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 How to measure the mass of clusters? Longair sec 4.4 

ICM in (most) clusters close to gravitational 
equilibrium: outward gas pressure  ≈ inward 
gravitational pull

Pressure reaches 
maximum in cluster 
core 

Outward pressure force 
balances inward gravity  
at every location within 
the cluster 

Crude diagram of 
cluster atmosphere 

Cluster gas pressure profile: 
 

- Separable problem: 
measure gas density profile 
measure gas temperature profile 

- Need X-ray observations 

Hydrostatic Equilibrium 

Poisson�s Equation 

Spherical Symmetry 

total mass
(including DM)

luminous matter:
temp., density

 Patrick Koch

Assumptions 
•  Gas is in equilibrium- what are the relevant time scales

Another good review article is Astron Astrophys Rev (2010) 18:127–196 X-ray 
spectroscopy of galaxy clusters: studying astrophysical processes in the largest 
celestial laboratories Hans Böhringer and Norbert Werner



Relevant Time Scales- see Longair pg 301 
•  The equilibration timescales 

between protons and electrons 
is t(p,e) ~ 2 x 108 yr at an 
'average' location  

•  In collisional ionization 
equilibrium population of ions 
is directly related to 
temperature ),(1800),()/(),(

),(43),(/),(

yr
cm10K10

103),(

40)/ln(ln
ln8

)(23)2,1(

1

33

2/3

8
5

minmax

42
2

2
122

2/3
1

eeeemmep

eeeemmpp

nTee

bb
eZZnm

kTm

ep

ep

e

τττ

τττ

τ

π
π

τ

≈=

≈=

$
%
&

'
(
)

$
%
&

'
(
)×≈

≈≡Λ

Λ
=

−

−−

Ion fraction 
for Fe vs 
electron 
temperature 

Mean Free Path for Collisions/ Energy  
•  Mean-free-path λe ~ 20 kpc 

< 1% of  cluster size  
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Assumptions 

•  At T>3x107 K the major form of energy emission  is 
thermal bremmstrahlung continuum

•  ε~ 3x10-27 T1/2 n2 ergs/cm3/sec; emissivity of gas
•  - how long does it take a parcel of gas to lose its energy? 
•  τ~nkT/ε ∼8.5x10 10yrs(n/10�3)�1 T8 1/2 
•  At lower temperatures line emission is important 

How Did I Know This??
•  Why do we think that the emission is thermal bremmstrahlung?

–  X-ray spectra are consistent with model
–  X-ray 'image' is also consistent
–  Derived physical parameters 'make sense'
–  Other mechanisms 'do not work' (e.g. spectral form not consistent with black body, 

synchrotron from a power law: presence of x-ray spectral lines of identifiable energy 
argues for collisional process; ratio of line strengths (e.g. He to H-like) is a measure of 
temperature which agrees with the fit to the continuum)=precision measurement from 
Hitomi 



Assumptions 
•  The physical conditions are 

consistent with the 
assumptions

Physical Conditions in the Gas 
•  the collision times for (ions and electrons ) in the intracluster gas are 

much shorter than the time scales for heating or cooling , and the 
gas can be treated as a fluid. The time required for a sound wave in 
the intracluster gas to cross a cluster is given by

•  Ts~6.6x108yr (Tgas/108)1/2(D/Mpc)
–  thus on timescale of Gyr system should be in pressure 

equilbrium "if nothing happens"

•  (remember that for an ideal gas vsound=√(γP/ρg)a sqrt (P is 
the pressure, ρg is the gas density, γ=5/3 is the adiabatic 
index for a monoatomic ideal gas )αsqrt(Tγ) independent 
of the density ~cs ~1500(Tg/108 K)1/2 km/s is the sound 
speed in the gas.



Why is Gas Hot
•  To first order if the gas were 

cooler it would fall to the center 
of the potential well and heat up

•  If it were hotter it would be a 
wind and gas would leave 
cluster

•  Idea is that gas shocks as it 'falls 
into' the cluster potential well 
from the IGM 
–  Is it 'merger' shocks (e.g. 

collapsed objects merging)
–  Or in fall (e.g. rain) 
BOTH 

How do Clusters Form- Mergers 
•  As time progresses more and more objects come together- merge 

Now

1010 yrs ago



NOT A 
MERGER

•  Merger

Merger



Comparison of dark matter and x-ray cluster and group  distribution �
every bound system visible in the numerical simulation is detected in the x-ray band  - bright regions are 

massive clusters,  dimmer regions groups,

Dark matter 
simulation 

X-ray emission in 
simulation 

Formation 
•  Galaxy clusters form through 

gravitational collapse, driven by dark 
matter (~80% of their total mass) 

•  In the hierarchical scenario more 
massive objects form at later times: 
clusters of galaxies are produced by 
the gravitational merger of smaller 
systems, such as groups and sub-
clusters 

C-P. Ma

Millenium 
Simulation



Extreme Merger
•  Bullet cluster (1E0657) 
Allen and Million 
•  The assumptions we 

have given are NOT 
satisfied

Surface brightness Temperature

Pressure Entropy

Hydrostatic Equilibrium Kaiser 19.2
•  Equation of hydrostatic equil 
!P=-ρg!φ(r) 
where φ(r) is the gravitational potential of the cluster (which is 

set by the distribution of matter)
P is the gas pressure 
 ρg is the gas density 
 

However the fundamental assumption is that the total pressure IS gas 
pressure and that the contribution of turbulence, magnetic fields, 
cosmic rays etc is negligible 



Use of X-rays to Determine Mass
•  X-ray emission is due to the 

combination of thermal 
bremmstrahlung and line 
emission from hot gas

•  The gas "should be" in 
equilibrium with the 
gravitational potential 
(otherwise flow out or in)

•  density and potential are 
related by Poisson�s equation

     !2φ = 4πρG 
•  and combining this with  the 

equation of hydrostaic equil  

    !.(1/ρ!P)=-!2φ 
=-4πGρ 

 gives for for a spherically 
symmetric system

 (1/ρg) dP/dr=-dφ(r)/dr=GM(r)/r2 

 

With a little algebra and the definition of 
pressure - the total cluster mass (dark and 
baryonic) can be expressed as 

M(r)=-(kTg(r)/µGmp)r (dlnT/dr+dlnρg/dr)

k is Boltzmans const, µ is the mean mass of a 
particle and mH is the mass of a hydrogen atom  
Every thing is observable
The temperature Tg from the spatially resolved 
spectrum 
The density ρgfrom the knowledge that the 
emission is due to bremmstrahlung 
And the scale size, r, from the conversion of 
angles to distance 

82see Longair eq 4.2-4.6

•  density and potential are related 
by Poisson�s equation

!2�φ = 4πρG 
•  and combining this with  the 

equation of hydrostaic equil  

•  !.((1/ρ)!P)=-!2�φ 
=-4πGρ (eq 4.3 in Longair)



Hydrodynamics--see Longair ch 4.2
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Add viscosity, thermal conduction, …                      
Add magnetic fields (MHD) and cosmic rays 
Gravitational potential φ from DM, gas, galaxies 

Deriving the Mass from X-ray Spectra �
Ch 4.4 Longair �

For spherical symmetry this reduces to 
(1/ρg) dP/dr=-dφ(r)/dr=GM(r)/r2 

With a little algebra and the definition of pressure - the total cluster 
mass can be expressed as (eqs 4.17-4.19 in Longair) 

GM(r)=kTg(r)/µGmp)r (dlnT/dlnr+dlnρg/dlnr)

k is Boltzmans const, µ is the mean mass of a particle and mH is the mass of a 
hydrogen atom  

Every thing is observable
The temperature Tg from the spatially resolved spectrum 
The density ρgfrom the knowledge that the emission is due to 

bremmstrahlung and the x-ray image
And the scale size, r, from the conversion of angles to distance 



1 Mpc=14' X-ray spectra of a Cluster- 
elements are detected via emission lines

Fe

How to Obtain Gas Density
•  De-project X-ray surface brightness profile        I(R) to 

obtain gas density vs. radius, ρ(r) 

•  Where Λ is the cooling function and ne is the gas 
density  (subtle difference between gas density and 
electron density because the gas is not pure 
hydrogen 

•  De-project X-ray spectra in annuli T(r)  
•  Pressure P = ρkT/(µmp) 
•  The mass in gas is Mgas(< r) = 4π∫r0 r2dr ρgas(r)
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A geometrical interpretation of the 
Abel transform in two 
dimensions. An observer (I) 
looks along a line parallel to the 
x-axis a distance y above the 
origin. What the observer sees 
is the projection (i.e. the 
integral) of the circularly 
symmetric function f(r) along 
the line of sight. The function 
f(r) is represented in gray in this 
figure. The observer is assumed 
to be located infinitely far from 
the origin so that the limits of 
integration are ±∞

Density Profile- Longair 4.22•  I(R) is the projected luminosity 
surface brightness, j(r) is the 3-D 
luminosity density (circular 
images- if image is elliptical no 
general solution)

j(r)=-1/π∫ ∞RdI/dR/sqrt(R2-r2)
this is an Abel integral which has only 
a few analytic solutions
Simple power law models I(R)=r-α

       then j(r)=r-α-1

  generalized King profile with surface brightness
 I(r)=I(0)(1+(r/rc)2)-5/2  
 gives a density law ρ(r)=ρ(0)(1+(r/rc)2)-3/2 where rc=3σ/sqrt(4πGρc)

89



Sarazin sec 5  

Density Profile
•  a simple model(the β model) fits  the surface brightness well outside the 

core
–  S(r)=S(0)(1/r/a)2) -3β+1/2 ph/cm2/sec/solid angle

•  Is analytically invertible (inverse Abel transform) to the density profile 
ρ(r)=ρ(0)(1+(r/a)2) -3β/2

The conversion function from S(0) to ρ(0) depends on the detector 
The quantity 'a' is a scale factor- sometimes called the core radius
β is a free parameter
------------------------------------------------------------------------------- 

•  The Abel transform, , is an integral transform used in the analysis of spherically symmetric 
or axially symmetric functions. The Abel transform of a function f(r) is given by:

  f(r)=1/p∫r∞ dF/dy dy/√(y2-r2)
•  In image analysis the reverse Abel transform is used to calculate the emission function 

given a projection (i.e. a scan or a photograph) of that emission function. 
•  In general the integral is not analytic  



Surface Brightness Profiles 
•  It has become customary 

to use a 'β' model 
(Cavaliere and Fesco-
Fumiano)' 

•  clusters have <β>~2/3 

XMM/Newton 
A1413             
Pratt & Arnaud 
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X-ray Mass Estimates equation of hydrostatic equilibrum 



X-ray Mass Estimates 
•   

Putting numbers in gives 

X-ray Mass Estimates 
•   use the equation of hydrostatic 

equilibirum
•   

Putting numbers in gives 



Hitomi to the 
Rescue 

•  Hitomi observations of the 
Perseus cluster measured 
both the mass motion and 
'turbulence' of the gas 
(Hitomi Collaboration, 
2016 Nature,535,117 and 
2017a, arXiv:1711.00240)

•  The width of a variety of 
lines is consistent with 
σ=148+/-6 km/sec

•  Energy content due to small 
scale motions (turbulence) 
~4% and mass motion is 
even less 

Vsound~1000km/sec T4kev
1/2

Fig. 2. Fe Heα lines of the full-FOV data of Obs 3+Obs 4 (left) and Obs 1 (right). The LOS velocity dispersion (σv , w-line excluded. See also table 2), the bulk

velocity calculated with respect to the redshift of NGC 1275 (vbulk) and the total number of photons in the displayed energy band are shown in each figure.

The red curves are the best-fitting models, and the dotted curves are the spectral constituents, i.e., modified APEC or Gaussian. See main text for details.

The energy bin size is 1 eV or wider for lower count bins. The resonance line (w), the intercombination lines (x and y), and the forbidden line (z) are denoted.

The letters are as given in Gabriel (1972).

Hereafter in this paper, we distinguish various kinds of line width using the following nota-

tions: σv+th is the observed line width with only the instrumental broadening subtracted; σv is the line

width calculated by subtracting both the thermal broadening (σth) and the instrumental broadening

from the observed line width (i.e., LOS velocity dispersion). Unless stated otherwise, σth is computed

assuming that electrons and ions have the same temperature. The analysis without this assumption is

presented in section 3.4.

3.1 Profiles of major emission lines

In this section, we show observed line profiles of bright transitions and demonstrate qualities of these

measurements. The data of Obs 2 were not used in this section and in section 3.2, since Obs 2

(and Obs 1) contains a previously known systematic uncertainty in the energy scale, and the almost

identical pointing direction to that of Obs 2’s is covered by Obs 3. In figure 2 we show the Fe Heα

emission line complex from Obs 3+Obs 4, and Obs 1. The panels in figure 3 show S Lyα, Fe Lyα

and Fe Heβ lines of Obs 3+Obs 4. The figures indicate the best-fitting LOS velocity dispersions (σv)

and bulk velocities calculated with respect to the new stellar absorption line redshift measurement of

NGC 1275 (vbulk ≡ (z− 0.017284)c0− 26.4 km s−1, where c0 is the speed of light, z = 0.017284 is

the redshift of NGC 1275, and −26.4 km s−1 is the heliocentric correction. See also appendix 1 for

the redshift measurement). The net photon count is also indicated.

The best-fitting parameters were obtained as follows: We extracted spectra from the event

12

Table 2. LOS velocity dispersions of gas motions, obtained from the

Fe Heα line of Obs 3+Obs 4 data.

Unit Without z-correction With z-correction∗

σv of w (km s−1) 171+4
−3

161± 3

σv excluding w (km s−1) 148± 6 144± 6

∗z-correction is an additional gain alignment among the detector pixels. See also the text.

Fig. 4. Benchmark velocity maps. Left: bulk velocity (vbulk) map with respect to z = 0.017284 (heliocentric correction of −26.4 km s−1 applied). Right:

LOS velocity dispersion (σv) map. The unit of the values is km s−1. Chandra X-ray contours are overlaid. The best-fitting value is overlaid on each region.

Only Obs 3 is used and PSF correction is not applied.

tion on the measured σv. Table 2 shows the LOS velocity dispersion (σv) measured with or without

z-correction – a rescaling of photon energies for individual SXS pixels in order to force the Fe He-

alpha lines align, which has been employed in H16 and Aharonian et al. (2017) to cancel out most

pixel-to-pixel calibration uncertainties, but which also removes any true LOS velocity gradients. The

value of σv obtained with the w line is higher than that without the w line, which provides a hint of

resonance scattering (see RS paper for details).

3.2 Velocity maps

Firstly, we extracted the benchmark velocity maps by objectively dividing the 6 pixel×6 pixel array

into 9 subarrays of 2×2 pixels and fitted the spectrum of each region independently, in order to

compare the effects of the difference in software and data pipeline versions between H16 and this

paper. All model parameters apart from the hydrogen column density were allowed to vary. Only

Obs 3 was used for the benchmark maps and the fitting was done using a narrow energy range of 6.4–

14

Hitomi to the 
Rescue 

•  Indicating the reason for the“quiescent” 
nature of the plasma is the lack of 
strong drivers of gas motions in the core 
despite the presence of a strong AGN 
and x-ray structure

Fe He! w Fe He"1

Fe Ly!1

Fe He! w Fe Ly!1 +  He"1

Fig. 8. (Upper panels) Data and best-fit models of Fe Heα w, Lyα1, and Heβ1. The continuum model and the components other than the main line were

subtracted. Solid (red) and dashed (green) lines represent the best-fit Gaussian and Voigtian profiles, respectively. Instrumental broadening with and without

thermal broadening are indicated with dotted (blue) and dashed-dotted (black) lines. The horizontal axis is the velocity converted from the observed energy,

where the line center is set at the origin. The bin size is 1 eV in the energy space, which corresponds to 45.5 km s−1, 43.7 km s−1, and 38.7 km s−1,

respectively. (Lower panels) The ratio spectra of the data to the best-fit Gaussian models, (left) for Fe Heα w, and (right) for Fe Lyα1 and Heβ1 co-added.

Note that the line spread function is not deconvolved from the data.

21

SXS  6x6 array = 3x3 arcmin ~60x60 kpc

X-ray Image of Perseus Cluster



X-ray 
Emissivity

•  The observed x-
ray emissivity is 
a projection of 
the density 
profile 

A large set of 
clusters over 
a wide range in 
redshift 

X-ray Temperature 
Profiles 

Pratt 2007



X-ray Temperature 
Profiles 

•  Comparison of two 
satellites

Abell1060
Sato et al 

Mass Profiles from Use of Hydrostatic Equilibrium
•   Use temperature and density profiles +hydrostatic 

equilibrium to determine masses   

Physical units Scaled  units 



•  Scaled total 
density and gas 
density for a 
sample of 
clusters- yellow 
line is the NFW 
model 

•  Vikhlinin 
���
���	�������

Arnaud et al 2010



Checking that X-ray Properties Trace Mass 

Surface mass density for 42 
Rosat selected clusters from 
Sloan lensing analysis fitted 
with NFW profile   Comparison of cluster mass from lensing 

and x-ray hydrostatic equilibrium for 
A2390 and RXJ1340 (Allen et al 2001)   

At the relative level of accuracy for  
smooth relaxed systems the x-ray and  
lensing mass estimators agree  

Comparison of Lensing to X-ray 
Masses 

•  ∆ is the overdensity of the part of the cluster 
used for the observations of the cluster mass 
compared to the critical density of the 
universe at the redshift of the cluster

•  Mx is the mass from x-ray observations and 
assumption of hydrostatic equilibrium 

•  ML is the mass from weak lensing



Strong Lensing vs Weak Lensing

•  A2261 Coe et al 2012

•  Mass derived from  different observational techniquesA2261 
Coe et al. (Ap 757 19 2012)- x-ray mass (red curve)- 
dynamical mass (green point)- gas masses (brown and yellow 
from x-ray and S-Z 



Markevitch et al 1998

4 low mass (~1014M) systems- Sasaki et al 2014

Cluster Temperature Structure
•  2-D cluster temperature maps Lagan'a, Durret & 

Lopes 1901.03851.pdf



Observed Temperature Profiles 
•  If the gas is in equilbrium with 

the potential (of the NFW form) 
it should be hotter in the center 

•  But in many clusters it is cooler 
in the center- additional physics  

Left  panel (from Burns et al 
2010) shows the theoretical 
temperature profile if a NFW 
potential (in grey) compared to 
an set of actual cluster 
temperature profiles 

Chemical Evolution of the 
Universe

•  A major area of astrophysical research is 
understanding when stars and galaxies 
formed and how the elements are 
produced 

•  With the exception of H and He (which 
are produced in the big bang) all the other 
elements (called metals in astrophysical 
jargon) are "cooked" in the centers of 
massive stars and  supernova and then 
"ejected" by  explosions or winds 

•  The gas in these explosions is moving 
very fast (1000 km/sec) and can easily 
escape a galaxy.  

•  Clusters are essentially giant "boxes" 
which can hold onto all their material 

• Measurement of the amount and 
change of metals with time  in clusters 
directly measures their production  

• In the hot gas elements such as silicon 
and iron have only 1 or 2 electrons  
These ions produce strong H, He like x-
ray emission lines. 
The strengths of these lines 
 is 'simply' related to the  
amount of silicon or iron in  
the cluster


