting mass is the one that yields Etot = 0. This equation shows that Mmax ∝ µ−2

F . The
maximum mass for a white dwarf (µF ≈ 2) is MWD ≈ 1.4 M⊙, so we would expect that the maximum mass for a neutron
star (µF ≈ 1) would be ∼4 times higher, or ∼5.6 M⊙.

In reality the maximum mass of a neutron star is much smaller than this value. The main reason is that, unlike white
dwarfs, neutron stars are compact enough that mass-energy contributions other than the rest mass play an important
role. Thus the increased pressure that comes with higher density will itself gravitate, so systems of a given mass are more
susceptible to collapse then they would be in Newtonian gravity. A more rigorous approach to the determination of the
maximummass uses the Tolman–Oppenheimer–Volkoff equation [92]

dP(r)
dr

= −
G
r2


ρ(r) +

P(r)
c2

 
M(r) + 4πr3

P(r)
c2

 
1 −

2GM(r)
c2r

−1

. (12)

This is effectively the equation of hydrostatic equilibrium for a spherically symmetric, nonrotating star in general relativity.
Here M(r) is the gravitational mass contained inside a circumferential radius r , and P(r) and ρ(r) are respectively the
pressure and density at r . Given a central density and an equation of state that relates P to ρ, one can compute the mass and
radius of the star. Note that because the temperature T < 109–10 K inside a neutron star with an age of at least hundreds
of years is much less than the Fermi temperature TF = EF/k ∼ 1012 K, temperature can be neglected in the equation of
state. Similarly, because the Fermi energy of hundreds of MeV in the core is much greater than the energy differences per
particle (fewMeV) betweendifferent compositions, it is usually assumed that the corematter is in its (unknown) equilibrium
composition.

Thus given P(ρ), one can calculate the maximum mass of a neutron star. However, because the central densities are at
several times nuclear saturation density (i.e., out of reach of laboratory experiments) and the matter is strongly skewed
towards neutrons rather than protons (in contrast to the nearly-symmetric nuclear matter in normal nuclei), P(ρ) is not
known from first principles. One might imagine that the equation of state could be calculated from quantum chromody-
namics. However, because fermion wavefunctions switch sign when particles are swapped, estimates of the total energy of
a collection of fermions require evaluation of a sum of nearly canceling terms (this is known as the fermion sign problem,
e.g., [93–96]). Thus the ground state of nuclear matter, especially under significant pressure, is exponentially difficult to
compute from first principles. Thus nuclear physicists rely on astronomers to determine observationally the masses and,
ideally, the radii of neutron stars.

Themaximummass of neutron stars can be constrained theoretically using an approachpioneered byRhoades andRuffini
([97]; see also [98]). They noted that we do have a good understanding of the state of matter from zero density up to nuclear
saturation density (ρs ≈ 2.6×1014 g cm−3). They showed that at higher densities the equation of state that gives the largest
possible mass is one that is at maximum stiffness, i.e., one for which the speed of sound cs = (dP/dρ)1/2 is the speed of
light. Applying that assumption to all densities above ρs gives a maximum mass of Mmax ≈ 3.2 M⊙. One can extend this
to ask: if we know the equation of state up to some density and then use a cs = c equation of state, what is the maximum
mass? Kalogera and Baym [98] showed that if we trust the (largely converged and calibrated) equation of state up to 2ρs, the
maximummass drops to roughlyMmax = 2.9M⊙. Astronomers thus use the rough criterion that if an X-ray emitting object
in a binary exceeds 3 M⊙, it is most likely a black hole rather than a neutron star. As a note of caution, even at ρs neutron
star matter has far more neutrons than protons, so what we can measure in laboratories (see [99] for a recent review) does
not provide absolutely definitive constraints on the relevant highly asymmetric matter.

Rotation adds centrifugal support, so rotation can increase the maximum mass of a neutron star, by as much as
∼25% [100]. Indeed, there are studies of both supermassive neutron stars (uniformly rotating stars that would be unstable
if they stopped rotating) and the yet more massive hypermassive neutron stars (differentially rotating stars that would be
unstable if their angularmomentumwere redistributed to yield uniform rotation). Such stars could havemasses a few tenths
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of a solarmass in excess of the nonrotatingmaximum. The hypermassive case is not relevant for the long-lived neutron stars
we see, because differential rotation is damped quickly [101]. Supermassive neutron stars are potentially relevant, but in
practice the highest rotation rate ever seen fromapulsar (716Hz; see [47]) is probably a factor of two less than themaximum
rotation rate [48]. Centrifugal support is a quadratic effect, so rotation is at best a minor contributor to the maximum mass
of observed neutron stars.

2.2. The binary mass function

Suppose that one observes a star in a binary, which wewill call star 1, over at least one full period. Monitoring of spectral
lines (from ordinary stars) or pulses (from a pulsar) can yield both the period P and the maximum line of sight speed K1 of
star 1 from our perspective. It is straightforward to show using Kepler’s third law that for an orbit of eccentricity e

f (M1,M2, i) ≡
K 3
1 P(1 − e2)3/2

2πG
=

(M2 sin i)3

(M1 + M2)2
(13)

(e.g., [102]). Here M1 is the mass of star 1, M2 is the mass of its companion, star 2, and i is the inclination of the orbit to our
line of sight, defined so that i = 0 for a face-on orbit and i = 90◦ for an edge-on orbit.

Examination of this equation shows that the mass function f is a lower limit to M2, the mass of the unobserved star.
Indeed, f is the actual mass of star 2 only if the system is edge-on andM1 → 0. If the motion of star 2 can also be measured,
e.g., in a double-line spectroscopic binary or a double pulsar, then the mass ratio is also known but the inclination remains a
source of uncertainty. Even if the second star cannot be observed in this way, ifM1 ≪ M2 then the uncertainty its unknown
mass introduces is small. This is why high-mass X-ray binaries provide more ambiguous evidence for stellar-mass black
holes than do low-mass X-ray binaries. For example, the mass function of Cyg-X-1 is only ≈0.25M⊙ ([103] and subsequent
references), so assumptions must be made about the mass of the companion to make a case that the unseen object exceeds
the maximummass of a neutron star and is thus likely to be a black hole.

The orbital inclination is often difficult to determine for non-eclipsing systems. A method that has found success for
Roche lobe filling binaries is the use of ellipsoidal light variations based on the tidal distortion of the donor [104–106]. The
key idea is that a tidally distorted star has a larger cross section as seen from the side than as seen along the line to the
compact object, and that the light fromwhen the donor is behind the compact object looks different fromwhen it is in front
of the compact object because of edge-darkening effects near the L1 point. A face-on systemwill obviously showno variation
in the companion’s light with orbital phase, whereas an edge-on systemwill showmaximum variation. Thus the inclination
can be estimated even for non-eclipsing systems. The low luminosity of the companion in a low-mass X-ray binary means
that this method is best used for transient systems, where the accretion disk essentially goes away completely and hence
does not contaminate the light from the companion (e.g., [106]). Perhaps due to their higher mass ratio, black hole LMXBs
are more likely to be transient systems than neutron star LMXBs. Thus this method has been used successfully for several
black hole systems, but few neutron star systems.

2.3. Binary pulsars and post-Keplerian parameters

A method unique to neutron stars that can yield high-precision masses is the careful timing of signals from pulsars. The
pulses from pulsars act as superior clocks, with characteristic spindown timescales P/2Ṗ that can be several billion years for
millisecond pulsars, themost stable rotators. Thus evenminute deviations from slow, steady spindown are highly significant
and can be used to infer subtle relativistic effects in the binary system. These considerations led Joseph Taylor and Russell
Hulse to search for and discover the first binary neutron star system in 1974 [107]. As we will discuss, the timing of this and
similar double neutron star systems has led to precise confirmation of general relativity in weak gravity.

The extra effects that can currently be measured are:

• Precession of the pericenter. To lowest order the frequency of precession of an orbit is

ω̇ = 3


Pb
2π

−5/3

(T⊙M)2/3(1 − e2)−1. (14)

• The Einstein delay. At pericenter, the pulsar is deepest in the gravitational well of the companion, which slows down the
received pulse rate. The magnitude of the effect is

γ = e


Pb
2π

1/3

T 2/3
⊙ M−4/3mc(mp + 2mc). (15)

• Binary orbital decay due to gravitational radiation. The rate of decay of the orbital period is

Ṗb = −
192π
5


Pb
2π

−5/3

f (e)T 5/3
⊙ mpmcM−1/3. (16)
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• The Shapiro delay. If the pulses pass close to the companion, the clock of the pulses experiences time dilation. A face-on
orbit will have no dependence of the Shapiro delay on orbital phase, whereas a nearly edge-on orbit will have a sharp
increase in the delay at conjunction. Thus in addition to the magnitude of the effect (the range, or r , parameter), there is
an effect (the shape, or s, parameter) that depends on the binary orientation:

r = T⊙mc
s = sin i. (17)

Here we use the notation of [108]. In this list, mp is the pulsar mass, mc is the companion mass, M = mp + mc is the
total mass (all masses are in solar units), T⊙ ≡ GM⊙/c3 = 4.925590947 µs, Pb is the binary orbital period, and f (e) =

(1+ 73e2/24+ 37e4/96)(1− e2)−7/2. Neutron stars are so small compared to their separations in these systems (∼106 cm
versus ∼1011 cm) that they are essentially point sources and there are thus no tidal effects etc. to confuse the analysis of
these binaries. A given system has five associated parameters (two masses and the inclination, semimajor axis, and eccen-
tricity), so when there aremore than five independent observables the system is overdetermined and the underlying theory
can be tested.

The neutron stars in double neutron star systems (when at least one appears to us as a pulsar) have masses that can
be measured to ∼10−3 relative precision. The pulsars in these systems rotate with periods of tens of milliseconds, and are
not as stable as the true millisecond pulsars (some of which have timing stability one or two orders of magnitude greater;
see [109]). If a millisecond pulsar were to be found in a close binary with another neutron star, the gain in timing precision
would eventually allow the measurement of higher-order effects (see [110] for a discussion in the context of the double
pulsar PSR J0737−3039).

However, becausemillisecond pulsars are spun up by accretion of at least several hundredths of a solarmass from a com-
panion, and the high-mass stars that are the progenitors of neutron stars do not last long enough to donate such mass [67],
millisecond pulsars are instead found in binaries with white dwarfs or main sequence stars. These objects are large enough
that tidal effects can be significant. In addition, the accretion process circularizes the orbit (but not completely; see [111] for
a remarkable demonstration using the fluctuation–dissipation theorem that residual eccentricities of a few parts permillion
can be produced, depending on the binary orbital period), so it can be difficult to measure pericenter precession or the Ein-
stein delay, both of which require nonzero eccentricity. Nonetheless, recently two neutron stars in such systems have been
found to have massesM ≈ 2M⊙, which as we will discuss in the next section has important implications for dense matter.

The first of these, PSR J1614−2230 [112], is a pulsar-white dwarf system that had its Shapiro delay measured due to its
fortunate nearly edge-on orientation. For a circular orbit, the two parameters of the Shapiro delay plus the two Keplerian
parameters (orbital period and line of sight speed) suffice to determine both masses. The orientation is also important
because for edge-on inclinations the Shapiro delay as a function of orbital phase acquires a cusp near conjunction; more
moderate inclinations produce a phase dependence that is partially degenerate with what one would find in an orbit with
moderate eccentricity. The mass inferred for PSR J1614−2230 wasM = 1.97 ± 0.04 M⊙ [112].

More recently, Antoniadis et al. [44] have found a mass of M = 2.01 ± 0.04 M⊙ for PSR J0348+0432. This is another
pulsar-white dwarf system, but themethodofmass estimationwas different. In addition to the pulsar frequencymodulation,
the authors were able to measure orbital line energy variations from the white dwarf. This immediately gives a mass ratio
between the neutron star and the white dwarf. They estimated the mass of the white dwarf based on white dwarf models
and the measured gravitational redshift of the lines, leading to the final mass estimate for the neutron star.

A convenient updated list of neutron star masses and their uncertainties is maintained at http://www.stellarcollapse.
org/nsmasses by Jim Lattimer and Andrew Steiner. From this it is apparent, and itwas noted early, that themasses of neutron
stars in double neutron star systems are very tightly clustered, around 1.35±0.05M⊙. Indeed, prior to the discovery ofmore
massive neutron stars in binarieswithwhite dwarfs, this clusteringwas sometimes used to argue that themaximummass of
neutron stars is low, around 1.5M⊙ [113]. It now seems clear that if this clustering is significant it stems from a narrowness
of evolutionary channels rather than from the fundamental physics of neutron stars. We also note that millisecond pulsars
seem to have systematically larger masses than neutron stars that are not likely to have accreted much [114]. This accords
with our expectation that millisecond pulsars could accrete up to several tenths of a solar mass in their lifetimes.

For an early list of estimated black hole mass functions, see [115]; for more recent updates, see [116,117], and for an
object-by-object discussion see Section 5 of [9]. At face value it appears that there is a gap between the masses of neutron
stars and black holes [116,117], although there have been recent concerns raised about the role of selection effects [9]. If
there is indeed a gap, one possible explanation is that black holes form from failed supernovae and thus have much greater
fallback than neutron stars [118]. More observations are necessary. In particular, if there is a large gap in the chirp mass
distribution inferred from the gravitational waves emitted in compact binary coalescence (see Section 4) this will confirm
the mass gap between black holes and neutron stars as well as making it easier to identify which sources contain neutron
stars and which contain black holes.

We now turn our attention to the inferred spins of neutron stars and black holes.

3. Spins

As we said in Section 1, stellar-mass black holes have spin magnitudes close to what they were at birth. In contrast, we
will show that the spin periods of neutron stars typically bear little relation to their periods at birth. In addition, even the

http://www.stellarcollapse.org/nsmasses
http://www.stellarcollapse.org/nsmasses
http://www.stellarcollapse.org/nsmasses
http://www.stellarcollapse.org/nsmasses
http://www.stellarcollapse.org/nsmasses
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fastest-spinning neutron stars have far less angular momentum than stellar-mass black holes. In this section we provide
context for these statements by discussing what we know about the spins of neutron stars and black holes. In Section 5 we
will return to the question of spins by discussing the ongoing debate about the degree to which black hole spins affect the
powers of their jets.

3.1. Neutron star spins

The spin periods of more than 2500 neutron stars are known from the periodic modulation of their intensities. Of these
the vast majority – more than 2300 – are seen in radio bands, and have periods ranging from 1.4 ms to 8.5 s (see, e.g., the
Australia Telescope National Facility Pulsar Catalog http://www.atnf.csiro.au/research/pulsar/psrcat/ [119] and the cata-
log http://astro.phys.wvu.edu/GalacticMSPs/GalacticMSPs.txt of Duncan Lorimer; note that Fermi detections of gamma rays
have made a significant contribution to our catalogs of pulsars out of the Galactic plane [120]). These pulsars are thought
to be rotation-powered, meaning that the spindown energy of the pulsar is the ultimate power source of the radio emis-
sion (even though the radio luminosity is a tiny fraction of the spindown power). There are another ∼200 pulsars that
are detected from their bright X-ray emission. These pulsars are accretion-powered: the source of energy is the gravita-
tional energy released when matter taken from a binary companion is funneled by the neutron star’s magnetic field onto
a portion of the neutron star’s surface. The spin periods of these pulsars range from 1.7 ms to at least 3 h (see [121]).
There are also a handful of other neutron stars that have known periods based on phenomena such as thermonuclear
burst oscillations [122] or that are powered by strong magnetic fields rather than rotation (the magnetars; see [123] and
http://www.physics.mcgill.ca/~pulsar/magnetar/main.html for a catalog).

For our purposes, the most important question related to neutron star spin is whether a given star is accreting actively.
We now discuss the properties of non-accreting and accreting neutron stars and the spin periods and evolution that have
been inferred.

3.1.1. Non-accreting pulsars
As we mentioned earlier, the discovery of periodic radio sources in 1967 [1] ushered in the era of neutron star observa-

tions. Even before the discovery of pulsars, Pacini [125] proposed that magnetic dipole radiation from a spinning magnetic
neutron star could power supernova remnants. It was, however, the elegant work of Gold [126] that convinced the com-
munity that the periodic pulsations observed by Jocelyn Bell and colleagues were due to rotating neutron stars. At its core,
Gold’s argument is that (1) the shortest periods known in 1968were tens ofmilliseconds,which is only accessible by neutron
stars or black holes (even white dwarfs are not compact enough for such periods), (2) black holes have no stable structures
that could emit regular beacons, so the objects must be neutron stars, (3) periodic signals can be produced by rotation, pul-
sation, or orbits, but (4) neutron star pulsations have typical periods of at most a few milliseconds, which could not explain
the few-second periods that were then known, and (5) orbital periods would decrease in time, rapidly, due to emission of
gravitational radiation, in contrast to the very nearly stable but increasing periods of known pulsars. Thus rotating neutron
stars are the only possible objects that could produce such short periods that are also nearly stable but increase with time.

The power source of most of these pulsars is likely to be rotation. As Gold stated:
There are as yet not really enough clues to identify the mechanism of radio emission. It could be a process deriving its energy

from some source of internal energy of the star, and thus as difficult to analyze as solar activity. But there is another possibility,
namely, that the emission derives its energy from the rotational energy of the star (very likely the principal remaining energy
source), and is a result of relativistic effects in a co-rotating magnetosphere [126].

Note that radio emission carries only a tiny fraction of the spindown power, but higher-energy emission such as gamma
rays can sometimes have tens of percent of the spindown luminosity [127]. Indeed, there is a growing category of sources
whose integrated X-ray luminosity is considerably greater than the spindown luminosity. These are known as ‘‘magnetars’’,
and are thought to be powered by the decay and reconfiguration of internal magnetic fields [128,129].

Regardless of what powers the observed emission, non-accreting neutron stars are thought to spin down essentially by
magnetic dipole radiation (see Section 1). Putting units to Eq. (7), the period evolves as P2

= P2
0 + 2B2

12(T · 10−15 s) for
an average surface dipolar field of 1012B12 G. Here T is the current age of the pulsar. This means that memory of the initial
spin is lost rapidly if the birth period was much less than a second and the field strengths are in the ∼1012 G range usually
considered for young neutron stars. For example, the Crab pulsar is ∼1000 yr old (the supernova was first seen on 4 July
1054). Its surface field is inferred to be B12 ≈ 5. Thus if the initial period was much shorter than the current period of
33 ms then the inferred age of T ≈ 700 yr is roughly consistent with the known age. Initial periods anywhere from ∼1 ms
to ∼10 ms can be accommodated easily. For older pulsars an even greater range of initial periods are consistent with the
data. Thus pulsars older than a few thousand years may well have completely lost memory of their initial period. Indeed,
it is evident from Table 1 of [130] that most pulsars in supernova remnants have characteristic ages Tc = P/2Ṗ that are
consistent within the uncertainties with the age of the remnant. Thus for those pulsars the initial period could have been
anything much less than the current period.

We note, incidentally, that the dipole spindownmodel in its simplest form fails a self-consistency test. For puremagnetic
dipole spindown, the ‘‘braking index’’ nb ≡ νν̈/ν̇2, where ν is the spin frequency, is equal to 3. Measured values, however,
are always less than 3, sometimes by very significant amounts [131]. This suggests that other processes are at work; see
[132,133] for some recent ideas.

http://www.atnf.csiro.au/research/pulsar/psrcat/
http://astro.phys.wvu.edu/GalacticMSPs/GalacticMSPs.txt
http://www.physics.mcgill.ca/~pulsar/magnetar/main.html


12 M.C. Miller, J.M. Miller / Physics Reports 548 (2015) 1–34

To close this section we mention for completeness that if there is sufficient nonaxisymmetry in a rapidly-rotating neu-
tron star, it could be slowed down by emission of gravitational waves (e.g., via R-mode instabilities on the surface of a very
young, hot neutron star [134,135]). However, the efficiency of this mechanism is expected to have a very steep dependence
on the initial spin period, and is also expected to have a very low saturation amplitude, so it is not clear if this mecha-
nismwill be important. Stars with more modest initial spin periods may take thousands of years to spin down substantially
[136,137].

3.1.2. Accreting pulsars
A few years after the discovery of rotation-powered pulsars, pulsating X-ray sources were discovered in several binaries

(e.g., Her X-1; [138]). Initial modeling work did not consider neutron stars because of the assumption that the required
supernova would disrupt any binary, but soon several groups proposed that accretion from a companion, guided by
the magnetic field of the neutron star, would produce an X-ray emitting hot spot on the surface [139–141]. Later work
established quantitative relations between the spin frequency of an accreting neutron star and its average accretion rate
and dipole magnetic moment, based on the idea that a magnetic spin equilibrium could be established on a timescale much
shorter than the X-ray active timescale of the source (e.g., [142–148]). In spin equilibrium, the rotation frequency of an
accreting magnetic neutron star is

ν = 0.3 Hz ξṀ3/7
17 µ

−6/7
30 (M/M⊙)5/7 (18)

for a star with a magnetic moment 1030µ30 G cm3 and an average accretion rate of 1017Ṁ17 g s−1. Here ξ is a factor of
order unity that depends on the detailed structure of the flow. Thus for the neutron stars in high-mass X-ray binaries, which
typically have µ30 ∼ few the equilibrium period is often seconds or longer, but for the neutron stars in low-mass X-ray
binaries, which usually have µ30 ∼ 10−4–10−3, periods of milliseconds can be attained via spinup.

Indeed, accretion-induced spinup was quickly suggested to explain the first millisecond pulsar detected [149–151]. This
explanation has been strengthened by the evidence that millisecond pulsars are usually in binaries (∼70%–80% versus the
∼1% of slower pulsars). The observation of nearly coherent millisecond oscillations in thermonuclear X-ray bursts [122]
was taken by most researchers to show that the stars hosting those bursts, which are in LMXBs, are the progenitors of the
non-accreting millisecond pulsars. However, the frequencies of the burst oscillations drift slightly and thus some doubt
remained until the discovery of 401 Hz accretion-powered oscillations from SAX J1808-3658 [152,153], which were later
tied to the frequency and phase of burst oscillations from this source [154]. Multiple sources now have both accretion-
powered and nuclear-powered oscillations at the same frequency. One source has even been found to transition between
accretion-powered pulsations and rotation-powered pulsations when the accretion dies off sufficiently [155], and there are
other sources for which somewhat more indirect evidence of this phenomenon has been suggested [156,157].

Currently, there are 15 known accretion-powered millisecond X-ray pulsars (see [121] for a review). This includes the
X-ray binary Aql X-1, in which ∼150 seconds of coherent oscillations were discovered among many megaseconds of data
gathered with the Rossi X-ray timing explorer (RXTE) [158]. The observed range of spin frequencies is ν = 182–599 Hz;
seven have binary orbital periods of 2 h or shorter.

Given that the number of accreting millisecond X-ray pulsars is growing, and especially given that a non-pulsing X-ray
binary was found to have momentary coherent pulsations, the question arises: why are coherent pulsations not found in all
neutron star X-ray binaries? The reasons may be complex, multiple mechanisms may work jointly to hide pulsations, and
observations have not yet revealed the answer. Alignment of the rotation and magnetic axes could serve to hide pulsations
(e.g. [159,160]). It has also been suggested that themagnetic field is buried by accretion (e.g., [161]), only to re-emergewhen
the accretion rate drops. This agrees with the observation that accretion-powered millisecond X-ray pulsars are typically
under-luminous compared to more standard neutron star X-ray binaries. However, it is not clear how to reconcile this
explanation with the observation that most non-accreting millisecond pulsars obey the spin-up line [162], which is the line
on a P–Ṗ diagram that would be obeyed for a source accreting at the Eddington rate or below (for a discussion of some of
the complexities involved in defining this line, see Section 4.3 of [163]). This suggests that most of the accretion occurred at
nearly the current magnetic moment, rather than one that was much lower.

Accretion could also slow down the rate of rotation of a neutron star. As can be seen from Eq. (18), if the accretion rate
is small enough or the magnetic dipole moment is large enough, the equilibrium period can be hundreds to thousands of
seconds. Periods of this size are indeed seen in someHMXBs (seehttp://www.iasfbo.inaf.it/~mauro/pulsar_list.html) and also
in a few LMXBs such as symbiotic X-ray binaries [121]. In a similar vein, if newly-formed neutron stars are surrounded by a
fallback accretion disk, early spin down via magnetic coupling may be another means of achieving rapid spin-down [137].
However, it is not clear how common fallback accretion disks may be. Evidence for such disks is scant. There is evidence of
an infrared excess indicative of a debris disk around one magnetar [164], and evidence of cold material being illuminated
by a magnetar giant flare [165].

In sum, for both accreting and non-accreting neutron stars, the spin period can change rapidly enough that the current
frequency is not a faithful representation of the initial state of the star. For accreting neutron stars, it is therefore also the
case that the current spin axis of the neutron star should be strongly aligned with the binary orbital axis, as this determines
the plane of accretion. As we now discuss, other more indirect approaches must be tried to determine the natal spins of
neutron stars.

http://www.iasfbo.inaf.it/~mauro/pulsar_list.html
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3.2. Natal neutron star spin

As noted above, numerous mechanisms can drive spin frequency downward soon after a neutron star is formed. Over a
much longer time scale, accretion in a binary systemcandrive spin frequencyupward. Thismakes it difficult to estimate natal
neutron star spins. However, it is important to attempt such estimates because several aspects of massive stellar evolution
and progenitor events can only be resolved observationally; theoretical treatments leave large uncertainties. Understanding
the natal spins of neutron stars provides a rare window into the spins of progenitor cores (e.g. [166,167]). Similarly, the
mechanisms that give rise to the (high) observed space velocities of neutron stars can be constrained by understanding
their natal spin and magnetic fields (e.g. [168]).

A closer look at Table 1 of [130] reveals that there are a few rotation-powered pulsars forwhich the characteristic age T =

P/2Ṗ is much greater than the age of the corresponding supernova remnant. Possible explanations for this discrepancy in-
cludemisidentification of the correct remnant, amagneticmoment that is reduced on an improbably short time< 105 years,
or an initial pulsar period close to the current one. A different, and likely more reliable, way to constrain the initial period is
to note that the spindown energy is ultimately delivered to the surrounding nebula in the formof high-energy charged parti-
cles. Given the reasonable assumption that the synchrotron cooling time is large, thismeans that the synchrotron luminosity
of a supernova remnant gives clues to the initial spin period of the pulsar; if the periodwas short, the luminositywill be high.

Characterization of the observed distribution of neutron star spins usingMonte Carlo studies that include various physical
effects that alter spin can, in principle, provide an indirect guide to the distribution of natal spin values. The difficulty lies in
characterizing the mechanisms that affect spin and stellar evolution. For instance, some observations suggest that neutron
star magnetic fields can decay on short time scales (e.g. less than 5 Myr; [169–171]), although this is inconsistent with
nuclear theory [172,173] and other statistical studies find decay times > 100 Myr [174–176].

The issue of ‘‘injection’’ also illustrates the difficulty with using the current neutron star spin distribution to understand
the natal distribution. In order to explain the flow of pulsars in the period versus period derivative plane, a population of
neutron stars with slow birth spin periods of ∼0.5 s was postulated [177], in addition to the population of Crab-like pulsars
with shorter natal spins (100 ms or less). For many years, it was uncertain whether or not the injection of slowly-rotating
pulsarswas really required by the data, and concerns also arose regarding selection effects in the surveys fromwhich the data
were obtained. However, the balance of current opinion seems to be that ‘‘injection’’ is not required. Enforcing a luminosity
cutoff that still provides for significant statistics, Lorimer found no evidence of injection [178]. A more recent analysis, using
data from the Parkes Multibeam pulsar survey [179], finds evidence that many pulsars (40%) may be born with periods of
0.1–0.5 s, but found no evidence for distinct sub-populations [180].

Secure estimates of natal neutron star spins require that the magnetic braking index be measured, and estimates are
greatly aided when the age of an associated supernova remnant is known precisely. For these reasons, the Crab pulsar was
the first to have its natal period estimated (P0 ≃ 19 ms, [131]). A conservative (and likely robust) list of nine natal neutron
star spin estimates is given in Table 7 of Faucher-Giguere & Kaspi [181]. The same authors also report Monte Carlo modeling
of the observed pulsar spin distribution, finding that the distribution is normal, centered at P0 = 300 ms, with a standard
deviation of 150 ms; this is broadly consistent with more recent studies [130,182,183], and evidence for injection is murky
at best. Thus some pulsars could be born with few-ms periods, but most appear to start their lives rotating moderately.

3.3. Measuring black hole spin with the disk

Aswe just discussed, the spin of neutron stars can bemeasured directly in pulsars. The fact of a stellar surface alsomeans
that a surface redshift can (in principle) be measured directly, for instance via redshifted absorption lines from the neutron
star surface ([184], but see [185]). Size measures are possible via several means, including thermal continuum emission
from the stellar surface, though continuum emission is always subject to systematic effects including scattering in the stellar
atmosphere, and magnetic confinement of the observed continuum to a region smaller than the full surface area.

In contrast, measurements of black hole spin are necessarily indirect. All currentmethods (and those potentially available
in the near futurewith the exception of those involving gravitational waves; see Section 4) employ the accretion disk to infer
the spin of the black hole. The two most commonly used methods involve fits to the Fe Kα line profile or to the continuum
spectrum. Both methods assume that the disk is geometrically thin and radiatively efficient, and that the fitted emission
essentially terminates inside the innermost stable circular orbit (ISCO; see the discussion in Section 1). The continuum
method also assumes that the black hole spin axis is aligned with the orbital axis of the host binary. We now briefly discuss
these assumptions.

3.3.1. Geometrically thin, radiatively efficient disks with an ISCO
The classic studies of [186,187] derived the structure of geometrically thin and radiatively efficient disks, with the

additional assumption that there is some inner cutoff radius Rin to the disk at which there is zero stress. With these
assumptions, one might suppose that energy radiated in an annulus between radii r and r + dr is just the gravitational
energy released there: dE = GMmdr/r2, whereM is the mass of the central object andm is the mass in the annulus. In fact,
as first realized by Kip Thorne (see the footnote on page 344 of [186]), there is an extra factor of 3 that enters for annuli well
outside the inner edge because the transport of angular momentum from inner to outer annuli also transports energy. With
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an assumed sharp cutoff at Rin, the luminosity of an annulus becomes (3GMṀdr/r2)[1− (Rin/r)1/2] for an accretion rate Ṁ ,
which integrates to GMṀ/Rin over the whole disk. If Rin is the radius of the ISCO, then it has a significant dependence on the
spin of the black hole, as shown in Fig. 1.

Observations can partially address the question of whether Rin = RISCO for black hole accretion disks. Such studies must
be limited to radiatively efficient, geometrically thin accretion disks. Recent observations with CCD spectrometers suggest
that radiative efficiency is likely to apply for L/LEdd ≥ 10−3 (e.g. [188–191]); an older, more conservative, and theory-based
guideline might be L/LEdd ≥ 10−2 [192]. The requirement of geometrical thinness imposes an upper limit of L/LEdd . 0.3,
depending on the application. Some studies of disks over a span of relatively high Eddington fractions, and over long periods
of time, strongly suggest that inner disk radii are stable [193,194]. If the innermost edge of the disk were to fluctuate across
the ISCO in response to variations in the mass accretion rate, the data would reflect this. Instead, the emitting area appears
to be fairly constant at high Eddington fractions, and this suggests that disks are truncated at a fixed characteristic radius,
which is likely to be at or near the ISCO. There is also evidence in some accreting neutron stars for the predicted effect of
the ISCO on kilohertz quasi-periodic brightness oscillations [195–199], although the indirectness of the evidence has led to
some cautionary notes by other authors [200].

Theoretical arguments and simulations can also bear on this problem. As matter within the ISCO plunges inward, it
accelerates and becomes more ionized, and the emission is expected to be optically thin [201]. This stands in strong
contrast to direct and reflected emission from the accretion disk outside of the ISCO, which is expected to be distinctive and
prominent. Recently, several numerical simulations have been attemptedwith the goal of addressing this question. There are
essentially two complementary approaches. The first is to model the innermost disk region in the greatest detail possible,
performing general relativistic magnetohydrodynamic (GRMHD) simulations in as many dimensions as is feasible. Such
high-resolution simulations are critical to understand MHD effects near the ISCO [202–205]. The second is to compromise
on some detail but attempt to simulate for a large number of dynamical times in order to understand the long-term behavior
of the disk in an equilibrium state. These simulations are needed to establish inflow equilibrium at larger radii. The most
recent of the latter family of simulations strongly suggest that accretion disks respect the ISCO, and thus that direct and
reflected emission from the disk can be used to infer the spin of the black hole within the ISCO [206,207], although there
remains some concern that these simulations might not have the resolution required to simulate the nonlinear turbulence
properly.

There are some cautionary remarks to apply to these disk models. A natural first assumption is that each annulus emits
as a blackbody. Indeed, such multitemperature models fit the data quite well [208]. However, more careful treatment of
scattering and absorption processes lead to the theoretical conclusion that although the local spectra are close to a Planck
function, the color temperature Tcol (which is the temperature one gets by fitting the data to a Planck function) is typically
larger than the effective temperature Teff (defined such that the local flux is σSBT 4

eff, where σSB is the Stefan–Boltzmann
constant) by a hardening factor fcol = Tcol/Teff ≈ 1.5–1.7 [209]. The more careful models may indeed be correct, but all
that can be said from the data is that the emitting material is optically thick and has a characteristic emitting temperature
near ∼1 keV for stellar-mass systems. Whether the emission has the expected hardening factor of ≈1.5–1.7 or whether it
is locally blackbody does have implications for the implied spin, and because the observations alone cannot speak to the
hardening factor the spins inferred using this method have some potential systematic errors.

A second issue is that recent observations of quasars with foregroundmicrolensing have revealed discrepancies with the
standard geometrically thin disk models [210–217]. This has led to suggestions that, for example, the temperature might
vary along a given annulus [218–220]. If there are similar deviations from the standard model in disks around stellar-mass
black holes, this could affect spin determinations.

A third issue is that because radiation-dominated patches of accretion disks in MHD are apparently thermally unsta-
ble [221], this may limit the reliability of past simulations for determining what happens at high luminosities where radia-
tion pressure dominates, and therefore for assessing possible systematic errors in black hole spin measurements.

Finally, most analyses of black hole spins do not take into account that the disks have finite thickness [206], whichmeans
that significant emission can persist inside the ISCO by roughly the disk height. This is especially important for rapidly
rotating holes, for which the distance between the ISCO and the horizon need not be much larger than the disk thickness.

3.3.2. Black hole spin axis orientation
As we describe below, spin estimates using iron lines determine the angle between the spin axis and our line of sight

as part of their fits. In contrast, degeneracies in the continuum models make it difficult to obtain robust fits for the disk
inclination and black hole spin simultaneously [222]. This means that practical applications of the method require the disk
inclination to be constrained by other data. A plausible assumption is that when the hole accretes from a companion, its
axis is reoriented to align with the orbital axis. This, however, is not guaranteed. As we discussed in Section 1, the gas in the
disk is torqued by frame-dragging induced by the black hole’s spin, and thus in turn torques the black hole. The relevant
radius in the disk is hundreds to thousands of gravitational radii, which means that the hole will be largely aligned by the
time that a gas mass that is a fraction of few percent of the hole’s mass has flowed over. For a canonical black hole mass of
10M⊙ this means that a few tenths of a solar mass must have accreted. This is comparable to themass of a typical low-mass
companion, so it is quite possible that in many systems the required accretion has not happened [223,224].

The data are ambiguous on this issue. Studies of some black holes conclude that the alignment is good, such as for
XTE J1550-564 [225], whereas for other sources such as GRO J1655-40 (see [226] for the jet orientation and [106] for the
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Fig. 2. Histograms of neutron star spins, categorized by the primary power source. Some of the nuclear-powered pulsars are also accretion-powered
pulsars. There are numerous selection effects that influence the observed distributions, but the general patterns may be representative of the actual
sample. Data for the rotation-powered pulsars are from http://www.atnf.csiro.au/research/pulsar/psrcat/ [119], data for accretion-powered pulsars are
from http://www.iasfbo.inaf.it/~mauro/pulsar_list.html, data for magnetars are from http://www.physics.mcgill.ca/~pulsar/magnetar/main.html [123],
and data for nuclear-powered pulsars are from [124].

binary orientation) andV4641 Sgr [227], significantmisalignment has been inferred. Interestingly, it has been suggested that
amisaligned inner disk could, at high accretion rates, rotate like a solid body and thereby produce the few-Hz quasi-periodic
brightness oscillations seen in several accreting stellar-mass black holes [228,83,229,230]. If this is accurate, it means that
spin axes can be somewhat independent of orbital axes.

With this background, we now discuss the two major methods for inferring the spins of stellar-mass black holes.

3.4. Relativistic disk reflection

Dense gas can scatter or ‘‘reflect’’ incident X-ray emission [231,232]. This phenomenon is observed in numerous physical
contexts. For instance, particular clouds of gas in the Galactic Center are observed to have strong Fe K emission lines, likely
stimulated by ancient X-ray emission from Sgr A* (e.g. [233]). Strong, narrow Fe K emission lines are also observed in the
spectra of numerous Seyfert-1 and Seyfert-2 AGN, owing to hard X-ray irradiation of the torus and/or broad line region
(e.g. [234,235]; also see [236]). Indeed, in some Seyfert-2 spectra, emission from the central engine is almost entirely blocked
from direct view, and the observed spectrum is strongly dominated by reflected light.

Themost prominent part of typical reflection spectra is Fe K line emission, owing to the abundance and fluorescence yield
of iron, and also to the ability of He-like and H-like charge states of iron to retain electrons at very high temperatures and
ionization parameters (e.g. [232]). The other important features of a reflection spectrum include photoelectric absorption
from the Fe K shell (which produces an apparent flux decrement), followed by a recovery of the continuum peaking at about
30 keV (this is where the albedo of the disk peaks), and a gradual flux decline at higher energy (the albedo is reduced as
incident photons penetrate deeply into the gas and do not readily re-emerge). Depending on the specific nature of the gas
and the intensity of the irradiating flux, Fe L lines can also be quite prominent [237]. Fig. 2 shows the relativistic line and
reflection spectrum in a recent NuSTAR spectrum of GRS 1915+105 [238]. Careful construction of the reflection models is
critical for all spin determinations using this method [237,239–242] (see Fig. 3).

An accretion disk will intercept a large fraction of any hard X-ray flux generated in the accretion process. Ignoring
potentially important considerations such as gravitational light bending [243–246] and light travel times, the disk should
subtend approximately 2π steradians as seen from a source of hard X-ray emission. Utilizing the disk reflection spectrum
requires a change of reference frame. Reflection spectra are calculated in the fluid frame of the disk — all of the lines and
features are intrinsically narrow. At infinity, however, an observer sees a spectrum that has been ‘‘blurred’’ by relativistic
Doppler shifts and gravitational red-shifts. Because the ISCO becomes smaller with higher spin parameters, the degree of
‘‘blurring’’ is set by the spin. Thus with a simple relativistic smearing model (usually just a library of rays traced from close
to the black hole to infinity; see [247–252]) the spin can be measured in sensitive X-ray spectra (see, e.g., [253]).

http://www.atnf.csiro.au/research/pulsar/psrcat/
http://www.iasfbo.inaf.it/~mauro/pulsar_list.html
http://www.physics.mcgill.ca/~pulsar/magnetar/main.html
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Fig. 3. This figure shows a NuSTAR spectrum of GRS 1915+105 (in black), fit with a disk reflection model (in red) that gives a spin of a = 0.98±0.01 [238].
The contribution of the best-fit disk reflection spectrum to the total spectrum is shown below the data, in red. To illustrate the effect of black hole spin on
the reflection spectrum, we show models with spins of a = 0.90 and a = 0.70 in green and blue, respectively. The effect of spin is clearly to broaden the
reflection spectrum, and to give a stronger red wing to the Fe K line profile. Indeed, the power of this technique for spin measurements lies partly in the
fact that it is a relative measurement. Note that the data must also constrain other parameters that are important in shaping the disk reflection spectrum,
including the inner disk inclination and emissivity, in order to determine the spin of the black hole. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

In practice, when fitting a blurred disk reflection spectrum to measure a spin parameter, a few crucial variables must be
measured in addition to the spin. Parameters central to the blurring include the emissivity of the disk reflection spectrum
(typically a power-law in radius, with zero–two breaks; see [253–255]), and the inclination of the inner disk. If the nature of
the corona is known a priori, the emissivity function can be fixed, but this is not a requirement for a spin measurement. In
the limit of less sensitive spectra, it is often expedient to assume that a resolved relativistic jet axis traces the black hole spin
axis, and that this vector is normal to the inner accretion disk (as expected owing to gravito-magneto-hydrodynamic effects;
e.g. [53,71]). Parameters central to characterizing the reflection include the ionization of the disk, and the flux normalization
of the reflection spectrum. In some cases, it may also be necessary to measure or set the metal abundances of the reflector
(see [254]), though strong abundance anomalies may be artifacts of an effect similar to ‘‘magnetic levitation’’ observed in
the sun.

Several reviews of disk reflection and related topics have been published (see, e.g., [10,256,253]). The level of detail in
those reviews exceeds what is possible to provide in this spin-centered treatment, and the reader is referred to the prior
work for additional nuances of disk reflection spectroscopy. For this review, we simply proceed to briefly comment on the
primary features of this technique, and to highlight some key results.

This spin measurement technique has some notable strengths and advantages:
• It relies primarily upon lines and atomic physics, and relative measurements (e.g. line width) rather than absolute
measurements (e.g. absolute fluxes or absolute magnitudes). Traditionally, astrophysics is a field that excels at relative
measurement, but faces numerous challenges with absolute measurement because it is mostly an observational science,
not an empirical one.
• Similarly, relativistic distortions to the reflection spectrum depend on the relative depth of the inner disk within the
potential well — things scale in a GM/c2 sense, obviating the need to know the mass of the black hole, the distance to the
source, or the accretion rate a priori. Spin measurements have been obtained from (clear, convincing) black hole candidates
whose mass functions have not been measured (e.g. [257–259]).
• Disk reflection occurs in both stellar-mass black hole binaries, and in AGN. This enables tests and explorations of black
hole spin across the mass scale. This is likely to be very important for investigations of the role that black hole spin may play
in powering relativistic jets (e.g. [260]).
• Reflection spectra are also sensitive to the inclination of the inner disk, which need not be the same as the inclination
of the outer disk or binary system [223]. Reflection can then serve to obtain a unique measure of the inner accretion disk
inclination.
• In principle, the geometry of the hardX-ray corona canbe inferred through thedisk reflection emissivity. For example, if the
observed iron line comes only from a disk illuminated by an isotropic source of hard X-ray photons, the radial dependence
of the emissivity will be J ∝ r−3, but it is not certain that this is the correct emissivity distribution [261,262]. For instance,
if the source of hard photons is above the disk plane on the disk axis, gravitational light bending can produce a significantly
stronger radial dependence of the illumination on the disk. Thus the emissivity can encode how central or how extended
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Table 1
The errors in the table generally reflect 1σ statistical errors. Systematic errors are likely to be larger, and due to a combination of modeling uncertainties
(e.g. the ability of the data to constrain the emissivity for reflection-basedmeasurements, or the degree and energy atwhich an underlying hard component
turns-over at low energy when modeling the disk continuum) and theoretical uncertainties (the degree to which a real fluid disk respects the test particle
ISCO). The reflection-based spin measurement quoted for XTE J1550-564 is a composite value based on two recent complementary works; other values in
this table are based on single measurements from the best available current research.

Object (by RA) Disk reflection Disk continuum References

M33 X-7 a = 0.84 ± 0.05 [302,303]

LMC X-3 0.21+0.18
−0.22 [222,305]

LMC X-1 0.97+0.02
−0.13 0.92+0.05

−0.07 [343,344]

A 0620-00 0.12+0.19
−0.19 [345]

GS 1124-683 −0.24+0.05
−0.64 [346]

4U 1543-475 0.3 ± 0.1 0.8 ± 0.1 [257,347]
XTE J1550-654 0.55 ± 0.22 0.34+0.37

−0.45 [257,348]

4U 1630-472 0.985+0.005
−0.014 [349]

XTE J1650-500 0.79 ± 0.01 [276,257]
XTE J1652-453 0.45 ± 0.02 [258]
GRO J1655-40 0.98 ± 0.01 0.7 ± 0.1 [257,347]
GX 339-4 0.94 ± 0.02 [257]

SAX J1711.6-3608 0.6+0.2
−0.4 [257]

XTE J1752-223 0.52 ± 0.11 [259]

Swift J1753.5-0127
0.76+0.11

−0.15 [350]

MAXI J1836-194 0.88 ± 0.03 [351]
XTE J1908+094 0.75 ± 0.09 [350]
Swift J1910.2-0546 ≤ −0.32 [352]
GRS 1915+105 0.98 ± 0.01 ≥ 0.95 [238,275]

Cygnus X-1 0.97+0.01
−0.02 ≥ 0.95 [297,296]

the corona is, what its height above the disk may be, and whether or not gravitational light bending is important ([255],
also see [263]). The emissivity function is often captured as a power-law in radius, with zero, one, or two breaks. From the
observational standpoint, microlensing data for quasars suggest that the X-ray source size is much smaller than that of the
optical or UV [264,213], which might imply that the emissivity index is steeper than r−3; this would be compatible with the
steep indices required in some disk reflection fits of AGN (e.g., [265] and subsequent papers). In addition, it is important to
note that the decrease in surface density across the ISCO region is likely to create a cutoff in emissivity, but exactly where it
happens depends on details. Thus the shape of this cutoff and exactly how it is positionedwith respect to the ISCO introduce
a certain amount of systematic uncertainty in the spin determination [266,267,261]. Recent work [268] suggests that the
uncertainty might be ∼∆â ∼ 0.2, which is comparable to or less than uncertainties in distance or inclination.

Examples of measurements via disk reflection (see Table 1 for a full list):
GRS 1915+105 is one of the best-known stellar-mass black holes, largely because of its prodigious jet activity. In some

phases, it produces steady, compact jets; in other states, it has been observed to launch discrete ‘‘cannonballs’’ with apparent
speeds in excess of c [269]. This activity makes GRS 1915+105 a particularly interesting source in which to try measure the
black hole spin, since spin may power jets [270]. Early efforts at measuring the spin via reflection were complicated by
the detector limitations, but indicated a high spin consistent with â = 0.9 ([271]; also see [272]). Later efforts to measure
the spin using a deep Suzaku observation were also inconclusive [273]. A new observation with NuSTAR [274], which offers
a fertile combination of spectral resolution, sensitivity, and band pass, has revealed an excellent blurred disk reflection
spectrum and gives â = 0.98 ± 0.01 [238]. This spin value is broadly consistent with one measurement obtained using the
disk continuum [275]. However, for such high spins the finite thickness of the disk will likely soften the limit to & 0.9. Put
more strongly, the assumption of a razor-thin disk that goes into the spectral modeling must break down at the ISCO of a
â = 0.98 black hole as close to Eddington as GRS 1915+105.

Some efforts have attempted tomove beyondmeasuring spins in black holes. Variability trends between the flux incident
upon the disk, and the reflection spectrum, can potentially serve as an indication of gravitational light bending (e.g. [243]).
Essentially, in a simple Euclidean scenario, the reflected flux should track the incident flux in a linear fashion. In practice, the
two are positively correlated for a range of incident flux levels, but thereafter the reflection spectrum does not respond. This
is consistent with a central corona collapsing to small scale heights, such that most of the hard X-ray emission is focused
onto the disk rather than emitted isotropically [243–246]. Light bending is expected if hard X-ray emission is generated
close to spinning black holes, so the potential detection of light bending serves as a potential confirmation of the method
and measurements.

XTE J1650-500 is a black hole for which spin has been measured quite well, and its strong disk reflection spectrum
supplies the best evidence of gravitational light bending. Arguably, the first reflection-derived spin from a stellar-mass black
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holewas obtained in XTE J1650-500: a blurred iron line detectedwith XMM-Newton and an inner disk radius consistentwith
r = 1.24 GM/c2 was measured [276], indicating a near-maximal spin. Later modeling using more advanced disk reflection
spectra found a spin of â = 0.79 ± 0.01 [257]. More intensive monitoring with BeppoSAX and RXTE found a non-linear
relationship between the direct and reflected flux, consistent with the relationship expected if flux is partly modulated by
gravitational light bending close to a spinning black hole [244,245]. New work has eliminated the possibility that the flux
trend is driven by the ionization of the disk, and affirmed the signature of light bending [246].

GX 339-4 is perhaps the best-known stellar-mass black hole that is a recurrent transient. The best measurements of
black hole spin in GX 339-4 have been obtained in elevated flux states, e.g. ‘‘intermediate’’ and ‘‘very high’’ states using
XMM-Newton and Suzaku. Fits to a very skewed iron line and reflection spectrum obtained with XMM-Newton during the
2002–2003 outburst of GX 339-4 measured inner disk radii in the 2–3 GM/c2 range [277], corresponding to spin values
of a ≃ 0.8–0.9. Later observations made using Suzaku during the 2006–2007 outburst of GX 339-4 measured a spin of
a = 0.89 ± 0.04 [278]. Joint fits to the XMM-Newton and Suzaku data give a spin of 0.93 ± 0.04 [278]. Owing to its strong,
skewed reflection spectrum, new reflection models have been tested against data from GX 339-4, enabling one measure
of the modeling-based systematic errors associated with reflection-derived spins. Related errors appear to be small, at the
level of a few percent or less [279].

XTE J1752-223 is a black hole candidate in which the spin has been measured well, and like XTE J1650-500 it extends
the reach of spin measurements and reflection. Using XMM-Newton and Suzaku, disk reflection spectra from this black
hole candidate were measured, and consistency between the ‘‘intermediate’’ and ‘‘low/hard’’ states was found [259]. This
is significant in that the disk may be radially truncated in the low/hard state, but – at least in these sensitive spectra –
the disk instead appears to remain at the ISCO. Fitting the disk reflection spectra jointly, a spin of â = 0.52 ± 0.11 was
measured [259]. This moderate value likely indicates that reflection-based measures of black hole spin are not artificially
biased towards high values.

The success of disk reflection in measuring black hole spins has spawned efforts to harness the same technique in
accreting neutron star X-ray binaries (e.g. [280–282]). In principle, the extent of relativistic blurring would allow the
dimensionless spin of the neutron star to be measured. However, this method is likely to be less practical than timing
techniques. The more interesting constraint that may be possible via disk reflection in neutron stars is a constraint on the
size of the neutron star, in caseswhere the stellarmass is known. Simply, the stellar radiusmust be less than the radius of the
inner disk. Converting an inner radius measured via disk reflection into physical units from gravitational radii then provides
an upper limit on the neutron star radius. Currently, the most convincing relativistic line profile and best data are from an
observation of Serpens X-1 with NuSTAR, which give rNS ≤ 15 km (and thus a surface redshift zNS ≥ 0.16 forMNS = 1.4M⊙)
for a broad set of fits, and rNS ≤ 12.6 km if the disk extends to the ISCO [283]. Incidentally, although the spacetime around a
rotating object is unique to first order in rotation [284], to higher orders the structure depends on the detailed nature of the
object. In particular, the Kerr spacetime is not a good approximation for the external spacetime of a rapidly rotating neutron
star [285], so for such objects numerical spacetimes must be used.

3.5. The accretion disk continuum

It is also possible to measure the spin of a black hole using the thermal continuum emission from the accretion disk
[286,11]. A number of results suggest that accretion disks in the ‘‘high/soft’’ state are well described in terms of a standard
‘‘thin’’ accretion disk [186]. This means that the emission vanishes at the ISCO as there is zero torque, peaks at a radius just
outside of the ISCO, and follows a T ∝ r−3/4 profile far from the ISCO. Essentially, then, the disk can be modeled as a set of
annuli; this is easily encoded into spectral fitting packages (see, e.g., [208]).

Any blackbody flux nominally gives a ratio of the observed emitting area over the line-of-sight distance, r2/d2, modified
by the inclination angle. The mass of the black hole must also be known, in order to translate the physical radii into
gravitational radii, and thus determine the spin. Thus, to employ continuum fitting, the mass and distance to the black
hole must be known a priori and independently. Owing to the fact that thermal emission is a continuum and does not
bear the imprints of Doppler shifts as distinctively as atomic features, the inclination angle of the inner accretion disk
(which may differ from the binary inclination; [223]) must also be known a priori. Last, radiative transfer through a disk
atmosphere will modify the spectrum emitted in the midplane. As we discussed above, the observed spectrum must be
corrected by a hardening factor in order to measure a spin. A value of f = 1.7 is taken to be canonical [287], though a
broader range is possible depending on the nature of the corona (e.g. [288]). New models for accretion disks capture all of
these parameters and are able to turn these absolute photon flux measurements into black hole spins (e.g. [289,209]). Fig. 4
depicts the influence of spin on the accretion disk continuum.

Distances within the Galaxy are typically difficult to determine, and errors can be comparable to the distance value
itself. Of course, carrying forward large errors into spin measurements should result in large uncertainties. This situation
has recently improved drastically: VLBA astrometry has made it possible to determine parallax distances for some black
holes (e.g. V404 Cyg and Cyg X-1; [290,291]), reducing errors to a very small fraction of the distance value. Masses are also
difficult to determine, typically giving very large fractional errors (see, e.g., [292]). Inner disk inclinations can be determined
via relativistic jets, assuming that the jet axis is the spin axis and normal to the inner disk [225]. Setting the inner disk
inclination to that of the binary system is a less robust assumption, but provides a path forward when other constraints are
unavailable.
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Fig. 4. This figure shows an RXTE spectrum of GRS 1915+105 (in black), fit with amodel that requires a spin of a = 0.9 (in red). The spectrum is observation
4 within [275]; the fitting procedure outlined in that work was employed in this fit. The model also includes a hard component, and the choice of the hard
component impacts spin values. The notch near to 7 keV is an absorption line included in the model. A disk close to a spinning black hole emits more at
all wavelengths; to illustrate the effect of spin, then, we show models assuming a = 0.8, a = 0.7, and a = 0.6 in green, blue, and cyan, respectively.
Continuum-based measurements of spin are able to utilize the bulk of the observed X-ray flux, but they are an absolute measurement and thus require the
mass and distance of the black hole to be known precisely. It is also important to know the inner disk inclination and atmospheric scattering corrections
from other observations or theoretical considerations. Note that actual fits with different spin parameters must allow the hard component to vary and
adjust to optimize the fit, and that the data must constrain all model components in order to deliver robust spin measurements. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Like the disk reflection method, estimates of spin using the disk continuum have their own strengths:

• In soft spectral states, wherein the disk continuum may be employed to measure spins, the disk represents the bulk of
the photon flux and the bulk of the energy output. When the mass, distance, and inclination are known precisely, this
can translate into precise black hole spin measurements.

• Harnessing the bulk of the observed flux also means that spectra from stellar-mass sources in the Local Group, and
potentially within galaxies at distances of a few Mpc, can be used to measure spins. In such cases, distances are
surprisingly knownwith much better precision and accuracy than is generally possible within the MilkyWay; the prime
difficulty for extra-galactic sources lies in measuring the black hole mass.

• Monitoring observations obtained with spectrometers that have low spectral resolution are often sufficient to character-
ize the disk continuumwell. Therefore, numerous spectra can be fit together, and thus jointly determine a spin parameter.
This may reduce the influence of fluctuations in other parameters in deriving a spin value.

Examples of measurements via the disk continuum (see Table 1 for a full list):
GRS 1915+105 is measured well using the accretion disk continuum. It is not necessarily obvious that this should be

the case, because the line-of-sight column density to GRS 1915+105 is very high and scatters away most of the flux below
2 keV; however, the high disk temperature compensates and allows robust determinations based on the Wien tail of the
distribution. Fairly accurate black hole masses and distances [293], and an inclination defined by extended radio jets [294],
also contribute to good measurements. Based on fits to numerous spectra selected for a flux strongly dominated by the disk
and a low Eddington fraction, a spin of â ≥ 0.98wasmeasured [275]. It is noteworthy that the higher spin value agrees with
the reflection measurement [238]. A spin estimate of â ≃ 0.7 was also reported [295], but included observations where the
source may have been close to Eddington, potentially inconsistent with themodel assumption that the disk is geometrically
thin.

The spin of Cygnus X-1 was recently measured well using the disk continuum [296] and later via reflection [297,298],
and commensurate valueswere again obtained. Employing a newdistance derived using radio parallaxmeasurements [291],
and improved binary system parameters ([299]; however, see [300]), a spin of â > 0.95 is measured [296].

It is worth noting that reflection-based measurements of the spin of Cygnus X-1 have improved with better-suited
detectors and read-out modes. Fits to ASCA gas spectrometer data obtained in a high/soft state were consistent with a near-
maximal spin, but were not able to strongly exclude lower values [271]. In contrast, spin estimates based on fits to spectra
obtained in the low/hard state using the XMM-Newton/EPIC-pn CCD camera suggested a very low spin [257]. It is now clear
that photon pile-up (which occurs when the rate of photon arrival is greater than can be processed by the instrumentation)
can artificially narrow relativistic skewing [301], and the value obtained with XMM-Newton might best be regarded as a
lower limit. The most recent value of â = 0.97+0.01

−0.02 was obtained with Suzaku [297], employing a combination of CCD
spectra at low energy and broad-band coverage up to 400 keV.
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M33 X-7 provides an example of how continuum fitting may be applied to black holes in nearby galaxies. The distance
to M33 is known well, and X-7 happens to be an eclipsing source — immediately providing a strong inclination constraint
and facilitating a mass constraint. With these advantages, a spin of â = 0.84 ± 0.05 was measured [302,303].

LMC X-3 is another interesting example of the continuum method. Following an extensive effort to re-calibrate the
flux normalization of historical X-ray missions relative to the Crab (now known to be slightly variable), it was possible
to show that the inner radius of the disk in this source may be fairly constant, signaling conditions that would permit a
spin measurement [194]. Binary system parameters can be particularly difficult to derive when the donor star is massive,
however, so despite the compelling X-ray data, a spin measurement had to await improved system constraints [304]. A spin
of â = 0.21+0.18

−0.22 has now been obtained [305]. It is unclear whether it is significant that this is a smaller spin than has been
obtained for other sources.

3.6. Quasi-periodic brightness oscillations

In principle, quasi-periodic brightness oscillations (QPOs) provide a simple and precise means of measuring black hole
spin. The highest frequency QPOs detected in stellar-mass black holes are broadly consistent with the orbital frequency at
the ISCO, which is νISCO = 220 Hz(10M⊙/MBH), for â = 0 and is larger for prograde spins. These features are narrow enough
compared to their frequency that they could in principle provide very specific information. A hint as to the mechanism
is that in a few systems QPOs are detected in roughly stable 3:2 frequency ratios (for a review, see [292]), although many
models can get approximately this ratio (see the discussion in Section 5.2 of [306]). Note that there is some evidence that the
frequencies can change by at least several percent [307,308], which might be caused by the inner disk becoming marginally
optically thin in some circumstances [309]), even in distinct outbursts separated by several years (XTE J1550-564 is one such
case; see [310,311]), suggesting that the frequencies are anchored by gravity and not fleeting manifestations of processes in
an MHD disk that would reveal nothing of the black hole itself.

The pragmatic difficulties with using QPOs to measure spin are many. Whereas nearly every stellar-mass black hole
shows continuumemission from the disk, aswell as disk reflection, only aminority showhigh frequencyQPOs, and a smaller
minority manifest QPOs in a 3:2 frequency ratio ([292,312]; note that GRS 1915+105 has two such pairs, one pair at 67 Hz
and 41 Hz and the other at 164 Hz and 113 Hz). Moreover, high frequency QPOs are rare, sometimes only detected in a few
observations out of many hundred sampling an outburst, or in the addition of small segments of hundreds of observations
that satisfy flux and spectral hardness selection criteria (e.g. [310,313]). Last, spins based on QPO frequencies can require
the mass of the black hole to be known. These difficulties stand in marked contrast to the simplicity of disk reflection, for
instance, which can measure a spin using a single sensitive spectrum, without knowledge of the black hole mass.

The physical difficulties with using QPOs to measure spin are as severe as the pragmatic hurdles. The energy spectrum
of QPOs is decidedly not disk-like (e.g. [310,313]). The rms amplitude of QPOs increases with increasing energy. Indeed, the
highest frequency yet detected – 450 Hz in power spectra of GRO J1655-40 – was only detected in the 13–27 keV band with
RXTE (see [313]; a disk temperature of kT ≃ 1 keV is characteristic of a stellar-mass black hole close to Eddington). If QPO
frequencies are indeed disk frequencies, the diskmust somehow transmit the frequency into a corona where it is expressed.
Alternatively, it may be the case that QPO frequencies are not disk frequencies; some models predict QPOs produced at the
coronal base of a jet [314].

Owing to the degeneracy of different QPO models, examining different interpretations and spin estimates for a single
black hole is likely more practical than touring the different models in the abstract. The most interesting case is likely GRO
J1655-40, because the 450 Hz oscillation detected from this source is the highest-frequency yet detected in a stellar-mass
black hole (note that a 300 Hz oscillation is detected at the same time, though not in the same energy range; see [313]).

• If the 450 Hz oscillation represents the Keplerian orbital frequency at the ISCO, constraints on the mass range for GRO
J1655-40 then constrain the spin to be 0.15 ≤ â ≤ 0.5 [313].

• If either the 300 Hz or 450 Hz oscillations are a Lense–Thirring precession frequency, then the black hole must be
rotating at or near the maximum possible value.

• The oscillations may be resonances between Keplerian, periastron precession, and nodal precession frequencies [315].
Such a resonance could account for the 300 Hz and 450 Hz oscillations and would give 0.4 < a < 0.6, but the predicted
nodal precession could not be associatedwith the observed 18 Hz QPO also detected in GRO J1655-40 [313]. More recently, a
spin of â = 0.290± 0.003 has been reported, assuming that the QPOs arise via the relativistic precession mechanism [316].
Note, however, that this mechanism assumes geodesic motion, but eccentric or out-of-plane motion would be expected to
be damped by fluid interactions.

• Normal modes of disk oscillations – diskoseismic modes – are another potential model for high-frequency QPOs
[317–320], although these have not been seen in magnetohydrodynamic simulations [306]. The fundamental g-mode is
expected to be the most robust oscillation mode, and the most readily detectable. The 450 Hz oscillation of GRO J1655-40
cannot be associated with any g-mode. If the 300 Hz oscillation is associated with the fundamental g-mode, then a spin of
0.86 < a < 0.98 is implied [321].

Data from observations of GRO J1655-40 and other stellar-mass black holes do not prefer any specific model for the
observed frequencies. The same could be said for the few-Hz QPOs seen in many stellar-mass black hole candidates; these
are stronger than the high-frequency QPOs, and are often sharper, so although their origin is not known with confidence, if
they are linked to the mass and/or spin of the black hole they might ultimately be useful as probes. Therefore, although it is
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possible to measure black hole spin via QPOs in principle, the data do not yet allow for a reliable measurement. If future data
(for instance, from Athena [322] or LOFT [323]) are able to identify a particular model as correct, then true measurements
will become possible.

Current models for high frequency QPOs share some fundamental difficulties. The frequencies are explained within a
model, but not the specific modulation mechanism. Nor do models explain the energy dependence of QPOs, or the nature of
other facets such as phase lags. Depending on the specific model assumed when interpreting QPOs, these difficulties may
be more or less problematic.

It is additionally unclear why some sources show QPOs in a 3:2 frequency ratio (e.g. GRO J1655-40, XTE J1550-564, XTE
J1650-500, H 1743-322; [313,311,324,325]), while others appear to only show a single QPO (4U 1630-472, [326]), andmany
sources show no high frequency QPOs (e.g. 4U 1543-475, GX 339-4, XTE J1817-330).

As was discussed by [327], it is remarkable that the sources wherein high frequency QPOs have been detected are all
observed at high inclinations (i ≥ 50◦), at least if the inclination of the inner disk is assumed to be that of the binary.
In contrast, the sources wherein high-frequency QPOs have not been detected are likely viewed at much lower, face-on
inclinations. This raises intriguing possibilities:

• First, it may be the case that QPOs are more easily detected at high inclinations owing to special relativistic beaming
effects associated with the orbits and/or resonances that produce the oscillations.

• Second, if the oscillation is produced via any sort of precession or oscillation in a vertical direction, an inclination angle
closer to the plane of the diskmay be advantageous. Special relativistic boostingmay also aid detection fromhigh inclination
angles, in such a scenario.

• Third, it may be that sources viewed at low inclinations produce less Comptonized radiation, and that the scattering
process is somehow important to the production of high frequency QPOs. The energy dependence of QPOs may suggest
this independently. This might be true if scattering through the disk atmosphere is not a simple constant, as envisioned
in the application of simple multiplicative fcol factors. Naively, the path length through an atmosphere to an observer at
high inclination should be longer. Potentially, then, fcol may need to be written as fcol(i) or fcol,0 + fcol(i), where i is the
inclination angle, and fcol,0 might be unity or the traditional value of fcol = 1.7. This would have obvious consequences for
spin measurements made using fits to the accretion disk continuum that have assumed fcol = 1.7 for all inclinations.

Last, the recent outburst of the black hole IGR J17091-3624 poses some interesting questions about the use of QPOs to
study black hole spin. Detections of the 188 Hz and 276 Hz QPOs in distinct outbursts of XTE J1550-564 strongly signals that
the observed frequencies are anchored by gravity, and not subject to MHD nuances or Ṁ . However, 66 Hz QPOs are detected
in IGR J17091-3624 [328], remarkably similar in frequency and other properties to the famous 67 Hz QPOs detected in GRS
1915+105 [329]. It is entirely possible that this is simply coincidental. However, it raises the prospect that these oscillations
are physically distinct from the higher frequency oscillations detected in GRO J1655-40 and XTE J1550-564, in which case
some of the QPOs might not be anchored by gravity.

3.7. Spin from X-ray polarization

Currently, it is not possible to measure polarization in the soft X-ray band, where accretion disks dominate the spectrum
of stellar-mass black holes. However, considerable theoretical efforts have been undertaken to develop spin diagnostics
based on polarization. In particular, the closer an accretion disk extends to the black hole owing to black hole spin, the
greater the fraction of ‘‘returning radiation’’, which is radiation that is gravitationally lensed back to the disk and which
is polarized orthogonal to radiation emitted by the disk far from the black hole ([330]; see also [331]). Thus spin has an
energy-dependent effect on both the degree of polarization and the observed polarization angle.

Because soft X-ray polarization has not yet been measured it is not clear how much of the non-idealities of disk and jet
emission thatwe discussed earlierwill cloud inferences about the spinmagnitude and direction. There is, however, plausible
optimism that polarizationwill at least provide complementarymeasurements, and in the best case it might be free of some
of the systematic issues of current spin estimations. For some references to the possibility of polarization measurements
constraining spin and inclination, see [332,333]. There are also some promising suggestions that polarization observations
may be able to constrain coronal properties [334] and that, at least in currently explored models, such measurements in the
thermal disk state require no a priori knowledge of the spin, inclination, mass, or distance ([330], although the previous
caveats about disk physics complexity must be kept in mind). Proposed future polarization missions include X-Calibur
[335,336] and GEMS [337,338].

3.8. Theoretical expectations for spins

Massive black holes can grow in mass and spin through sustained disk accretion. However, if accretion is chaotic – if
some accretion episodes precipitate a retrograde disk – then accretion onto massive black holes may not drive them to high
spin parameters. Moreover, massive black holes can grow through mergers with other black holes; successive additions of
random spin vectors will tend to spin-down the resultant black hole (see, e.g., [339]). In Seyfert AGN, at least, the observed
distribution of black hole spins is skewed to high, positive values, and favors black hole growth through periods of sustained
disk accretion. Spin measurements are even more sparse among quasars, but early measurements again point to high spin
values and sustained disk accretion as an important mode of mass growth [340–342].
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Fig. 5. Comparison of the spin angularmomenta of neutron stars and black holes. The key point is that even the fastest-spinning neutron stars have angular
momenta two orders of magnitude less than the currently estimated angular momenta of black holes. This implies that there is a significant difference in
the formation process; fallback from the pre-supernova star for black holes is one candidate. Here we assume a moment of inertia of 1.5 × 1045 g cm2 s−1

for all the neutron stars (reasonable for a ∼1.5 M⊙ star; see [353]). For the black holes, we take the spin parameters for the black holes listed in Table 1
(averaging the disk reflection and disk continuum estimates if both are available) that also havemass estimates. This leaves us with eight sources: M33 X-7
(mass from [354]), LMC X-1 [355], A0620-00 [356], 4U 1543-475 [357], XTE J1550-654 [358], GRO J1644-40 [106], GRS 1915+105 [359], and Cyg X-1 [299].

The situation is markedly different for stellar-mass black holes. As we discussed earlier, the spin of stellar-mass black
holes is largely determined at birth. Thus numerous factors may be important in predicting the spin distribution of stellar-
mass black holes, including the mass of the progenitor star, its spin rate, and its interior structure. In particular, different
outcomes may result from a very massive star where magnetic fields have worked to produce nearly solid-body rotation,
versus a scenario where differential rotation is still possible. This problem has been examined in the context of themeans by
which massive black holes may arise in galactic centers: the collapse of a single super-massive star. This situation may not
be directly analogous to the collapse of a normal star. However, some models suggest that â ∼ 0.7 could typically emerge
from core collapse, in contrast to the spin of â ∼ 0.9 that is predicted over long times due to accretion, as in supermassive
black holes [51].

Recently, the distribution of spin parameters in stellar-mass black holes has been examined with two purposes: to test
the predictions of models, and to compare that distribution to natal spins inferred for neutron stars as a window into their
birth events. The mean spin measured via reflection was found to be â = 0.66, and the mean spin measured via continuum
fitting was found to be â = 0.72 [167]. Not only are these mean values in good agreement, but so too are the distributions.
Although there are isolated cases of discrepant measurements, it is likely that both methods are making solid physical
measurements. Moreover, these spin values differ markedly from natal spins inferred from neutron stars, and suggest that
black holes may preferentially form in SNe events with enough angular momentum to drive strong MHD jets, causing them
to appear as GRBs [167].

As we see from Fig. 5, the currently known angular momenta of black holes are at least two orders of magnitude larger
than the angular momenta of neutron stars, even those spinning within a factor of 2–3 of breakup. This strongly suggests
that black holes acquire vastly larger angular momenta at birth than do neutron stars. Fallback from the pre-supernova star
is one clear possibility for the source of this extra angular momentum.

4. Gravitational waves

The era of direct gravitational wave detections is expected to commence in a few years, when second-generation ground-
based detectors such as Advanced LIGO [360], Advanced Virgo [361], KAGRA [362], and LIGO-India [363] reach their full
sensitivities. Depending on the optimism of the modelers, predicted rates of detected compact object coalescence range
from a few tenths per year to a few hundreds per year [364]. These events, which include the analogs of the known double
neutron star binaries aswell as currently unknownbut likely neutron star–black hole binaries anddouble black hole binaries,
will open a new window onto compact objects. For our purposes, such detections will provide neutron star and black hole
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mass and spin estimates that will at a minimum have different systematics than existing determinations and at best will
provide cleaner measurements than we have today. In this section we discuss how masses and spins can be obtained from
gravitational waveforms, and the implications of the expected greatly expanded sample of well-measured compact objects.
We will begin by considering nonspinning systems, then consider the effects of spin.

4.1. Mass measurements from gravitational waves

Gravitational radiation is analogous to electromagnetic radiation except that the equivalents of electric dipole and
magnetic dipole radiation vanish. This is because the mass-energy version of electric dipole radiation is eliminated due
to linear momentum conservation, and the equivalent of magnetic dipole radiation vanishes due to angular momentum
conservation. Thus the lowest order radiation comes fromvariation of themass-energy quadrupole. Binary systemsnaturally
have time-variable quadrupoles, so they are potentially strong sources of gravitational radiation.

A classic study of gravitational waves from point-mass binaries was completed by Peters [365] to lowest order in the
motion. Effectively, he assumed the adiabatic limit, in which the radiation takes away only a small fraction of the orbital
angular momentum and energy in an orbit, so he was able to integrate the energy and angular momentum losses in one
orbit of a Kepler ellipse. He found that the semi-major axis and eccentricity evolve as
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Here m1 and m2 are the masses of the two objects. Thus orbits circularize as they shrink. This can be understood in the
impulse approximation: the rate of gravitational radiation is a strong positive function of the relative speed of the objects,
which is maximized at the pericenter. In the limit that energy and angular momentum are only lost at the pericenter,
the impulse approximation tells us that the pericenter distance is conserved while the apocenter distance shrinks, so the
eccentricity decreases.

When we observe the waves from such a system we see frequencies, so it is convenient to use ω = (GM/a3)1/2, where
M = m1 + m2 is the total mass of the system. It is also standard to use the symmetric mass ratio η ≡ m1m2/M2. Then we
find
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We therefore see that the masses only appear in the combination η(GM)5/3, or (GMch)
5/3, where the ‘‘chirp mass’’ is

Mch ≡ η3/5M . The chirp mass, named thus because it dictates the rate of frequency sweep, can be determined with superior
accuracy (< 1%; e.g., [366]) by essentially counting cycles. It will be the most accurately determined parameter for binaries
detected with gravitational radiation.

It is much more difficult to determine both masses separately, because different mass combinations only appear in
higher-order, and thus much weaker, terms in the post-Newtonian expansion of the motion. The challenge will be par-
ticularly great for double neutron star binaries, or any binary where the components have comparable masses. The reason is
that η has a maximum (of 0.25) for equal-mass binaries, and thus has very little variation over a broad range of comparable
masses; for example, η = 0.24 for a mass ratio of 1.5:1. Thus over almost the entire range of plausible double neutron
star mass ratios, η is within a few percent of its maximum value. Given that η can be measured at all only due to weak
higher-order effects, extremely high signal to noise ratios will be required to disentangle the component masses in a double
neutron star binary.

On a somewhatmore optimistic note, if one can be sure that a given systemhas twoneutron stars instead of a neutron star
and a black hole or two low-mass black holes, thenmeasurement of the chirp mass provides a high-precision measurement
of the totalmass, and consequently a strong lower limit on themoremassive object of the pair. This is becauseM = η−3/5Mch,
so if Mch is known then the additional uncertainty on M is just 2%–3% larger for plausible neutron star mass ratios. M/2 is
then clearly a lower limit on the mass of the more massive neutron star. Thus if a confirmed double neutron star system has
a large enough chirp mass, it could raise the known mass upper limit for neutron stars.

The difficulty, of course, is in being sure that the system has two neutron stars. If a coincident gamma-ray burst is seen
then at least one of the objects must have been a neutron star. Such a burst would argue against either object being a black
hole with mass > 10 M⊙, because the neutron star would just be swallowed [367], but recent fully general relativistic
simulations of the inspiral of neutron stars into low-mass black holes, particularly when the hole spins rapidly and the orbit
is prograde with respect to the hole, suggest that bursts or other electromagnetic signals might be possible [368–390]. More
research is required.
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Black hole–neutron star binaries have componentmasses that differmore than in double neutron star binaries, so a given
amount of uncertainty in η does not translate to such enormous uncertainties in the individual masses. However, the rate of
such coalescences is highly uncertain because we do not know of any black hole–neutron star examples in our galaxy, and
in addition spin–orbit coupling and precession may greatly complicate the analysis of these systems. We now discuss these
effects.

4.2. The effects of spin

As we mentioned in Section 1, the spin frequencies of known neutron stars extend up to 716 Hz [47], which could
correspond to a dimensionless spin â ∼ 0.2–0.3 depending on the star’s mass and radius. However, the highest spin
frequency of a neutron star in a binary with another neutron star is only ∼44 Hz. This is understandable in terms of the
evolution of the system: our current understanding of the fastest-rotating neutron stars suggests that their rapid rotation
is produced after their birth in supernovae, via long-term accretion from a companion that also somehow reduces their
magnetic moments by orders of magnitude (see [8] for a review). A companion to a neutron star that evolves into another
neutron star has a short enough lifetime that it cannot transfer much mass [67], and thus such spinup will be difficult. If
the neutron star is paired with a black hole that evolved before the neutron star, then clearly there will be no spinup after
the formation of the neutron star, meaning that the neutron stars in NS–BH binaries are likely to have â ≪ 1. Such spins
could affect the long-term phase evolution of the system, because spin–orbit coupling enters at the relatively low 1.5PN
order [391], but these spins will produce only minor effects at high frequencies. Thus mass and radius inferences for double
neutron star systems are unlikely to be affected much by spins.

In contrast, as we described in Section 3, current estimates of the spins of stellar-mass black holes suggest that for them
â ∼ 1 is possible. There are no known BH–NS or BH–BH binaries, so extrapolation from BH LMXBs and HMXBs is necessary,
but if black hole spins in compact binaries are similarly high then they could have a considerable impact on the gravitational
radiation waveforms and the precision with which the properties of the system can be inferred. This is especially true if
black hole spins in compact binaries can be significantly misaligned with the orbital axis (as we discuss in Section 3, some
observations suggest that such misalignment might exist for LMXBs).

To see this, consider a neutron star of mass 1.5M⊙ spiraling into a 10M⊙ black hole that has â = 0.9. For such a system,
the spin angularmomentum of the black hole exceeds the orbital angularmomentum of the neutron star if the orbital radius
of theNS is less than∼600 km, or∼35M in gravitational units. Thus in an extreme case the neutron star orbit could be flipped
by the spin of the black hole when the star is close enough. The effect on the waveform of a comparable-mass BH–BH binary
will be more modest, but misaligned spins could still induce considerable precession (see [392–394] for references for this
and the following discussion).

Such precession can either help or hurt parameter determinations, depending on the details. For example, compared to a
spinless and thus nonprecessing binary, for which the orbital plane is fixed, degeneracies between, e.g., the sky direction and
the normal to the orbit can be broken when the binary precesses. This could help in the localization of an electromagnetic
counterpart. However, rapid spins can also change the overall phase evolution inways that canbedegeneratewith a different
chirp mass than the actual one. If, contrary to expectations, there are rapidly-spinning neutron stars in compact binaries,
their oblateness could complicate analysis of the high-frequency portion of the coalescence. For the expected essentially
nonspinning neutron stars in such systems, the recently elucidated relations between the moment of inertia, Love number,
and quadrupole moment (the so-called I–Love–Q relations; see [353,395,396]) will help in the inference of neutron star
masses and radii.

The phase space producedwhen spins are included is large enough that it has not yet been possible to do a comprehensive
study. Some preliminary results [392–394] suggest that the precision with which masses can be inferred will not be
problematically reduced in systems with spins. Thus the challenge might not be parameter estimation once a detection
is made, but rather the detection itself, given the expanded library of waveforms that will be needed to accommodate spin.

5. Conclusions

We have reviewed current estimates of the masses and spins of neutron stars and black holes, in isolation, and in binary
systems with a variety of possible companions. Taking a broad view of recent results and progress, it is increasingly clear
that stellar-mass compact objects are vital laboratories for the exploration of strong gravity and nuclear physics.

Precise neutron star masses, which until recently were limited to the narrow 1.25M⊙–1.44M⊙ range thus far observed
from double neutron star systems, have now been extended to 2 M⊙ [112,44]. This has immediate implications for the
equation of state of cold supranuclearmatter; in particular, it requires that thismatter be relatively hard,whatever its precise
composition. Truly strong constraints on this matter await reliable neutron star radius estimates [16], but the increasing
precision of millisecond pulsar timing suggests that measurements of Shapiro delay and other post-Keplerian parameters
will in the near future be possible for a broader range of neutron star systems. If any of those systems have well-determined
masses that are significantly higher than the current 2M⊙ maximum then equations of state involving exotic non-nucleonic
components will be strongly challenged [397].

The masses of stellar black holes are not as easy to measure with precision, because they require a special set of
circumstances (a transient system that fully shuts off its accretion to allow measurements of ellipsoidal light variations).
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Sensitivity is not the limiting factor (at least in the Galaxy), nor is timing. Rather, patience is the key: more sources in
the Galaxy means waiting a greater time for currently inactive transients to reveal themselves. Qualitative advances with
current data may be possible if high-frequency QPOs are understood from first-principles simulations, so in this field we
may primarily be waiting on theoretical developments.

An intriguing question is whether there is actually a mass gap between neutron stars and black holes. Some initial
analyses imply that such a gap exists (or at least that low-mass black holes are much less common than might be suggested
by the initial mass function ofmain sequence stars), butmore recentwork has suggested that at least part of this result could
be due to selection effects. Whether or not there is a gap, an understanding of the true black hole and neutron star mass
distributions at formation will give us key information about the evolution of massive stars and the nature of core collapse.

The current spin of any pulsar is by definition easy to measure. It is much more challenging to determine the natal spin
of such neutron stars. Estimates have been made in a few cases based on, for example, the argument that an extremely
rapid initial spin would produce a highly luminous nebula. Such arguments suggest in a handful of cases that the initial spin
periods are more like tenths of a second than milliseconds, but given that this is based on ∼10 out of ∼2000 pulsars we
must be wary of selection effects.

Unlike neutron star spins (and masses), black hole spins are believed to essentially be natal, with one possible exception
being that the spins of black holes in a hyperaccreting Thorne–Żytkow phasemight be altered significantly. For themajority
of black holes, therefore, if the current spin can be measured it serves as a record of the formation process. Estimates of
black hole spin are necessarily far more indirect than they are for neutron stars. We have reviewed two different methods,
one involving characterization of Fe Kα lines and the other using continuum spectral fits. Both methods have strengths
and weaknesses, but there is reason for cautious optimism because spin estimates for the overlap sources are in fairly
good agreement. Other methods, e.g., those involving QPO modeling or polarization, will require significant theoretical or
instrumental development to be reliable, but when this happens it will produce an independent channel of information.
In any case, current estimates of black hole angular momenta indicate that most are far beyond any possible angular
momentum for neutron stars, which has implications for the rotation distribution of their progenitor stars.

Measurements of black hole spin also provide an avenue bywhich relativistic jet launchingmechanisms can be explored.
The Blandford–Znajek effect is a particularly appealing jet-launching mechanism that taps the spin of the black hole [270];
if it is correct, then proxies for jet power should be positively correlated with spin values. Based on very few sources,
correlations between proxies for jet power and black hole spin have been claimed ([398]; however, other work suggests that
the apparent relation is an artifact of selection effects [399]. Deeper appreciation of the mechanism may not even predict
a simple relationship between spin and a jet proxy like radio flux. Spin might set the maximum possible power that a jet
can carry; however, instantaneous jet power is likely determined by how the disk and ergosphere couple, and this must be
a function of several accretion parameters that affect the magnetic field. That is, spin may set the maximum horsepower of
the engine, but the accretion flow is a throttle (see, e.g., [260]). A large collection of jet proxy measurements for a collection
of sources with known spins might be expected to fill a large portion of a Pjet versus a plane, with evidence of spin driving
jets manifesting as an upper envelope.

An exciting near-future prospect is the entry of gravitational wave observations into the mass and spin constraint
game. For the stellar-mass objects we consider, this will be the domain of ground-based detectors rather than the equally
exciting developments in, e.g., pulsar timing arrays. The initial detections of binary compact object coalescencewill measure
precisely only the chirp masses of the binaries, rather than the individual masses. However, as sensitivity (particularly at
high frequencies) improves, detection of higher-order effects will allow the measurements of individual masses. This will
clarify whether, for example, the current tight range of neutron star masses in double neutron star systems is maintained
(perhaps due to a narrow evolutionary channel for such systems) or whether occasional much higher-mass neutron stars
will be seen. Spin measurements of neutron stars will be challenging if they rotate as slowly as the stars in currently known
double neutron star systems. There is reason to be optimistic that black hole spins will be easier to measure, and it will
be especially interesting to determine the distribution of relative spin orientations of binary black holes. This is because
different origins (evolution from a massive binary, versus dynamical capture in a dense stellar environment) imply very
different distributions of the relative orientations.

Finally, it is important to emphasize that electromagnetic and gravitational wave measurements of neutron stars and
black holes will provide strongly complementary constraints on the nature of strong gravity. The detection of gravitational
radiation, particularly of a double black hole coalescence, will yield direct constraints on the nature of strong gravity, and in
particular whether general relativity can pass such clean tests as it has passed the weak gravity tests available from binary
pulsars and in our Solar System. However, such observations cannot by themselves test our theories of how matter and
electromagnetic fields interact in strong gravity. This information can only come from current and future electromagnetic
observations of compact objects, especially those that are accreting. For example, the excellent fits to current iron line and
continuum observations both rely on the existence of an innermost stable circular orbit, which is a key prediction of models
of strong gravity. Another example is that if we can detect a pulsar in a binary around a black hole, this will produce new
levels of precision in black holemass and possibly spinmeasurements aswell as yielding new types of tests of the predictions
of general relativity in weak gravity.

In general, the theoretical framework for and observations of compact object masses and spins have evolved rapidly. The
extreme nature of the gravity and material properties of these systems mean that they are crucial testbeds for some of our
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most fundamental physical theories. We hope for and expect continued qualitative improvements in our understanding,
and we look forward to the unanticipated in our study of neutron stars and black holes.
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