
ASTR 601 Problem Set 4, Due Wednesday, November 3

1. 8 pts Write a program to do simplified Comptonization. Specifically, assume that the

initial energy of photons is always ~ω = 0.001mec
2, and that electrons have a speed v = βc

where β = 0.1, and an isotropic distribution of directions. To simplify things yet further,

assume that the probability of scattering off an electron is independent of the energy of the

photon and the direction of the electron relative to the photon. Assume that in the rest

frame of the electron the scattering probability is given by the Thomson formula: dσ/dΩ ∝
1
2
(1 + cos2 θ), where θ is the angle between the initial and final direction of propagation.

However, you need to compute the change in energy of the photon by electron recoil, and

you need to do the Doppler shifts into and out of the electron rest frame. Plot the number

of photons versus photon energy after 10, 100, and 1000 scatterings (you’ll need to follow

at least 100,000 photons for good statistics), on a log-log scale. As before, please send me

(by e-mail) a copy of your code, in a form that I can compile on the astro machines, and

produce a table that gives the number of photons versus photon energy (in at least 20 energy

bins; note that the more bins you have, the more total photons you will need to reduce the

statistical fluctuations in each bin).

For this problem, I will give you the following hints to structure your code. Please note

that you will need to write a code that executes efficiently, because otherwise this will take

forever!

The key steps are

1. Pick a direction for the initial photon that is isotropic. This can be done by selecting

µ ≡ cos θlab = −1 + 2 ∗ rand, where rand is a uniform random deviate from 0 to 1 and

cos θlab is the cosine of the angle relative to the electron direction, as seen in the lab

frame.

2. Boost that into the e− frame. This involves a transformation of the angle to the electron

frame cos θe = (cos θlab − β)/(1 − β cos θlab) (note that this satisfies the proper limits

when cos θ = ±1, and that when cos θlab = 0, cos θe < 0, as it must be). It also involves

an energy boost: if the energy of the photon in the lab frame was Elab, the energy of

that same photon in the electron frame is Ee = Elabγ(1− β cos θlab).

3. Pick a scattering direction relative to the original direction in the e− frame that is

selected from the Thomson differential cross section. A convenient way to do this

involves the “rejection method”: (a) we pick θscatt randomly from 0 to π, (b) we compute

a uniform random deviate x selected from 0 to 1, (c) if x < (1 + cos2 θscatt)/2 we accept

θscatt, otherwise we go back to step (a).



4. Figure out the new energy in the e− frame using the Compton formula. If the energy

was Ee coming in, it is E ′e = Ee/[1 + (Ee/mec
2)(1− cos θscatt)] after the scattering; note

that in the limit cos θscatt = 1 this gives E ′e = Ee as it must.

5. Boost back into the lab frame. This is a little bit tricky because simply knowing θscatt
is not enough to know the angle ψ between the final photon direction and the electron

direction in the electron rest frame; once we know this, then the final energy in the

rest frame is E ′lab = E ′eγ(1 + β cosψ). So what should we do? A convenient coordi-

nate system is one in which the initial photon direction in the electron frame is the

z axis. Thus in that system, the direction of the electron velocity makes an angle

θe with the z axis; let us also say that the electron velocity is at φ = 0, which now

fully defines the system. The scattered photon is at an angle θ = θscatt in this sys-

tem, and we can draw φ uniformly from 0 to 2π. Then the unit vector of the electron

velocity is (sin θe, 0, cos θe) and the unit vector of the post-scattering photon direc-

tion is (sin θscatt cosφ, sin θscatt sinφ, cos θscatt), which means that the cosine of the angle

between the final photon direction and the original electron velocity, in the original

electron frame, is given by

cosψ = sin θe sin θscatt cosφ+ cos θe cos θscatt . (1)

Please check limits. For example, what should the photon energy change be if it does

not change direction at all as seen in the lab frame? Also, do you expect the photons to gain

or to lose energy on average?

2. 4 pts Dr. Sane has become interested in the effects of dark matter on the population

of electrons in our Galaxy. He suggests that dark matter particles, which have been around

for the ∼ 1010 year lifetime of our Galaxy, decay to produce a 1 TeV electron and other

particles that we will ignore. He believes that these electrons, which he calls “fossil dark

matter”, provide the key to understanding dark matter, and he has thus modestly submitted

his name to the Nobel Academy. The Academy has asked for your assessment regarding a

specific claim made by Dr. Sane:

Dr. Sane believes that electrons from the initial decays 1010 years ago will still have energies

> 100 GeV and will thus occasionally produce gamma rays that will be visible by the Fermi

telescope. Assuming that the interstellar magnetic field is tangled (so that the pitch angle

is random at any time) and has a uniform strength of 3 × 10−6 Gauss, evaluate Dr. Sane’s

claim.

To satisfy the Academy, you need to assess this claim in two distinct ways.

3. 4 pts Suppose we model the hot gas in a galaxy cluster as a singular isothermal sphere

(meaning that the number density scales with radius as n(r) ∝ r−2) out to a radius of



rmax = 1 Mpc. The temperature is a constant T = 108 K. The total mass in baryons

(assumed to be fully ionized hydrogen) is 1014M�. To within a factor of 2, what is the

radius inside of which the cooling time is less than 1010 years? To compute this, assume that

the cooling occurs exclusively by bremsstrahlung, and define “cooling time” as the thermal

energy per volume divided by the radiation rate per volume. Inside this radius, one might

expect a cooling flow to do dramatic things (such as produce lots of star formation) within

a Hubble time.


