
Clusters of Galaxies Overview 
•  Probes of the history of structure formation  

Dynamical timescales are not much shorter than the age of the universe  

• Studies of their evolution, temperature and luminosity function can place strong constraints 
on all theories of large scale structure 

and determine precise values for many of the cosmological parameters 

Provide a record of nucleosynthesis in the universe- as opposed to galaxies, clusters 
probably retain all the enriched material created in them

•Measurement of the elemental abundances and their evolution provide 
fundamental data for the origin of the elements 

•The distribution of the elements in the clusters  reveals  how the metals were 
removed from stellar systems into the IGM 

Clusters should be "fair" samples of the universe" 
•Studies of their mass and their baryon fraction  reveal the "gross"  properties of 

the universe as a whole 
•Much of the entropy of the gas is produced by processes other than shocks-  
- a major source of  energy in the universe ?
- a indication of the importance of non-gravitational  processes in structure 
formation ?

Paper for March 5- to volunteers please  
Planck intermediate results. X. Physics of the hot gas in the Coma cluster 
2013A&A...554A.140P
Use of the S-Z effect to understand the plasma in the Coma Cluster
(you can gloss over secs 2 & 3 (which are rather technical) and sec 9.4 and 
9.5 (which we will not cover in class))
also see 

Astrophysics with the Spatially and Spectrally Resolved Sunyaev-
Zeldovich Effects. A Millimetre/Submillimetre Probe of the Warm and Hot 
Universe

Mroczkowski, T.; et al 
For the future of this technique, a brief history and lots of technical details- 
its a bit long (69 pages)  

Also our speaker next week M. Gaspari has a relevant paper 2016MNRAS.
463..655K Khatri, R, Gaspari, M.

Thermal SZ fluctuations in the ICM: probing turbulence and 
thermodynamics in Coma cluster with Planck



Todays Material 
•  How do we know that clusters are massive

–  Virial theorem
–  Lensing  
–  -X-ray Hydrostatic equilibrium (but first we will discuss x-ray 

spectra ) Equation of hydrostatic equilibrium (*)
•  What do x-ray spectra of clusters look like

 se Kaiser sec 26.2-26.4
*Hydrostatic equilibrium

!P=-ρg!φ(r) 
where φ(r) is the gravitational potential of the cluster (which is set by 
the distribution of matter) P is gas pressure and ρg is the gas density 
(!f=(∂f/x1, ∂f/x2…∂f/xn)

How to Start....Using 
Galaxy Dynamics

Basic procedure 
•   first identify the cluster via 

some sort of signal (e.g. an 
overdensity of galaxies)

•  deduce cluster membership
–  this is not easy and the inclusion 

of even  small fractions of 
interloper galaxies that are not 
gravitationally bound to the 
cluster can lead to a strong mass 
bias) 

•  estimate a cluster mass using 
galaxy positions and velocities 
as input

Viral theorem
Jeans eq

bottom panel is 'true' distance of clusters, middle is velocity 
histogram, top is position of galaxies + for galaxies in cluster
van Haarlem,Frenk and White 1997 

Easy 



•  Hard- these clusters were 
included in Abell's catalog 
because they were projection 
effects 

Comparison of 
observed vs true
velocity 
dispersions for 
'tight' vs
loose selection 
criteria

Some of this is due to 
genuine substructure which
cannot be eliminated 

The First Detailed Analysis

Rood 1972- velocity vs 
position of galaxies in 
Coma
  

Paper is worth reading
ApJ 175,627

•  Rood et al used the King (1969) analytic 
models of potentials (developed for 
globular clusters) and the velocity data 
and surface density of galaxies to infer a 
very high mass to light ratio of ~230.

•  Since "no" stellar system had M/L>12  
dark matter was necessary 

Surface density of galaxies



Virial Theorem (Read Longair 3.5.1; see also Kaiser 
sec 26.3)

•  The virial theorem states that, for a stable, 
self-gravitating, spherical distribution of 
equal mass objects (stars, galaxies, etc), the 
total kinetic energy of the objects is equal to 
-1/2 times the total gravitational potential 
energy.

2<T>=-<UTOT>
T is the time average of the Kinetic 

energy and U is the time overage of 
the potential energy  In other words, the 
potential energy must equal 1/2 the kinetic 
energy.

•   Consider a system of N particles with mass 
m and velocity v. 

•  kinetic energy of the total system is K.E.
(system) = 1/2 m N v2 = 1/2 Mtotv2 

U~1/2GN2m2/Rtot =1/2GM2
tot/Rtot

(eq 3.13 Longair dimensional 
analysis) 
If the orbits are random 
KE=1/2U (virial theorem) 
Mtot~2Rv2

tot/G

No assumptions been made about 
the orbits or velocity distributions 
of the particles.

The virial theorem applies to all 
cases provided the system is in 
dynamical equilibrium- 
"virialized"

For more detailed derivation 
see Longair eqs 3.4-3.16

Virial Theorem Actual Use (Kaiser 26.4.2)
•  Photometric observations provide the surface brightness Σlight of a 

cluster. Measurements of the velocity dispersion σ2
v together with 

the virial theorem give σ2
v ~ U/M~ GM/R~ GΣmass R

Σmass is the projected mass density.

At a distance D the mass to light ratio (M/L) can be estimated as
M/L =Σmass/Σlight = σ2

v /GDΘΣlight ; Σlight is the surface brightness- a 
direct measurable

Notice all the terms are observable ! 
where Θ is the angular size of the cluster. (see Kaiser eq 26.13)

•  The virial theorem is exact, but requires that the light traces the 
mass-it will fail if the dark matter has a different profile from the 
luminous particles.



Mass Estimates
•  While the virial theorem is fine it depends on knowing the time 

averaged orbits, the distribution of particles etc etc- a fair amount of 
systematic errors

•  If the system is spherically symmetric, a suitably weighted mean 
separation Rcl can be estimated from the observed surface distribution 
of stars or galaxies and so the gravitational potential energy can be 
written |U| = GM2/Rcl.

•  The mass of the system is  using  T = ½ |U| 
•   M = 3σ2Rcl/G . (The & White 1986); Rcl depends on the density 

distribution 
•  In useful units this gives ����3

�
&/�����
(�
����	3&)��:

where R is in units of Mpc and3& is in units of 100km/sec
Would like better techniques

–  Gravitational lensing
–  Use of spatially resolved x-ray spectra 

Mass Estimate
•  As pointed out by Longair  The application of the theorem to galaxies and 

clusters is not straightforward.
•  only radial velocities can be measured from the Doppler shifts of the spectral lines, 

not the 'true' velocity dispersion.
•  Assumptions  need to be made about the spatial and velocity distributions of stars in
•  the galaxy or the galaxies in a cluster e.g  :that the galaxies have the same spatial 

and velocity distribution as dark matter particles, and that all galaxies have the same 
mass

•   If the velocity distribution is isotropic, the velocity
dispersion is the same in the two perpendicular directions as along the line of sight and 
so <& �>����<&r >� where &r is the radial velocity which is measureable.
 If the velocity dispersion is independent of the masses of the stars or galaxies, the total 
kinetic energy is T ��/�M <&r >�  (3.18)
•  If the system is spherically symmetric, a suitably
 weighted mean separation Rcl can be estimated from the observed surface distribution 
of stars or galaxies and so the gravitational potential energy is
      |U|= GM2/Rcl. and thus using the viral theorem M=3<&r >��� "	��   3.18 (Longair)



Mass Determination 
•  for a perfectly spherical system one can write the Jeans equation 

for a spherical system where ν	is	the	density	of	a	tracer		-	this	is	
used	a	lot	to	derive	the	mass	of	elliptical	galaxies 

•  Anisotropy parameter +	$������8σ	$�-2/σ	$�2r

• Notice	the	nasty	terms		
All	of	these	variables	are	3-D;	we	observe	projected	quantities	!		
Both	rotation	and	random	motions	(σ-dispersion)		can	important.	
Standard	practice	is	to	make	an	apriori	assumption	about	form	of	potential,	density	
distribution	or	velocity	field.	
	https://ned.ipac.caltech.edu/level5/Sept03/Merritt/Merritt2.html
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GM(≤r)=-rσ$2{[dlnν/dlnr+dlnσ$2/dlnrr]+2+	$�}

σ2
φ=σ2

θ  Spherical symmetry. σ2
r<< σ2

θ Nearly circular
σ2

r>>σ2
θ   Nearly  radial

Jeans Equation and Dynamics 

•  Assumes stationarity, the absence of streaming motions, and spherical symmetry, 
and is the first velocity moment of the collisionless the Boltzmann equation  

With no rotation one has the somewhat simpler form 

νGM(r)/r2=-d(νσ	$�2r)/dr-(2ν/r)*(σ	$�2r-σ	$�2-�

The tracer’s velocity anisotropy profile,+	$������8σ	$�-2/σ	$�2r

β 6 −∞ for circular orbits:  β = 1 for radial orbits; β = 0 for an isotropic velocity field.

•  However  since the number of unknowns exceeds the number of equations, one 
needs to make some assumptions to break the degeneracy between the mass and 
anisotropy profiles  - one normally makes assumptions about the form of the 
potential and the value of β



Light Can Be Bent by Gravity-  Read sec 4.7 Longair

The 'more' mass- the 
more the light is bent 

We see  a
distortion 
of the 
image

Cluster of galaxies

Amount and type of distortion is related to 
amount and distribution of mass in gravitational lens  

faculty.lsmsa.edu

 gravitational lensing. Light rays propagating to us
through the inhomogeneous universe are distorted  by mass 
distributed along the line of sight

Zwicky Again



i

Basics of Gravitational Lensing Sec 4.7 Longair
•  See Lectures on Gravitational Lensing by
Ramesh Narayan Matthias Bartelmann  or 

http://www.pgss.mcs.cmu.edu/1997/Volume16/
physics/GL/GL-II.html

For a detailed discussion of the problem 
•  Rich centrally condensed clusters can 

produce giant arcs when a background 
galaxy happens to be aligned with one of 
the cluster caustics*. Can have multiple 
images

•  Every cluster produces weakly distorted 
images of large numbers of background 
galaxies.
–  These images are called arclets and the 

phenomenon is referred to as weak 
lensing. 

•  The deflection of a light ray that 
passes a point mass M at impact 
parameter b is eq 4.28

Θdef =4GM/c2b; RSch=2GM/c2

mass

mass



Caustics- see Kaiser  8.1
•  Consider a region with 

spatially varying refractive 
index — e.g. shower glass). 

•  The phase screen results in a 
slight corrugation of the 
wavefront, and 
consequently the rays will 
be slightly deflected from 
their original parallel paths 
and this will result in spatial 
variation in the energy flux.

•  A generic feature of such 
light deflection is the 
developments of caustic 
surfaces on which the flux is 
infinite.

•  Gravitational lensing has two major advantages that turn it 
into a versatile cosmological tool :
–   its foundation in the theory of gravity is straightforward, 

and it is sensitive to matter (and energy) inhomogeneities 
regardless of their internal physical state. 

– Under the assumptions that gravitational lenses are weak, 
move slowly with respect to the cosmological rest frame, 
and are much smaller than cosmological length scales, the 
effects of gravitational lensing are entirely captured by a 
two-dimensional effective lensing potential. (Matthias 
Bartelmann & Matteo Maturi 1612.06535.pdf)



Longair 
Figure 
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Fig. 4.11 (a) Illustrating the geometry of the deflection of light by a deflector, or lens, of mass M (Wambsganss, 1998).
(b) Illustrating the two light paths from the source to the observer for a point mass (Wambsganss, 1998).
(c) Illustrating the changes of the appearance of a compact background source as it passes behind a point mass. The
dashed circles correspond to the Einstein radius. When the lens and the background source are precisely aligned, an
Einstein ring is formed with radius equal to the Einstein radius θE.

galaxies. In the case of clusters of galaxies, these consist of spectacular arcs about the
central core of the cluster (Fig. 4.1a) as well as distorted images of background galaxies
caused by the individual galaxies in the cluster.

Many of the most important results can be derived from the formula for the gravitational
deflection of light rays by the Sun, first derived by Einstein in his great paper of 1915 on
the general theory of relativity (Einstein, 1915). He showed that the deflection of light by
a point mass M due to the bending of space-time amounts to precisely twice that predicted
by a Newtonian calculation,

α̃ = 4G M
ξc2

, (4.28)

where ξ is the ‘collision parameter’ (Fig. 4.11a). The angles in Fig.4.11a have been
exaggerated to illustrate the geometry of the deflection. For the very small deflections
involved in the gravitational lens effect, ξ is almost exactly the distance of closest approach
of the light ray to the deflector.

Chwolson in 1924 and Einstein in 1936 realised that, if a background star were precisely
aligned with a deflecting point object, the gravitational deflection of the light rays would
result in a circular ring, centred upon the deflector (Fig. 4.11c) (Chwolson, 1924; Einstein,

the deflection of light by a deflector, or lens, 
of mass M (Wambsganss, 1998).

 the two light paths from the source to the 
observer for a point mass

Ds= distance to source
DLS distance from source to lens
DL distance from us to lens

•  Changes in the appearance of a compact background source as it passes behind a 
point mass. The dashed circles correspond to the  Einstein radius (really an angle). 
When the lens and the background source are precisely aligned, an Einstein ring is 
formed with radius equal to the Einstein radius θE . 
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Lensing
•  assume -
the overall geometry of the 

universe is Friedmann--
Robertson- Walker metric 

matter inhomogeneities which 
cause the lensing are  local 
perturbations.

•  Light paths propagating from the 
source past the lens  3 regimes  

•  1)light travels from the source to a 
point close to the lens through 
unperturbed spacetime. 

•  2)near the lens, light is deflected. 
•  3) light again travels through 

unperturbed spacetime. 

The effect of spacetime curvature on the 
light paths can be expressed in terms of an 
effective index of refraction, n, (e.g. 
Schneider et al. 1992)
n = 1 -(2/c2) φ(r) ;φ(r) the Newtonian 
gravitational potential
As in normal optics,  for refractive index n 
> 1 light travels slower than in free 
vacuum. 
effective speed of a ray of light in a 
gravitational field is
v =c/n ~ c-(2/c)φ 

•  The optical properties of a lumpy universe are, are similar to 
that of a block of glass of inhomogeneous density where the 
refractive index is n(r) = (1- 2φ(r)/c2) with φ(r) the 
Newtonian gravitational potential. In an over-dense region, 
φ is negative, so n is slightly greater than unity. In this 
picture we think of space as being flat, but that the speed of 
light is slightly retarded in the over-dense region. 



Ways of Thinking About Lensing (Kaiser sec 33.5) 
•  This deflection is just twice what Newtonian theory would give for the 

deflection of a test particle moving at v = c where we can imagine the 
radiation to be test particles being pulled by a gravitational 
acceleration. 

•  another way to look at this using wave-optics; the inhomogeneity of 
the mass distribution causes space-time to become curved. The space 
in an over-dense region is positively curved.

Light rays propagating through the over-density have to go a slightly 
greater distance than they would in the absence of  the density 
perturbation.

 Consequently the wave-fronts get retarded slightly in passing through 
the over-density and this results in focusing of rays. 

•  The deflection of light by a 
point mass M due to the 
bending of space-time 
amounts to precisely twice 
that predicted by a 
Newtonian calculation, 

•  *�����/0�����	�����
ξ is the ‘impact parameter’ ~ 
the distance of closest 
approach of the light ray to 
the deflector. 



Narayan and Bartellman 1996 

Einstein radius is the scale of 
lensing (see derivation in 
Longair pg 118)

•  For a point mass it is 
θE =((4GM/c2)(Dds/DdDs))1/2  

(4.29)
•  or in more useful units 
θE = (0.9")M11

1/2 DGpc
-1/2   (4.32)

θE = 3 × 10−6 (M/M:) ½ /D-1/2 Gpc 
arcsec . 
where D =  (DSDL/DLS).
weak lensing preserves surface 

brightness but changes the 
apparent solid angle of the 
source- magnification  

Condition for formation of lensed image 
(Σ is surface mass density) 

Σcr >[c2/4πG]DLS/DSDL~0.35g cm−2/[D] 
D in Gpc;  
 see 4.35-4.39



Lensing 
•  Gravitational deflection of the light ray α=4πv2/c2 (4.43)
•  This is exact for a single isothermal sphere model of the mass of the 

lensing object and the Einstein radius is 
•  θE=28.8 V2

1000 DLS/Ds "(eq 4.44)

This is a  robust expression for estimating the 
masses of clusters of galaxies (Fort and Mellier, 
1994). 

So phrased in units of mass 
M(θE)≈4.4×1014M:(rt

/30")2 (DLDs/DLs) 
D in units of Gpc 

Weak Lensing (Hoekstra 2013)

•  The distortion matrix A can be 
written in terms of the second 
derivatives of the deflection 
potential Ψ

•  This transform distorts a 
circular source into an ellipse 
with axis ratio9(1− |g|)/(1 +|g|) 
where g =,		�8.� and 
�.�7�Ψ

•  The observable is thus directly 
related to g.

•  the source is magnified by 
/��/	�8.��	�8�'!'���

•  �	-�����1	��-��
�) $�� Okabe et al. (2010).



Weak Lensing (Hoekstra 2013)
•  Lensing  distorts a circular source  into 

an ellipse with axis ratio
    9(1− |g|)/(1 +|g|) where 
     g =,		�8.� and 2.�7�Ψ
The gravitational shear γ is directly observable 
from image ellipticities of background galaxies 
•  The effect of weak gravitational lensing 

on background sources is characterized 
by the convergence, ., and the shear γ

•  The convergence causes an isotropic 
magnification due to lensing and is 
defined as the surface mass density Σ in 
units of the critical surface density for 
lensing,.= Σ/Σc

•  the magnification is 
       /��/	�8.��	�8�'!'���(Kaiser & Squires 
1993)

Umetsu et al. (2018).

Large Scale Mass 
Distribution

•  Cluster shear measurements 
Dietrich et al 2019

Hoekstra 2008 Texas Conference



From George F. Smoot

Weak Lensing
•  Look for the distortion of the 

shape of the background objects 

Hoekstra 2008 Texas Conference



Recent Results 
•   The DES has produced a very large 

number of cluster weak lensing 
signals.(8,000 clusters)  to z~0.8 

•  While each one is very noisy they can 
be stacked in mass, redshift to derive 
statistical results (Melchior et al 
1610.06890.pdf) on cluster surface 
mass profiles. 

R(Mpc)

Recent Results 
•   Detailed lensing studies of >70 clusters have now been done (e.g. CLASH project 

2018ApJ...860..104U Umetsu, K et al Canadian Cluster Comparison Project 
Hoekstra et al 2015MNRAS.449..685, Subaru data Niikura et al 1504.01413.pdf)

•  Can combine strong and weak lensing 

Results,in general, are
consistent with NFW density 
profile
2���	$��2 /	$	$%�	��$	$%��



NFW Profile
•  Stacked mass profile of 50 

clusters compared to a 
NFW profile (Niikura et al 
2016)



•  The detailed 
distribution of dark 
matter traced across 
a large area of sky: 
yellow and red 
represent relatively 
dense regions of dark 
matter and the black 
circles represent 
galaxy clusters 
(Chang  et al 2015) 

 Lensing  and Dark Matter

•  Left panel (Clowe et al 2003) optical imaging and mass 
contours from lensing

•  Right panel is the x-ray image with the lensing contours 



X-rays from Clusters of Galaxies

•  The baryons thermalize to > 106 K making clusters strong X-
ray sources- the potential energy of infall is converted into 
kinetic energy of the gas.

•  Most of the baryons in a cluster are in the X-ray emitting 
plasma - only 10-20% are in the galaxies.

•  Clusters of galaxies are self-gravitating accumulations of 
dark matter which have trapped hot plasma (intracluster 
medium - ICM) and galaxies: (the galaxies are the least 
massive constituent)

What we try to measure with X-ray Spectra

•  From the x-ray spectrum of the gas we can measure a 
mean temperature, a redshift, and abundances of the most 
common elements (heavier than He).

•  With good S/N we can determine whether the spectrum is 
consistent with a single temperature or is a sum of 
emission from plasma at different temperatures.

•  Using symmetry assumptions the X-ray surface 
brightness can be converted to a measure of the ICM 
density.



What we try to measure II

 If we can measure the temperature and density at different 
positions in the cluster then assuming the plasma is in 
hydrostatic equilibrium we can derive the gravitational 
potential and hence the amount and distribution of the dark 
matter. 

 There are two other ways to get the gravitational potential :

•  The galaxies act as test particles moving in the potential 
so their velocities and positional distribution provides a 
measure of total mass (Viral theorem)

•  The gravitational potential acts as a lens on light from 
background galaxies (previous slides).

Why do we care ?

Cosmological simulations predict distributions of masses.

  If we want to use X-ray selected samples of clusters of 
galaxies to measure cosmological parameters then we must 
be able to relate the observables (X-ray luminosity and 
temperature) to the theoretical masses.



Theoretical Tools 
•  Physics of hot plasmas 

–  Bremmstrahlung
–  Collisional equilibrium
–  Atomic physics

Physical Processes 
•  Continuum emission 

•  Thermal bremsstrahlung, 
~exp(-hν/kT) 

•  Bound-free (recombination) 

•  Line Emission 
 (line emission) 

Lν∼ εν (T, abund) (ne
2 V) 

 
Line emission dominates cooling 

at T<107 K 
Bremmstrahlung at higher 

temperatures 
  



Cooling Function Λ

•  Cooling function is the emissivity 
per unit volume at a fixed density 
as a function of temperature 

•  The two panels show a different 
set of elements 

•  The black curve is the sum of line 
and continuum cooling 

Notice the 5 order of 
magnitude range in the various 
components of  Λ in as a 
function of kT

Cluster Plasma Parameters 

•  Electron number density ne ~ 10-3 
cm-3  in the center with density 
decreasing as ne~r-2  

•  106<T<108 k 
•  Mainly H, He, but with heavy 

elements (O, Fe, ..) 
•  Mainly emits X-rays 
•  1042<LX < 1045.3 erg/s, most 

luminous extended X-ray sources 
in Universe 

•  'Age' ~ 2-10 Gyr 
•  Mainly ionized, but not completely

 e.g. He and H-like ions of the 
abundant elements (O…Fe) exist 
in thermal equilibrium  Ion fraction for oxygen  vs

 electron temperature 



X-ray Spectra of 
Clusters 

Top panel in wavelength space
bottom in energy space 
kT~107K 

The ratio of the line 
strengths to that of the 
continuum is a measure
of the abundance of a given 
ion
To derive the elemental 
abundance one has to take 
into account the ionization 
balance 

N. Werner 2005

X-ray Spectra of 
Clusters 

•  RGS  Spectra

C.Pinto- XMM RGS
Spectra 



•  Theoretical 
model of a 
collisionally 
ionized plasma 
kT=4 keV with 
solar 
abundances 

•  The lines are 
'narrow' 

•  Notice dynamic 
range of 104

X-ray Spectra�
Data 

•  For hot (kT>3x107k) 
plasmas the spectra 
are continuum 
dominated- most of 
the energy is radiated 
in the continuum

•  (lines broadened by 
the detector 
resolution) 



1 keV Plasma
•  Theoretical model of a 

collisionally ionized 
plasma kT=1 keV with 
solar abundances 

•  The lines are 'narrow' 
•  Notice dynamic range 

of 105

•  Observational (CCD) 
data for a  
collisionally ionized 
plasma kT=1 keV 
with solar abundances 

•  Notice the very large 
blend of lines near 1 
keV- L shell lines of 
Fe  

•  Notice dynamic range 
of 107

•  Will have more on 
this subject when we 
discuss chemical 
abundances 



Collsionally Ionized Equilibrium Plasma 
•  Ratio of 

model to a 
'pure' H/He 
plasma kT=4 
keV

•  This plot is 
designed to 
show the 
lines

•  Notice the 
very large 
EW of the 
He/H-like Fe 
complex 

Strong Temperature Dependence of Spectra 
•  Line 

emission
•  Bremms 

(black) 
•  Recombin

ation 
(green)

•  2 photon 
red



 How to measure the mass of clusters? Longair sec 4.4 

ICM in (most) clusters close to gravitational 
equilibrium: outward gas pressure  ≈ inward 
gravitational pull

Pressure reaches 
maximum in cluster 
core 

Outward pressure force 
balances inward gravity  
at every location within 
the cluster 

Crude diagram of 
cluster atmosphere 

Cluster gas pressure profile: 
 

- Separable problem: 
measure gas density profile 
measure gas temperature profile 

- Need X-ray observations 

Hydrostatic Equilibrium 

Poisson5s Equation 

Spherical Symmetry 

total mass
(including DM)

luminous matter:
temp., density

 Patrick Koch

•  Next paper- How clusters can constrain the nature 
of dark matter 

Constraints on the Self-Interaction Cross Section of Dark 
Matter from Numerical Simulations of the Merging Galaxy 
Cluster 1E 0657-56 Authors:�
Randall, Scott W.; Markevitch, Maxim; Clowe, Douglas; 
Gonzalez, Anthony H.; Bradač, Maru �
2008ApJ...679.1173R



Assumptions 
•  Gas is in equilibrium- what are the relevant time scales

Another good review article is Astron Astrophys Rev (2010) 18:127–196 X-ray 
spectroscopy of galaxy clusters: studying astrophysical processes in the largest 
celestial laboratories Hans Böhringer and Norbert Werner

Relevant Time Scales- see Longair pg 301 
•  The equilibration timescales 

between protons and electrons 
is t(p,e) ~ 2 x 108 yr at an 
'average' location  

•  In collisional ionization 
equilibrium population of ions 
is directly related to 
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Mean Free Path for Collisions/ Energy  
•  Mean-free-path λe ~ 20 kpc 

< 1% of  cluster size  
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Assumptions 

•  At T>3x107 K the major form of energy emission  is 
thermal bremmstrahlung continuum

•  ε~ 3x10-27 T1/2 n2 ergs/cm3/sec; emissivity of gas
•  - how long does it take a parcel of gas to lose its energy? 
•  τ~nkT/ε ∼8.5x10 10yrs(n/10�3)�1 T8 1/2 
•  At lower temperatures line emission is important 



How Did I Know This??
•  Why do we think that the emission is thermal bremmstrahlung?

–  X-ray spectra are consistent with model
•  continuum and line ratios

–  X-ray 'image' is also consistent
–  Derived physical parameters 'make sense'
–  Other mechanisms 'do not work' (e.g. spectral form not consistent 

with black body, synchrotron from a power law: presence of x-ray 
spectral lines of identifiable energy argues for collisional process; 
ratio of line strengths (e.g. He to H-like) is a measure of 
temperature which agrees with the fit to the continuum) 

Assumptions 
•  The physical conditions are 

consistent with the 
assumptions



Physical Conditions in the Gas 
•  the elastic collision times for (ions and electrons ) in the intracluster 

gas are much shorter than the time scales for heating or cooling , 
and the gas can be treated as a fluid. The time required for a sound 
wave in the intracluster gas to cross a cluster is given by

•  Ts~6.6x108yr (Tgas/108)1/2(D/Mpc)
–  thus on timescale of Gyr system should be in pressure 

equilbrium "if nothing happens"

•  (remember that for an ideal gas vsound=√(γP/ρg) (P is the 
pressure, ρg is the gas density, γ=5/3 is the adiabatic index 
for a monoatomic ideal gas ) 

Why is Gas Hot
•  To first order if the gas were 

cooler it would fall to the center 
of the potential well and heat up

•  If it were hotter it would be a 
wind and gas would leave 
cluster

•  Idea is that gas shocks as it 'falls 
into' the cluster potential well 
from the IGM 
–  Is it 'merger' shocks (e.g. 

collapsed objects merging)
–  Or in fall (e.g. rain) 
BOTH 



How do Clusters Form- Mergers 
•  As time progresses more and more objects come together- merge 

Now

1010 yrs ago

NOT A 
MERGER

•  Merger

Merger





Comparison of dark matter and x-ray cluster and group  distribution �
every bound system visible in the numerical simulation is detected in the x-ray band  - bright regions are 

massive clusters,  dimmer regions groups,

Dark matter 
simulation 

X-ray emission in 
simulation 

Formation 
•  Galaxy clusters form through 

gravitational collapse, driven by dark 
matter (~80% of their total mass) 

•  In the hierarchical scenario more 
massive objects form at later times: 
clusters of galaxies are produced by 
the gravitational merger of smaller 
systems, such as groups and sub-
clusters 

C-P. Ma

Millenium 
Simulation



Extreme Merger
•  Bullet cluster (1E0657) 
Allen and Million 
•  The assumptions we 

have given are NOT 
satisfied

Surface brightness Temperature

Pressure Entropy

Hydrostatic Equilibrium Kaiser 19.2
•  Equation of hydrostatic equil 
!P=-ρg!φ(r) 
where φ(r) is the gravitational potential of the cluster (which is 

set by the distribution of matter)
P is the gas pressure 
 ρg is the gas density 
 

However the fundamental assumption is that the total pressure IS gas 
pressure and that the contribution of turbulence, magnetic fields, 
cosmic rays etc is negligible 



Use of X-rays to Determine Mass
•  X-ray emission is due to the 

combination of thermal 
bremmstrahlung and line 
emission from hot gas

•  The gas "should be" in 
equilibrium with the 
gravitational potential 
(otherwise flow out or in)

•  density and potential are 
related by Poisson5s equation

     !2φ = 4πρG 
•  and combining this with  the 

equation of hydrostaic equil  

    !.(1/ρ!P)=-!2φ 
=-4πGρ 

 gives for for a spherically 
symmetric system

 (1/ρg) dP/dr=-dφ(r)/dr=GM(r)/r2 

 

With a little algebra and the definition of 
pressure - the total cluster mass (dark and 
baryonic) can be expressed as 

M(r)=-(kTg(r)/µGmp)r (dlnT/dr+dlnρg/dr)

k is Boltzmans const, µ is the mean mass of a 
particle and mH is the mass of a hydrogen atom  
Every thing is observable
The temperature Tg from the spatially resolved 
spectrum 
The density ρgfrom the knowledge that the 
emission is due to bremmstrahlung 
And the scale size, r, from the conversion of 
angles to distance 

73see Longair eq 4.2-4.6

•  density and potential are related 
by Poisson5s equation

!2�φ = 4πρG 
•  and combining this with  the 

equation of hydrostaic equil  

•  !.((1/ρ)!P)=-!2�φ 
=-4πGρ (eq 4.3 in Longair)



Hydrodynamics--see Longair ch 4.2
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cooling) & (heatingentropy   

(Euler)on conservati momentum  0

y)(continuiton conservati mass  0)(

pm
kTP

LH
Dt
DsT

P
Dt
Dv

v
t

µ
ρ

ρ

φρρ

ρ
ρ

=

−=

=∇+∇+

=⋅∇+
∂
∂

Add viscosity, thermal conduction, …                      
Add magnetic fields (MHD) and cosmic rays 
Gravitational potential φ from DM, gas, galaxies 

Deriving the Mass from X-ray Spectra �
Ch 4.4 Longair �

For spherical symmetry this reduces to 
(1/ρg) dP/dr=-dφ(r)/dr=GM(r)/r2 

With a little algebra and the definition of pressure - the total cluster 
mass can be expressed as (eqs 4.17-4.19 in Longair) 

GM(r)=kTg(r)/µGmp)r (dlnT/dr+dlnρg/dr)

k is Boltzmans const, µ is the mean mass of a particle and mH is the mass of a 
hydrogen atom  

Every thing is observable
The temperature Tg from the spatially resolved spectrum 
The density ρgfrom the knowledge that the emission is due to 

bremmstrahlung and the x-ray image
And the scale size, r, from the conversion of angles to distance 



How to Obtain Gas Density
•  De-project X-ray surface brightness profile        I(R) to 

obtain gas density vs. radius, ρ(r) 

•  Where Λ is the cooling function and ne is the gas 
density  (subtle difference between gas density and 
electron density because the gas is not pure 
hydrogen 

•  De-project X-ray spectra in annuli T(r)  
•  Pressure P = ρkT/(µmp) 
•  The mass in gas is Mgas(< r) = 4π∫r0 r2dr ρgas(r)
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A geometrical interpretation of the 
Abel transform in two 
dimensions. An observer (I) 
looks along a line parallel to the 
x-axis a distance y above the 
origin. What the observer sees 
is the projection (i.e. the 
integral) of the circularly 
symmetric function f(r) along 
the line of sight. The function 
f(r) is represented in gray in this 
figure. The observer is assumed 
to be located infinitely far from 
the origin so that the limits of 
integration are ±∞



Density Profile- Longair 4.22•  I(R) is the projected luminosity 
surface brightness, j(r) is the 3-D 
luminosity density (circular 
images- if image is elliptical no 
general solution)

j(r)=-1/π∫ ∞RdI/dR/sqrt(R2-r2)
this is an Abel integral which has only 
a few analytic solutions
Simple power law models I(R)=r-α

       then j(r)=r-α-1

  generalized King profile with surface brightness
 I(r)=I(0)(1+(r/rc)2)-5/2  
 gives a density law ρ(r)=ρ(0)(1+(r/rc)2)-3/2 where rc=3σ/sqrt(4πGρc)

79

Sarazin sec 5  



Density Profile
•  a simple model(the β model) fits  the surface brightness well outside the 

core
–  S(r)=S(0)(1/r/a)2) -3β+1/2 ph/cm2/sec/solid angle

•  Is analytically invertible (inverse Abel transform) to the density profile 
ρ(r)=ρ(0)(1+(r/a)2) -3β/2

The conversion function from S(0) to ρ(0) depends on the detector 
The quantity 'a' is a scale factor- sometimes called the core radius
β is a free parameter
------------------------------------------------------------------------------- 

•  The Abel transform, , is an integral transform used in the analysis of spherically symmetric 
or axially symmetric functions. The Abel transform of a function f(r) is given by:

  f(r)=1/p∫r∞ dF/dy dy/√(y2-r2)
•  In image analysis the reverse Abel transform is used to calculate the emission function 

given a projection (i.e. a scan or a photograph) of that emission function. 
•  In general the integral is not analytic  

Surface Brightness Profiles 
•  It has become customary 

to use a 'β' model 
(Cavaliere and Fesco-
Fumiano)' 

•  clusters have <β>~2/3 

XMM/Newton 
A1413             
Pratt & Arnaud 
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X-ray Mass Estimates 
•   use the equation of hydrostatic 

equilibirum
•   

Putting numbers in gives 

Hitomi to the 
Rescue 

•  Hitomi observations of the 
Perseus cluster measured 
both the mass motion and 
'turbulence' of the gas 
(Hitomi Collaboration, 
2016 Nature,535,117 and 
2017a, arXiv:1711.00240)

•  The width of a variety of 
lines is consistent with 
σ=148+/-6 km/sec

•  Energy content due to small 
scale motions (turbulence) 
~4% and mass motion is 
even less 

Vsound~1000km/sec T4kev
1/2

Fig. 2. Fe Heα lines of the full-FOV data of Obs 3+Obs 4 (left) and Obs 1 (right). The LOS velocity dispersion (σv , w-line excluded. See also table 2), the bulk

velocity calculated with respect to the redshift of NGC 1275 (vbulk) and the total number of photons in the displayed energy band are shown in each figure.

The red curves are the best-fitting models, and the dotted curves are the spectral constituents, i.e., modified APEC or Gaussian. See main text for details.

The energy bin size is 1 eV or wider for lower count bins. The resonance line (w), the intercombination lines (x and y), and the forbidden line (z) are denoted.

The letters are as given in Gabriel (1972).

Hereafter in this paper, we distinguish various kinds of line width using the following nota-

tions: σv+th is the observed line width with only the instrumental broadening subtracted; σv is the line

width calculated by subtracting both the thermal broadening (σth) and the instrumental broadening

from the observed line width (i.e., LOS velocity dispersion). Unless stated otherwise, σth is computed

assuming that electrons and ions have the same temperature. The analysis without this assumption is

presented in section 3.4.

3.1 Profiles of major emission lines

In this section, we show observed line profiles of bright transitions and demonstrate qualities of these

measurements. The data of Obs 2 were not used in this section and in section 3.2, since Obs 2

(and Obs 1) contains a previously known systematic uncertainty in the energy scale, and the almost

identical pointing direction to that of Obs 2’s is covered by Obs 3. In figure 2 we show the Fe Heα

emission line complex from Obs 3+Obs 4, and Obs 1. The panels in figure 3 show S Lyα, Fe Lyα

and Fe Heβ lines of Obs 3+Obs 4. The figures indicate the best-fitting LOS velocity dispersions (σv)

and bulk velocities calculated with respect to the new stellar absorption line redshift measurement of

NGC 1275 (vbulk ≡ (z− 0.017284)c0− 26.4 km s−1, where c0 is the speed of light, z = 0.017284 is

the redshift of NGC 1275, and −26.4 km s−1 is the heliocentric correction. See also appendix 1 for

the redshift measurement). The net photon count is also indicated.

The best-fitting parameters were obtained as follows: We extracted spectra from the event

12

Table 2. LOS velocity dispersions of gas motions, obtained from the

Fe Heα line of Obs 3+Obs 4 data.

Unit Without z-correction With z-correction∗

σv of w (km s−1) 171+4
−3

161± 3

σv excluding w (km s−1) 148± 6 144± 6

∗z-correction is an additional gain alignment among the detector pixels. See also the text.

Fig. 4. Benchmark velocity maps. Left: bulk velocity (vbulk) map with respect to z = 0.017284 (heliocentric correction of −26.4 km s−1 applied). Right:

LOS velocity dispersion (σv) map. The unit of the values is km s−1. Chandra X-ray contours are overlaid. The best-fitting value is overlaid on each region.

Only Obs 3 is used and PSF correction is not applied.

tion on the measured σv. Table 2 shows the LOS velocity dispersion (σv) measured with or without

z-correction – a rescaling of photon energies for individual SXS pixels in order to force the Fe He-

alpha lines align, which has been employed in H16 and Aharonian et al. (2017) to cancel out most

pixel-to-pixel calibration uncertainties, but which also removes any true LOS velocity gradients. The

value of σv obtained with the w line is higher than that without the w line, which provides a hint of

resonance scattering (see RS paper for details).

3.2 Velocity maps

Firstly, we extracted the benchmark velocity maps by objectively dividing the 6 pixel×6 pixel array

into 9 subarrays of 2×2 pixels and fitted the spectrum of each region independently, in order to

compare the effects of the difference in software and data pipeline versions between H16 and this

paper. All model parameters apart from the hydrogen column density were allowed to vary. Only

Obs 3 was used for the benchmark maps and the fitting was done using a narrow energy range of 6.4–

14



Hitomi to the 
Rescue 

•  Indicating the reason for the“quiescent” 
nature of the plasma is the lack of 
strong drivers of gas motions in the core 
despite the presence of a strong AGN 
and x-ray structure

Fe He! w Fe He"1

Fe Ly!1

Fe He! w Fe Ly!1 +  He"1

Fig. 8. (Upper panels) Data and best-fit models of Fe Heα w, Lyα1, and Heβ1. The continuum model and the components other than the main line were

subtracted. Solid (red) and dashed (green) lines represent the best-fit Gaussian and Voigtian profiles, respectively. Instrumental broadening with and without

thermal broadening are indicated with dotted (blue) and dashed-dotted (black) lines. The horizontal axis is the velocity converted from the observed energy,

where the line center is set at the origin. The bin size is 1 eV in the energy space, which corresponds to 45.5 km s−1, 43.7 km s−1, and 38.7 km s−1,

respectively. (Lower panels) The ratio spectra of the data to the best-fit Gaussian models, (left) for Fe Heα w, and (right) for Fe Lyα1 and Heβ1 co-added.

Note that the line spread function is not deconvolved from the data.
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SXS  6x6 array = 3x3 arcmin ~60x60 kpc

X-ray Image of Perseus Cluster

X-ray 
Emissivity

•  The observed x-
ray emissivity is 
a projection of 
the density 
profile 

A large set of 
clusters over 
a wide range in 
redshift 



X-ray Temperature 
Profiles 

Pratt 2007

X-ray Temperature 
Profiles 

•  Comparison of two 
satellites

Abell1060
Sato et al 



Mass Profiles from Use of Hydrostatic Equilibrium
•   Use temperature and density profiles +hydrostatic 

equilibrium to determine masses   

Physical units Scaled  units 

•  Scaled total 
density and gas 
density for a 
sample of 
clusters- yellow 
line is the NFW 
model 

•  Vikhlinin �#��
��
����4�
��



Arnaud et al 2010

Checking that X-ray Properties Trace Mass 

Surface mass density for 42 
Rosat selected clusters from 
Sloan lensing analysis fitted 
with NFW profile   Comparison of cluster mass from lensing 

and x-ray hydrostatic equilibrium for 
A2390 and RXJ1340 (Allen et al 2001)   

At the relative level of accuracy for  
smooth relaxed systems the x-ray and  
lensing mass estimators agree  



Comparison of Lensing to X-ray 
Masses 

•  ∆ is the overdensity of the part of the cluster 
used for the observations of the cluster mass 
compared to the critical density of the 
universe at the redshift of the cluster

•  Mx is the mass from x-ray observations and 
assumption of hydrostatic equilibrium 

•  ML is the mass from weak lensing

•  Comparison of different 
observational techniquesA2261 
Coe et al. (2012)



Markevitch et al 1998

4 low mass (~1014M) systems- Sasaki et al 2014

Cluster Temperature Structure
•  2-D cluster temperature maps Lagan'a, Durret & 

Lopes 1901.03851.pdf



Observed Temperature Profiles 
•  If the gas is in equilbrium with 

the potential (of the NFW form) 
it should be hotter in the center 

•  But in many clusters it is cooler 
in the center- additional physics  

Left  panel (from Burns et al 
2010) shows the theoretical 
temperature profile if a NFW 
potential (in grey) compared to 
an set of actual cluster 
temperature profiles 


